Solid State Physics W

Introductory information

This presentation and other informations: http://fyzika.feld.cvut.cz/~zacek/

Code: XPEOZFPLV, 2+2 .
Teacher: Martin Zacek, zacekm@fel.cvut.cz

Official page of the subject:
https://www.fel.cvut.cz/cz/education/bk/predmety/46/25/p4625006.html

Content (will be modified according on the basis of the presented topics):
The general nature of solids, condensed state

The geometry of perfect crystals and their determination
Observed crystal structures

Imperfections in crystals

Electronic states in solids, energy bands

Thermal vibrations and heat capacity, phonons

Metals, Fermi gas of free electrons in a metal, Fermi surface
Dielectric behavior, polarization and related effects

Optical properties of solids, quasiparticles

The physical properties of semiconductors

Magnetic properties of solids, domain structure

12. (A seminar: students discuss their own theses)

13. Methods of solid state physics, low temperatures etc.
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Literature

Basic of studying material on-line:
Will be deposited here http://fyzika.feld.cvut.cz/~zacek/

Additional literature:

Charles Kittel: Introduction to Solid State Physics. 8th ed. New York, NY: John Wiley &
Sons, 2004. ISBN: 9780471415268

Charles A. Wert, Robb M. Thompson: Physics of Solids, McGraw-Hill Book Company, 1964
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Solid State Physics W

Historical view

« Atomic hypothesis
« Electron discovery
« Maxwell-Boltzmann-Gibbs ... statistical approach

 The 20s ... quantization, golden age of Solid State Physics, allowed to move from
Boltzman to F-D statistics, managed to explain almost everything from solid phase
« The 30s:

» Debye's specific heat
« Explanation of electron conductivity of metals (Sommerfeld applied Drude)
» Heisengberg's model, has allowed to describe ferromagnetism

« After war:

» Columbic systems

» Superconductivity theory (macroscopic disruption of calibration invariance)

« Anderson's localization, 1958 (a disorder caused by the extinction of electron diffusion in
metals) - the quantum Hall effect (electron, fractional, that can no longer be solved by a fault
number, ...)

» High temperature superconductivity

« Today the Solid State Physics is no more macroscopic theory (STM, ion traps,
simple-electron turnstiles, simple-electron transistors, quantum dots,
fundamentals can be verified in solids)




The concept of solid, crystalline structure

What is a solid?

Wider concept: condensed matter, also includes many "soft" structures that
do not remind solid material, e.g. elektrostatic dust in plasma, foam, etc.

Physics of solid does not work with finite systems (even if they are relatively
small structures).

Structures resembling finite systems and solids (quantum dots, very thin
layers) fall into quantum theory of finite systems or surface physics (endless
guantum objects with a boundary).

Structure of infinite systems in geometrical terms:

Crystal - a periodic 3-d structure, a structural unit is sometimes a single
atom, sometimes a complex molecule of perhaps 1000 atoms. There are also
non-periodic crystalline structures, quasicrystals. Both are the final set of
elementary cells, that is, elementary vectors, and therefore have a discrete
diffractogram. There is no one of the amorphous substances (periodicity, the
final number of grid vectors), their diffractogram is a diffusion pattern.




Crystal lattice

The crystal structure has a transformation property:
r'=r+ua+vb+wc; u,v,we? (1)

(the arrangement at points I and I'' looks exactly the same, a, b, C are
called elementary translation vectors).

Vectors @, b, € are called primitive, if each 2 points in which the structure
looks the same corresponds to the relation (1) (there are no longer
vectors that fulfill the relation (1), vectors that are not primitive, the
relation (1) ).
Vector grid translation, also grid vector:

T=ua+Vvb+wc; u,v,we
Possible lattices exist indefinitely, but if the grid has some symmetry with
respect to rotation or mirroring, we obtain restrictive conditions for the
possible lengths of the translational vectors and the angles between
them.
Point group: It is the final subset of the Euclidean group. Its elements are
C,, rotation with an angle of 21/n and mirroring o (according to three

definitely defined planes).

https://en.wikipedia.org/wiki/Crystal structure
https://en.wikipedia.org/wiki/Lattice constant



https://en.wikipedia.org/wiki/Crystal_structure
https://en.wikipedia.org/wiki/Lattice_constant

Cell, base and crystalline structure

Unit cell: parallelepiped defined by translational vectors.
Primitive unit cell: generated by primitive elementary translation vectors,
also the elemental cell with the smallest surface.

Primary cell volume: V =‘(a>< b)-c‘

(see https://en.wikipedia.org/wiki/Triple _product#Scalar_triple _product )

Base: the group of atoms associated with each lattice point.

Position of atom jin base: r, =r’a+r’b+r’c .

It being possible to achieve that 0<r?, r’, r’ <1.

Primitive base: contains at least some of the atoms of each of the bases.

However, we can construct the primitive base in different ways, such as
Wigner-Seitz primitive cell.

Lattice + base = crystalline structure.



https://en.wikipedia.org/wiki/Triple_product#Scalar_triple_product

Crystal structure of substances

. Triclinic
a¥b#c,a#90° B#90° y#90°

. Monoclinic
a¥b#c,a=90° B=90°vy#90°

. Orthorhombic

a¥b#c,a=90° B=90°vy=90°

. Tetragonal
a=b#c,a=90°B=90°y=90°

. Hexagonal
a=b#c,a=90°B=90°y=120°

. Rhomboedral

a=b=c,a=B=y#90°

. Cubic

a=b=c,a=B=y=90°




Crystal structure of substances

3-d primitive cells of basic crystallographic systems:

Download them (format STL, in Windows 10 viewable in 3d Builder):

« Triclinic: http://fyzika.feld.cvut.cz/~zacek/download/triclinic.stl,

* Monoclinic : http://fyzika.feld.cvut.cz/~zacek/download/monoclinic.stl,
 Orthorhombic: http://fyzika.feld.cvut.cz/~zacek/download/orthorhombic.stl,

» Tetragonal: http://fyzika.feld.cvut.cz/~zacek/download/tetragonal.stl,
 Hexagonal : http://fyzika.feld.cvut.cz/~zacek/download/hexagonal.stl,
 Rhombohedral: http://fyzika.feld.cvut.cz/~zacek/download/rhombohedral.stl,
» Cubic: http://fyzika.feld.cvut.cz/~zacek/download/cubic.stl.

OpenSCAD from the web http://www.openscad.org and
the cell generation code, where you first select the
translation vector's lengths a, b a ¢ and angles a, 8, a y
between them, download here

If you would like to create your own cell, download j

A
http://fyzika.feld.cvut.cz/~zacek/download/elementarni_bu S
nky.scad. N



http://fyzika.feld.cvut.cz/~zacek/download/triclinic.stl
http://fyzika.feld.cvut.cz/~zacek/download/triclinic.stl
http://fyzika.feld.cvut.cz/~zacek/download/orthorhombic.stl
http://fyzika.feld.cvut.cz/~zacek/download/triclinic.stl
http://fyzika.feld.cvut.cz/~zacek/download/triclinic.stl
http://fyzika.feld.cvut.cz/~zacek/download/triclinic.stl
http://fyzika.feld.cvut.cz/~zacek/download/cubic.stl
http://www.openscad.org/
http://fyzika.feld.cvut.cz/~zacek/download/elementarni_bunky.scad

Crystal structure of substances

Bravais elementary cells

Simple Face-centerad
cubic cubic

7

Hexagonal

Simple Body-centered
tetragonal tetragonal
@ N7 ‘ai
Simple Body-centerad Base-centered

orthorhombic orthorhombic orthorhombic

Simpla Base-centerad
monoclinic

&

Rhombohedral Monoclinic

<

Body-centerad

Face-centerad
orthorhombic

7

Triclinic

By convention selected of 14 cellular
cells with atoms outside the grid
nodes, in the center of the walls
(face-centered) or in the center of
the body diagonal (body-centered)
cells.

Note that the positions of atoms
outside the grid nodes do not violate
the original rotational or mirror
symmetry.

From some Bravais cells, it is easier
to determine the symmetry of a
crystal, so they are preferred if they
exist for a given crystal, in front of
primitive cells.

A frequent task is to find elementary
and vice versa or grid constants for
the respective Bravais cells to
determine the inter-atomic distances
or the number of atoms in the cell.

http://www.uwgb.edu/dutchs/symmetry/bravais.htm , https://en.wikipedia.org/wiki/Bravais lattice



http://www.uwgb.edu/dutchs/symmetry/bravais.htm
https://en.wikipedia.org/wiki/Bravais_lattice

Crystal structure of substances

Types of elemental cells and their designation:

(possible larger, these are selected by convention)

P Simple the atoms are only in the nodes of the cell
Composed (centered)
Basically centered atoms are also in the center of the walls
A the atoms are located in the centers of the front and back walls
B the atoms are located in the centers of the side walls
C the atoms are located in the centers of the upper and lower walls
F Face centered the atoms are in the middle of all the walls

| Body centered an atom at the intersection of the body diagonal



Types of lattices In three dimensions

System N. of lattices | Symbols of lattices
Triclinic 1 P

Monoclinic 2 P, C

Orthorhombic 4 P,C, I F

Tetragonal 2 P, |

Hexagonal 1 P (hcp)
Rhombohedral 1 R

Cubic 3 P (sc), | (bce), F (fcc)

A total of 14 types.
Sc ... simple cubic

P ... simple bee ... body centered cubic

C ... base centered fcc ... face centered cubic

| ... body centered hcp ... hexagonal close packed

F ... face centered http://demonstrations.wolfram.com/CubicCrystallL attices/

R ... rhombohedral

http://demonstrations.wolfram.com/TheSevenCrystalClasses/



http://demonstrations.wolfram.com/CubicCrystalLattices/
http://demonstrations.wolfram.com/TheSevenCrystalClasses/

Diamond lattice

A lattice in which the elements of the IV group (carbon, silicon, germanium, ...)
are crystallized. This is a face-centered cubic lattice with another four atoms in
the base.

Look at the picture with both eyes so that you look at the thought image behind the
drawing plane but focus on the drawing. If you manage to merge the images for the left
and right eye in the one picture only, you could see a 3D image of the diamond lattice.

Demonstration of diamond lattice in Mathematica:

http://demonstrations.wolfram.com/TheStructureOfDiamond/
http://demonstrations.wolfram.com/DiamondLattice/
http://demonstrations.wolfram.com/AnExpandingStructureBasedOnTheDiamondL attice/



http://demonstrations.wolfram.com/TheStructureOfDiamond/
http://demonstrations.wolfram.com/DiamondLattice/
http://demonstrations.wolfram.com/AnExpandingStructureBasedOnTheDiamondLattice/

Diamond lattice

Download the source file
for OpenSCAD, which
generates two cubic, face-
centered lattices, shifted by
1/4 body diagonal, creating
a configuration of atoms
like a diamond lattice

http://fyzika.feld.cvut.cz/~za
cek/download/diamond cell
.scad .



http://fyzika.feld.cvut.cz/~zacek/download/diamond_cell.scad

Diamond lattice

Diamond cell

(e.g. For 3d printed
model)
http://fyzika.feld.cvut.cz/~

zacek/download/diamond

model.scad .



http://fyzika.feld.cvut.cz/~zacek/download/diamond_cell.scad

Crystal Plane Indices

Ekvivalentni roviny zapisujeme ve slozenych zavorkach, napf. {100}.
Ekvivalentni rovina {100} je napriklad u kubické mfize souhrnné oznaceni
pro kteroukoliv ze stén, tj. (100), (010), (001), (100), (010), (001).

Smery: [uvw], indexy jsou podobné celoCiselné jako u rovin.

Smer [122] je tedy smer totozny se smerem a + 2b + 3c, kde a, b, ¢ jsou
elementarni mrizkove vektory.

Souhrn ekvivalentnich smérd: (Uvw).

Napriklad elementarni vektory a, b, ¢ maji sméry [100], [010] a [001].

Uloha: Nakreslete polohy rovin vzhledem k elementarni bufice, dané indexy
(100), (110), (111), (101), (100), (111), (221).

http://demonstrations.wolfram.com/MillerindicesForASimpleCubicl attice/



http://demonstrations.wolfram.com/MillerIndicesForASimpleCubicLattice/

Tasks:

1. Zjistéte, kolik je Bravaisovych mrizek v roviné a najdéte je.
[5, €tvercova, hexagonalni, pravouhla, centrovana pravouhla se 2 typy bunék]

2. Najdete primitivni bunku k plosné centrované kubické mrizi, urCete
tvar, stranu a uhel mezi stranami, nakreslete obrazek.
[romboedr o hrané V2/2 a, thel 60°]

3. Najdete primitivni bunku k prostorove centrované kubickée mrizi,

urcete tvar, stranu a uhel mezi stranami, nakreslete obrazek.
[romboedr o hrané V3/2 a, Uhel 109° 28]

4. Nejvic symetrii vykazuje Ctvercova mrizka. U ni |ze nalézt osy s
dvoucetnou, tricetnou a SestiCetnou symetrii. Najdéte je a zjistete,
kolik jich je. Nakreslete obrazek.

[Sest dvojcetnych, Ctyfi trojcetné a tfi Ctyréetné]

5. Najdéte primitivni bufiku a bazi chloridu sodného (iont Na* je
obklopen 6 ionty CI") a chloridu cesného (iont Cs+ je obklopen 8 ionty
Cl-). Kolik nalezené baze obsahuji atomu?

[vzdy po jednom atomu od kazdeho druhu]




Crystal Plane Indices

The so-called Miller indexes.
Potrebujeme jednoznacné popsat smer roviny v krystalu. Udava se pomoci
trojice Cisel, tzv. indexu, (k | m), které ziskame nasledujicim postupem:

1. Zjistime prusedéiky roviny s osami uréenymi mfizkovymi vektory a, b, C,
vyjadfime je v jednotkach mrizkovych konstant (napriklad ziskame Cisla
(12 3).

Vytvofime prevracené hodnoty, tj. v tomto pfipadé (1 %2 1/3).

. Tyto prevracené hodnoty vynasobime stejnym Cislem a to nejmensim
moznym, kterym se podari odstranit vSechny zlomky, tj. nejmensim
spolecnym nasobkem jmenovatelud, v tomto pfipadé Cislem 6, dostaneme
(6 3 2). Pokud je prusecik v nekonecnu, je pfislusna prevracena hodnota
rovna nule.

Vysledek zapisujeme v kulatych zavorkach.

W N

Zaporné hodnoty priseciky vyznaujeme ¢arou nad Cislem, tj. napr. (1 1 Z)



Crystal Plane Indices

Ekvivalentni roviny zapisujeme ve slozenych zavorkach, napf. {100}.
Ekvivalentni rovina {100} je napriklad u kubickeé mrize souhrnne oznaceni
pro kteroukoliv ze stén, tj. (100),(010),(001),(100),(010),(00 1).

Smery: [u v w], indexy jsou podobné celoCiselné jako u rovin.

Smer [1 2 2] je tedy smer totozny se sméerem a + 2b + 3c, kde a, b, ¢ jsou
elementarni mrizkove vektory.

Souhrn ekvivalentnich smérd: (U v w).

Napriklad elementarni vektory a, b, ¢ maji sméry [1 00],[01 0] a[0 0 1].

Uloha: Nakreslete polohy rovin vzhledem k elementarni bufice, dané indexy
(100),(110),(111),(101),(100),(111),(221).

http://demonstrations.wolfram.com/MillerindicesForASimpleCubicl attice/



http://demonstrations.wolfram.com/MillerIndicesForASimpleCubicLattice/

Neldeal crystals, glass

The solids are divided into monocrystalline, polycrystalline and amorphous.
Some of the structures can be switched to one another continuously.

Random layering ... random alternating layers, ABCABABC...

Polytype ... alternating layers with a long period
Glass ... viscosity >1012 N s m? (conventional value)

V
supercooled /
liquid liquid
M T, ... glass transition temperature

T, ... melting point

crystal




Golden ratio, pavement, quasi crystals

Dlazdéni v roviné

Rovinu Ize periodicky pokryt pouze dlazdicemi s tfiCetnou, CtyfCetnou a SestiCetnou symetrii.

AVAVAVAVAVAVA
VAV NVVVVV
AVAYAVAVAVAVA
VAVAVAV#W#‘

Alhambra,Granada




Golden ratio, pavement, quasi crystals

Dlazdéni v roviné

. ] . i ix s . Q. -5 (BR-wlr+i2e'3)|
Pétiuhelnik se na periodicke dlazdéeni nehodi. e | i

Avsak: 1974 Roger Penrose objevil dvé zakladni sady
dlazdic, které pokryji rovinu a zaroven budou vykazovat
pétiCetnou symetrii. Jak je to mozné?

Penroseovy dlazdice: Sipka a drak.

Penrose a Conway ukazali, ze dlazdice pokryji rovinu neperiodicky a to nekoneéné mnoha
zpUsoby. Pfitom pocet draku je 1,618x vétSi nez pocet Sipek.



Golden ratio, pavement, quasi crystals

Pavement in plane:

Another pair of Penrose tiles:

Thick and thin rhombus.
Their ratio for big areas si going to the number 1,618 (golden number).




Golden ratio, pavement, quasi crystals

Dlazdéni v roviné

Penroseovo dlazdéni Ize provést se symetrii vici otoceni:




Golden ratio, pavement, quasi crystals

Kvazikrystaly

Trojrozmerna analogie: Robert Ammann nalezl tzv. Ammannovy romboedry.

o> <=

Jejich stény jsou pritom shodné s Penroseovymi dlazdicemi.

1984 — prekvapivy objev: Dany Schectman se spolupracovniky zjistil, Ze krystaly
hliniko-manganove slitiny vykazuji pétiCetnou symetrii. Pro krystalografy to byl
Sok!

Boura se tim tradiCni rozdéleni krystalické a amorfni latky.
Kvazikrystaly: nejsou ani amorfni ani periodické, maji vSak tésné usporadani
jako dosavadni znamé krystaly.

Predefinovani krystalu:
krystal je jakakoli pevna latka, jejiz difrakéni diagram je bodovy.




Golden ratio, pavement, quasi crystals

Kvazikrystaly

DalSi prace (Sergej E. Burkov z Landauova institutu teoretické fyziky, Petra
Gummeltova z Greifswaldu) vedly na teorii pfekryvajicich se desetiuhelnikd.

Steinhardt a Cong: experimentalni vyzkum a koncept kvazielementarni buriky.
Kvazielementarni burika: shluk atomu, vytvarejici kvaziperiodickou strukturu.

)8 B 0 00 0 08 08" BB
0OE OJ0 O Jee %%
- © 00 ©

Model kvazikrystalu Ag-Al.



Experimental analysis of crystals

Analyza struktury:
1. pfimo (mikroskop)
2. nepfimo (difrakéni metody)

Difrakéni metody:
Vyuzivaji se tyto druhy zareni:
1. fotony
2. heutrony
3. elektrony

Fotony: Pro srovnatelnou vinovou delku s mrizkovou konstantou vychazi
elektromagnetické zareni v oboru rentgenovych paprsku. Ty vznikaji bud brzdénim
elektronu na kovovych tercCicich (spojité spektrum) nebo excitaci a vyzarenim atomu
v terCiku (Carové spektrum).

Neutrony: Maji nenulovy magneticky moment, hodi se k analyze magnetickych
materiald.

Elektrony: Jsou elektricky nabité, proto siln€ interaguiji.




The relationship between wavelength and energy

E=/w D= hk Vztah mezi celkovou energii Castice a uhlovou frekvenci resp.
: mezi hybnosti a vinovym vektorem pro de Broglieovu vinu:

E/c wlcC Totéz zapsano pomoci Ctyfvektoru, vlevo Ctyfvektor energie
=) a hybnosti, vpravo vinovy Ctyfvektor.
P K Pri jine volbe jednotek bychom mohli oba vektory ztotoznit.

w a Kk nejsou nezavisla, splnuji disperzni relaci. Ta je uréena relativistickym vztahem
mezi energii a hybnosti E* = p°c® + m°c’ ktery mGZeme prepsat pro frekvenci a vinovy
vektor jako @’ =k*c® + m*c* / % Vlyjadfenim vinové délky z vinového &isla k = 2n/4 a
pFepocitanim na kinetickou energii z relativistického vztahu E =E, + mc® dostavame

P 2mhc 3 2mhc 3 2mhc cozZ je obecny vztah
- -~ — ’ ro de Broglieovu
E*—m“c’ 2\ _ m2ct \/E2+2mc2E . :
v E,+mc m-C k K vinovou délku A(E,).
Pro malé energie, kdy je E, < 2mc?, Ize prvni ¢len Pro relativistické energie, je-li E, > 2mc?, dominuje
pod odmocninou zanedbat a dostavame prvni ¢len pod odmocninou a dostavame
Vzorec pro nerelativistickou h Vzore.c pro silné relativistickou
1 = \/Enh | castici, v pfipadé difrakcnich A = 2mhe || casticia foton, ktery ma
mE metod pro elektron a neutron. E nulovou klidovou energii mc?
K k a je tedy relativisticky vzdy.




Diffraction on lattice

Bragg condition: derivation:
. 2d  2d
— Al=1 -1, = -
2dsina =nA s
Incoming scattered
rays rays

distance between
crystalographic
planes

(s )1

I I
P
I I

alternative derivation:




Diffraction on lattice

scattered rays

Incoming rays

S,S" ... direction vectors
a;, 1 =1, 2. 3 ... elementary translation vectors

Condition for diffraction maximum:
a,cosa'—a cosa=nA,neZiell, 2 3},

a -S'—a -S=nA,
k =ks, k'=ks', k =k'=2n/1,
a,-(k-k)=2mn, — a,-Ak=2mn,

with wave vectors we get

Laue conditions for diffraction:

a. -Ak =2mn,, | 6{1,2, 3}

Each equation represents a con-
dition for the occurrence of
diffraction on lines with periods
and directions determined by the

vectors d,.

A whole number linear combina-
tion of diffraction conditions
obtains a diffraction condition for
any periodic line in the direction

of the translational vector T

T-AK =2zn . where n is

also the whole number.
It could be shown that for T
perpendicular to the surface with

T =d, it is equivalent to the
Bragg diffraction condition.




Diffraction on lattice — general derivation

crystal

Y\ \/\ \ AN
VANAW. S WA"A
A\ YV \ \A_\
WAVANAW. SR\
. AN "AWY.\
WAVAWAWAANN WY
VAR AN VA kl
ARV .AWAWAAN

Incoming ray Scattered ray

E,(t,r) = E, (t)e™"

Concentration of electrons
n(r)=n(r+T) (periodicity)
_ iIG-r
n(r) - Z N;€ (Fourier series)
®

Phase difference:
ACD:k'-r—k-r:(k'—k)-r:—Ak-r

E (t,r)=E,(t)e™"

Vectors K a K’ K
differs only by the AK
length.




Reciprocal space

Pro kazdou (periodickou) krystalickou mriz reprezentovanou translacnim
vektorem
T=ua+vb+wc; u,v,weZ

je definovana reciproka mriz jako translacné invariantni soubor mrizkovych
bodu, jejichz translaéni vektory G splfiuji vztah

ejG-T _ 1 )
Vektory G mohou byt vyjadfeny podobné jako T vztahem
G =ha*+kb*+Ic*; h,k, | e Z (2)
kde vektory a*, b* a c* jsou vektory reciproké mrizky definované vztahy
a-a*=b-b*=c-c*=2xn, a-b*=a.c*=b-a*=..=0. (3)

Nachazeji se v reciprokém neboli Fourierove prostoru, oba prostory jsou
sdruzeny prostfednictvim Fourierovy transformace.

Reciproké vektory Ize vyjadfit pomoci elementarnich translacnich vektoru vztahy

bxc
a*=2n a cyklicky. Tyto vztahy jsou ekvivalentni definicnim vztahim.

a-(bxc)

http://demonstrations.wolfram.com/CrystallL atticesInReciprocalSpace/



http://demonstrations.wolfram.com/CrystalLatticesInReciprocalSpace/

General diffraction condition

Deriving the diffraction conditions as a phase sum of the scattered rays:
—jAkr jG-r o—jAkT (G-AK)r
rocjvdv n(r)e _jvdv > nge’'e _ZnGdeV e ,

In order to achieve the diffraction maxima, the integral must not be dependent on r.

The exponential term could be equal of all the possible values from the unit circle in the
complex plane and is rapidly changed for every position change corresponding with the
measure of A, and the wavefront is not formed. Therefore, the member in brackets must
be equal to zero, i.e. G

(general condition for diffraction). u
G — Ak =0 /K T
LA\ TAYY

a) The direction (scalar product b) Velikost:
with lattice vectors a, b and ¢): 5 _ |k 1
a-Ak =a-G =2zh 2k' nu. _1lu

(G—k')z :(_k)2 1—@ E Whel’e G Ha
b-AKk =b-G =2nk , .
k=c.G =21l T =deEsliT=le Zz—nlicosﬁ ni=2dsina
C'A —C' — 7T GZZZK'G lnG‘
We get Laue conditions. If we choice G as perpendicular to the
surface, we get the Bragg condition.
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Ewald's sphere, 1. Brillouin zone

G’ =2k"-G
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Vall of the Brillouin zone

/ (Bragg plane)
A4

Ewald sphere:

o o o o
reciprocal lattice

It represents the geometric interpretation
of the solution k' to the given type of grid
and its orientation with respect to the
vector K.

Definition: The first Brillouin zone is the Wigner-Seitz cell constructed in a

reciprocal lattice.

hitp://reference.iucr.org/dictionary/Brillouin _zones Brillouine zone in crystalographic dictionary
http://dao.mit.edu/8.231/BZandRL.pdf presentation from MIT about reciprocal lattices and Brillouine zones



http://reference.iucr.org/dictionary/Brillouin_zones
http://dao.mit.edu/8.231/BZandRL.pdf

Brillouin zones

number of Brillouin zones

7

outermast Brillouin zone only:

O

lattice:

square | triangular

show BEragg planes

m Priklad prvnich 7

Brillouinovych zoén Ctvercové
mfize ve dvou dimenzich.

O kterou z6nu v poradi se
jedna urcuje pocet
prekroCeni Braggovych
rovin. Nula pfekrocCeni je
prvni zona atd.

Braggovy roviny puli kolmo
spojnice atomu ve stredu

s nékterym atomem
sousednim.

http://demonstrations.wolfram.com/2DBrillouinZones/ ... simulace Brillouinovych zén pro 2 typy mrizek ve 2-d



http://demonstrations.wolfram.com/2DBrillouinZones/

Types of crystal bonds

Podle zpusobu, jakym jsou v krystalu vazany jednotlivé atomy (hovofi se
o krystalové vazbé), se rozliSuji nasleduijici typy krystalu:

Molecular (van der Waals) crystals - Molekularni krystaly tvori molekuly
organickych sloucenin a atomy vzacnych plynt vazané Van der Waalsovymi
silami. Maji nizke teploty varu a tani.

lonic (heteropolar) crystals - Jedna se napf. o sloucCeniny elektropozitivnich

prvku (kovu) s elektronegativnimi prvky. Soucet valencnich elektronu atomd,

mezi nimiz se iontova vazba tvori, je 8 - tedy idealni naplnény stav. NejCastéji
spolu tedy reaguji prvky z 1. a 7. skupiny periodickeé tabulky prvku.

Covalent (homopolar) crystals - Vazbu tvori atomy s velmi podobnou
elektronegativitou, které sdileji par valencnich elektront. U organickych latek
nebo v Cistoprvkovych molekulach.

Metalic crystals - Kovové krystaly tvorfi kovy. Kationty atomu jsou usporadany
do krystalové mrizky, elektrony jsou pro celou mfizku spolecné - tzv.
elektronovy plyn.




Crystal bonds

Notes:

It is an empirical categorisation, a more detailed character of the bond gives us
guantum theory.

There are also many intermediary cases, so you need some caution.
Cohesive energy = (energy of individual atoms) — (crystal energy).

The higher the cohesive energy, the higher the melting and evaporation
temperatures.

lonic

Van der Waals Metallic
Ne Ar  Kr Xe Ka Be Fe Ti
Covalent
Pb Ge Si C
faint «<— I I I > strong
0.01 0.1 1 10 eV/bond

More details about chemical bonds see here htips://en.wikipedia.org/wiki/Chemical bond



https://en.wikipedia.org/wiki/Chemical_bond

Molecular binding, Lennard-Jones potential

Charakterizuje slabé elektrické vazby, zplsobené

indukovanymi dipdly sousednimi atomy, potencial dvojice
interagujicich atomu:

12 6 & a O jsou empiricky
o[ (5] %

" " ziskané parametry.

7
Minimum: d—U_4({—E[—j +6(g] :|=O—)ro:€/§Gil.22(7.
dr o\r olr

Hodnota v minimu: U (r,) = 45[(\/_91) —(@j }:—g.

Kohezni energie pfipadajici na jeden atom v mfizce:

ij = PijTo

kde obé sumy zavisi pouze na typu mfize, nikoliv na druhu atom.

Pro kubické ploSné centrované a hexagonalni Bravaisovy mfize
jsou numerické hodnoty obou sum uvedeny vpravo. Namérené
hodnoty se vSak od spocCitanych mirné liSi a také je jine r, pro atomy
v mfizi v porovnani s volnymi atomy interagujicimi parove.

ProtoZe van der Waalsova sila je kratkodosahova, staci s€itat jen
prispévky od nejblizSich sousedu.

3_

_Z p—12 Z plieJ ’
i=1

z p712

fcc 12.1319
hcp 12.1323

2Py
i=1

14.4539
14.4549




lon Crystals - Cohesive Energy

NejznaméjsSim reprezentantem iontového krystalu je chlorid sodny NaCl. Jeho mfiz tvofi
pravidelné se stfidajici kationty Na* a anionty CI- ve tfech kolmych smérech. Kazdy iont je tedy
obklopen 6 ionty opacného znaménka, tvoricimi nejbliz§i sousedy.
Nejvétsi prispévek ke kohezni energii bude od elektromagnetického potencialu. Potencialni
energie dvou nabitych ¢astic s elementarnim nabojem nachazejicich se ve vzdalenosti r je

1 €’

2 —+ K , kde K volime 0 pro pfipad nulové potencialni energie v nekonecnu.
g, I
0

U=-

V mrizi seCteme vSechny prispévky do celkoveé potencialni energie od atomu nachazejicim se
v uzlu mfize (k,lI,m)v poloze r,,, =a(k,l,m), kde a je mfizkovy parametr, pro atom
nachazejici se v poloze r,,, =(0,0,0). Nesmime ovS§em pominout, Ze naboje budou stfidat
znaménko. Na rozdil od molekularnich krystaltl zde jde o dalekodosahovou silu, jmenovatel
klesa s rostouci vzdalenosti pouze linearné a sumu proto musime provest pres vsechny ionty
v mrizi. Dostaneme

+oo 1 e2 (_1)k+l+m+l ez o (_1)k+l+m+1

W, = Z = M, kde velitina M =
kOh y
KI'me 4TE, a\/k2+lz+m2 dne,a K.l M=—o \/k2+I2+m2

Se nazyva Madelungova konstanta. Soucasti jeji definice ovSem musi byt i zpusob, jakym se
ma tfidimenzionalni fada ¢lent v sumé scitat. Je nutno volit takovy postup, pfi kterém se
vzajemné co nejvic rudi vlivy kladnych a zapornych naboju. V roce 1951 bylo matematicky
dokazano, ze soucet M provadény po sférach (a uvadény do té doby hojné v literature)
diverguje. Konverguje soucet provadény po krychlich a jeno hodnota je M =1.74756...

V roce 2003 byl pro M odvozen analyticky vyraz, tzv. Benson(v vzorec.

https://en.wikipedia.org/wiki/Madelung constant
http://mathworld.wolfram.com/MadelungConstants.html



https://en.wikipedia.org/wiki/Madelung_constant
http://mathworld.wolfram.com/MadelungConstants.html

Exact differential

Define Pfaffian form as differential form of degree 1 dQ = Zaidxi ,
a; are cofficients, X; variables. i=1

Temptation: Let's all coefficients ¢; be defined on simply connected areas of variables X, ...,
X,. The following statements are equivalent:

n
1. The curve integral IZaidxi does not depends on the shape of the curve ¢.
P i=1 n
2. Afunction (X, ..., X,) exist so that the curve integral is Izaidxi =0,-0,,
@ i=1

where @; and @, are the values of @ at the start and end points of the curve ¢.

: : . : oD .
3. Relationships between coefficients and function @ from 2. are ¢, =— Vi=1 ..,n.

P OX.
. » : & & . . .
4. Following equities are fullfield: > 3 V1, J =1, ..., N (The Euler reciprocity
relations). & %,
Notes: https://en.wikipedia.org/wiki/Exact_differential

* From claim 1 it follows that the curve integral on the closed curve is always zero.

 Claim 2 can be understood as a generalization of the Newton formula for definite integral.

* Function @ is called the potential, and dQ is called a complete differential @.

* If the coeff. ¢; are are the components of the vector, then it si called the conservative field
and from 4. follows that rotation of the field rot (ay, a,, a,) is zero).

* In an area that is not simply connected, all equivalences of the sentence may not apply.

 From 3. follows the known potential energy — force relationship F =—grad E, (®= —E, ).



https://en.wikipedia.org/wiki/Exact_differential

Termodynamic potentials

This is an introduction to the thermodynamic, in order to show Einstein and Debye's theory of
thermal capacities of the solid (not only, we will used the thermodynamics also in next).

* First thermodynamic law : dQ = dU +dA Q ... supplied heat

U ... the internal energy
A ... work (made by the system)

Q ... depends on the thermodynamic action, i.e. on the curve connecting the initial and the final state,
U ... does not depend on the thermodynamic process, so its value can be determined from state variables,
A ... the work done by the thermodynamic system depends, like by Q, on the shape of the curve.

Work can be expressed as dA = Zx dX., X;are generalized forces a X; jsou generalized
coordinates.

Examples for various systems: Fdx, pdV, E-dD, H-dB, xdN

(rod/string, gas, dielektricum, magneticum, opened system, u is chemical potential and N is the number of
particles).

Define the entropy as |dS = ?dQ (dS is an exact differential).

Let's assume the work done by the volume changes, i.e. pdV and thus the 1. thermodynamic law
is [dU =TdS — pdV |-




Thermodynamic potentials

Matematicky jsou infinitezimalni pfirdstky termodynamickych potenciall a entropie uplnymi
diferencialy a plati pro né vSechna tvrzeni z véty uvedené v matematické casti tohoto
vykladu. VeliCiny, které jsou uplnymi diferencialy, nazyvame stavovymi veli€¢inami, Ize je
totiZz zintegrovat (tj. najdeme integraci matematicky potencial @) a vyjadfit jako funkce
stavovych proménnych.

Vnitfni energie U je zfejmé z matematického hlediska potencial proménnych S a V.
Je jednim z tzv. termodynamickych potencialt (v dalSim vykladu definujeme dalsi).

Q a A nejsou stavovymi veliCinami, nebot jejich hodnoty zavisi na tvaru kfivky
termodymanického déje.

Tvrzeni 3. a 4. véty aplikované na diferencial vnitfni energie dU =TdS — pdV nam da

(&) ) (&R

Poznamka: v termodynamice je zvykem vyznacCovat proménnég, které drzime konstantni
podle definice parcialni derivace, jako index k parcialni derivaci. Je to proto, ze bychom jinak
neveédéli, které proménné volime jako nezavislé. VSechny proménné totiz nejsou nezavislé,
protoze jsou vzajemneé svazany stavovou rovnici. V matematice mame obvykle mnozinu
nezavislych proménnych definovanu predem a neni ji tudiz nutno zvlast znacit.




Thermodynamic potentials

Termodynamickych potencialu existuje mnoho, najdéme napfiklad termodynamicky potencial

proménnych S a p:

dU =TdS — pdV, nahradme posledni &len ze vztahu d(pV )= pdV +Vdp,
dU =TdS —d( pV)+ pdV, oba UpIné diferencialy sjednotme do jednoho na levou stranu,

d (U + pV ) =TdS + pdV. Vlevo v zavorce je veli¢ina, ktera je rovnéz termodynamickym
potencialem, tentokrat jinych proménnych. Zde jde o Enthalpy definovanou vztahem

dH =TdS +Vdp

H =U + pV |a mame pro ni zakladni diferencialni vztah

(vSimeéte si ,technologie® zmény proménnych: zaméni se proménna s koeficientem
u diferencialu v daném &lenu, zméni se znaménko a soucin ¢lenl se odedte od plvodniho
potencialu, ¢imz vznikne novy potencial). Podobné

dF =—-SdT — pdV | kde F=U — TS je Helmholtz energy a
dG =-SdT +Vdp| kde G = U+ pV — TS je Gibbs energy (also Gibbs free energy).
Uloha:

» Najdéte vztahy pro koeficienty Pfaffovych diferencialnich forem a Eulerovy recipro¢ni
derivace pro vSechny uvedené termodynamické potencialy.

See also https://en.wikipedia.org/wiki/Internal energy https://en.wikipedia.org/wiki/Enthalpy

https://en.wikipedia.org/wiki/Gibbs free enerqy .



https://en.wikipedia.org/wiki/Internal_energy
https://en.wikipedia.org/wiki/Enthalpy
https://en.wikipedia.org/wiki/Gibbs_free_energy

leat capacities

Define the heat capacity at constant volume and pressure as

_(9Q _(Q
Q’_((?Tj\,’ © (6ij'

For calculations, these relationships are inappropriate because Q is not a state variable, and
there is no general formula for Q as a function of state variables. However, we have dQ = dU
from previous relations, and similarly under constant pressure we have dQ = dH and we can

write

C, = (Qj , Cp — (ﬁJ , Where for quantities U and H general formulas
oT )y oT p| as expressions of state variables can exists.




Tasks

1. Let'sX,Y, z are variables joined with relationship f(X, y, z) = 0. Prove the validity of the

tripple product rule
OX KayJ (82)
oy ),\ oz ) \ox), '

2. Prove the validity of the increment of heat as the combination of dT and dV

ouU oU
dQ = (8—Tj\, dT J{(@—Vl + p}dv.

Hint: Assume U as a function of T and V a express dU as an exact differential according the temptation
3 on the slide no 41 about exact differential.

Hint for 1: hitps://en.wikipedia.org/wiki/Triple _product rule (but more straightforward method is using of
Jacobians).



https://en.wikipedia.org/wiki/Triple_product_rule

Thermodynamics - links

Useful Links:

Simply connected space: https://en.wikipedia.org/wiki/Simply connected space

Pfaffian forms on Wolfram Mathworld: http://mathworld.wolfram.com/PfafflanForm.html

Exaxt differential on Wolfram Mathworld: http://mathworld.wolfram.com/ExactDifferential.html
Exaxt differential on Wikipedia: https://en.wikipedia.org/wiki/Exact differential
hermodynamics on Wikipedia: hitps://en.wikipedia.org/wiki/Thermodynamics

Internal energy on Wikipedia: https://en.wikipedia.org/wiki/Internal _energy

Enthalpy on Wikipedia: https://en.wikipedia.org/wiki/Enthalpy

Helmholtz free energy on Wikipedia: https://en.wikipedia.org/wiki/Helmholtz_free energy
Gibbs free energy on Wikipedia: https://en.wikipedia.org/wiki/Gibbs free energy
Thermodynamics on Wolfram Scienceworld: nttp://scienceworld.wolfram.com/physics/topics/Thermodynamics.html



https://en.wikipedia.org/wiki/Simply_connected_space
http://mathworld.wolfram.com/PfaffianForm.html
http://mathworld.wolfram.com/ExactDifferential.html
https://en.wikipedia.org/wiki/Exact_differential
https://en.wikipedia.org/wiki/Thermodynamics
https://en.wikipedia.org/wiki/Internal_energy
https://en.wikipedia.org/wiki/Enthalpy
https://en.wikipedia.org/wiki/Helmholtz_free_energy
https://en.wikipedia.org/wiki/Gibbs_free_energy
http://scienceworld.wolfram.com/physics/topics/Thermodynamics.html

Heat capacity of solids

1. Classical solution (Dulong-Petit law)
2. Einstein‘s heat capacity
3. Debye's heat capacity

The classical calculation takes the solid as a set of 3N independent oscillators, Einstein
assumes the same, but the oscillators take it as quantum, and Debye considers the whole
crystal to be the oscillator (set of continuous bounded oscilators).

1. Clasical calculation:

) J.ge_kBng =
gzp—+lma)2u2, g =" =ksT,U =3N& =3Nk,T =3sRT, CV:(—j = 3sR.
2m 2 aT )y

0 _ &
_fe T de
0

The classic heat capacity model is consistent with the high temperature readings, but can
not explain their low values at low temperatures.

¢ ... energy of the oscilator

¢ ... mean energy of the oscilator

S ... amount of substance

Kg ... Boltzmann constant

R =kgN, = 8.314 J/K.mol ... universal gas constant

https://en.wikipedia.org/wiki/Dulong%E2%80%93Petit law



https://en.wikipedia.org/wiki/Dulong%E2%80%93Petit_law

Einstein’s heat capacity - derivation

Einstein tuto teorii vytvoril roku 1906, predpokladal chovani krystalu z hlediska energie jako 3N
nezavislych kvantovych oscilatorl, pfiCemz pro jeho energii pouzil vzorec, ktery pouzil Max
Planck v roce 1900 (chybny, liSici se konstantou, vysledek vSak vyjde spravny).

_nha) _nha)

Energie stavu n: E. = NZw, stiedni energie: E= Znha)e T 1/ > e ' imenovatel J je
n=0 n=0

how _ ho

geometricka fada s kvocientem 0 = € “®" | 1ze ji tedy setistamame J =1/(1—q)=1/| 1—e *¢
Jitedy g

Zderivujme nyni J podle kg T, jak v pivodnim tvaru, tak také v se¢teném tvaru a dostaneme

_nha) B hiw hiw 2

= :—Znha)ekBT: hoe' [[|1—e k"

1
d kgT n=0

Ovsem prvni ziskany vyraz Se SUmou je az na znaménko ¢itatel z pfedchoziho vyrazu pro stiedni energii a
dostali jsme tedy vzorec pro jeji soucet. Mizeme proto vyjadrit vnitini energii jako celkovou energii vSech
oscilatort (vyraz jesté upravime do hezCiho tvaru vydélenim exponencidlnim ¢lenem v Citateli a mame

ho
R
. h kgT
U=3NE=3N—2_ cvz(@j _gR| Mo} T
T ol Vv kBT ho

https://en.wikipedia.org/wiki/Einstein solid



https://en.wikipedia.org/wiki/Einstein_solid

Einstein’s heat capacity

Predchozi  ziskany  vysledek muiZzeme  zapsat
v kompaktnim tvaru, zavedeme-li Einsteinovu teplotu
O ze vztahu 7w =k,®. a dostaneme vyslednou
tepelnou kapacitu

O
-
C, =33R(®Ej  _3sRF, [%)
T O T
e’ -1
) €
kde F(&)=&°—— je Einsteinova funkce.

=

Poznamka: Spravny vzorec pro energii kvantove-
ho oscilatoru je ve skuteénosti (2 + n) iw ale
tepelna kapacita by vySla stejna, nebot’ koeficient
Y2 se projevi ve vysledné energii konstantou, ktera
derivovanim ve vzorci pro tepelnou kapacitu
zanikne.

https://en.wikipedia.org/wiki/Einstein _solid

http://www.wolframalpha.com/input/?i=f(x)%3D(1%2Fx)%5E2exp(1%2Fx
)%2F(exp(1%2Fx)-1)%5E2+plot+from+0+to+2

c, 1901 [
0.8} e
/
r‘/
06F /
0.4+
0.2} “
0.5 1.0 1.5 20
keT / i
e energie oscilatoru
P stfedni energie oscilatoru
S latkové mnozstvi
T absolutni teplota
O Einsteinova teplota
Kg Boltzmannova konstanta
N, Avogadrova konstanta
R = NAKkg molarni plynova konstanta



http://www.wolframalpha.com/input/?i=f(x)%3D(1/x)^2exp(1/x)/(exp(1/x)-1)^2+plot+from+0+to+2
https://en.wikipedia.org/wiki/Einstein_solid

Debye’s heat capacity

Assumptions: Atoms form bound oscillators. Discrete solutions would be difficult, so Debye
assumed a continuous environment in which, in the limited region of a crystal with zero boundary
conditions, standing waves are created, but their possible modes are limited so that their number
does not exceed the number of all degrees of freedom 3N in the crystal (N ... the no. of atoms).

1. 1d case:

_ o’'u 1 o°u _ 0

A wave propagates according the wave eq. — =— — (we will shorten from now— =20, ).
oX® ¢, ot OX

The solution is easily found by the separation method, the general solution will be the product

u(x,t) =u,(x)-u,(t), for the spatial part of the solution applies boundary conditions u, (0) =u (L) = 0.

The solution is a one-dimensional standing wave

Z
u(x,t) = u,sin (nn%jcos(a)t) = u(x)cos(at).

Substituting this into the wave equation above, we get the 2(w)

i i . . TC i
relationship between the coefficients @ = LS n and as an incre-

L
mental expression dn=—dw = z2(w)dw, where

TC

S

L
the density of states were defined as z(w) and Z(@) = —.

miC,

We will not calculate the mean energy, and go to the more general 3d case (now it was only about the
principle and definition of density z(w)).




Debye’s heat capacity

2. 3d case

. . 1 .
Wave equation in 3dis Au=-—0:u where A=0;+0d,+0, isthe Laplace's operator
c

S
in the Cartesian coordinate system. A straightforward calculation give the following solution in a cube
with sides of lengths L and with zero boundary conditions on all sides at all times

u(x,y,z,t) =u, sin (nxnEjsin(nyn%jsin(nznfjcos(a)t)

where n,, n, a n, are the natural numbers that determine the standing wave mode (the negative values
represent the same set of modes, only with the phased shift of &, so we exclude them from the solution).
Once we have reached the wave equation, we get the relationship between the coefficients that must be

met at all points and at all times: 2 2
hid (nZ+n2+n?)= @
L X y z ) :

C

S

This relationship can be understood as the relationship between the allowed frequencies and the mode
determined by the triple number n,, n,, a n,. However, the same frequencies can be achieved by various
combinations thereof. For example, the modes (n,, n, n,) = (2, 1, 1) a (1, 2, 1) represent two different
states with the same frequency. In total energy, we must count contributions from all modes, including
those with the same frequencies. For their correct counting, the state density defined in the previous one-
dimensional case is used as the coefficient of proportionality between the increment in the number of
states and the increment of the frequency dn = z(w)dw. In the final centering over the energy of all modes,
we will multiply the state density to include all of the possible states for each frequency.




Debye’s heat capacity

Vzorec pro ptirtistek poctu stavil naj deme \4 prostoru proménnych n,, n,, a n,, v némz jednotka objemu
predstavuje jeden stav. Oznaéme R® = n + n + nZ jako polomér koule v prostoru stavli, dosazenim do
odvozeného vztahu mezi koeficienty Vlnove rovnlce dostaneme

R=" 0w dR=_"do.

mCq miC,

Pocet stavil je roven objemu v prostoru stavil, do kter¢ho dosadime posledni dva odvozené vztahy pro R:
14 ., Lo’ 1 INOR

n==—nR ,  dn==4nR*dR =
83 6rn’cd 8 2n°Ce

dw,

kde koeficient 1/8 jsme ptidali proto, Ze zapocitdvame stavy jen v jednom oktantu stavového prostoru.

Porovnanim s defini¢énim stavem dw = z(w)dw pro hustotu stavil tedy mame
(viz graf vpravo)

Lo
2(0) = —— o’ Z
2n°C
Prispévek energie kazdého modu bude tyz jako u vypoctu 2(w)

Einsteinovy tepelné kapacity E_ = 7iw(n), kde ale na rozdil
od pifedchoziho mame pro jednu frekvenci vice moznych
stavil. N

Pro dalsi vypocty zaved'me koncentraci atomti N =—

K
kde N je pocet atomi v krystalu a L3je celkovy objem krychle.




Debye’s heat capacity

Debye omezil pocet stavﬁ tak, aby celkovy poéet stavﬁ nepfeséhl celkovy pocet stupni volnosti 3N, coz da

podminku “@p V
n=3N = I dn= j COD = Wy = \/187t203W
0 s - 6mc

Vsimnéte si, ze nezav1slym vypoctem dostavame formalné stejny vztah mezi frekvenci a poétem vztahu,
jako z disperzni relace na predchozim snimku.

Vnitini energie je pocet stupiili volnosti vynasobeny stiedni energii jednoho stupné volnosti. Na rozdil od
Einsteinova modelu, zde muize jedné frekvenci odpovidat vice stavl. Tedy pro kazdou frekvenci w je nutno
jeste stitedovat pies vSechny stavy, coz jsme oznacili jako (E):

- _nho
o Znha)e = ;

U =3NE =3N | 2()(E)d o, kde (E)="t—0p0 = —
° 2.6 ik ® —1

V obou sumach by méla byt energie shora omezena maximalnim n odpovidajicim Debyeové frekvenci wp
podle vztahu n <= w nahofte ale pro naprostou vétSinu stavii, vzhledem k tomu, Ze hustota stavli z(w) roste
kvadraticky, by toto nastavalo az u energii, pfi nichZ jsou exponencialni ¢leny v sumach zanedbatelne,

Zbytek vypoctu je nezazivny, uvedeme
pouze vyslednou tepelnou kapacitu.

TD
®p, ... Debyeova teplota (7w =k, 0,), Cy =3sR- 3( j .[
0

Fp ... Debyeova funkce

d§ — 3sRF, (%)




Concentration of the vacances

Hledejme zakon, podle néhoz bude nartistat pocet vakanci s teplotou, v prvnim pfiblizeni nam pujde
0 pripad, kdy je pocet vakanci relativné maly. Oznaéme N jako pocet atoml Vv idealnim krystalu bez
vakanci a N, pocet vakanci pii teplot¢ T. Predpokladejme, ze S pfibyvajicimi vakancemi bude energie
krystalu vzrastat linearn€, coz nastava, je-li N, << N, neboli koncentrace vakanci je natolik mala, ze
vakance spolu témétr nikdy nesousedi a netifeba tudiz pocitat S interakéni energii mezi vakancemi.
Kdyby byla vakance vytvofena tak, ze atom vyjmeme z Krystalu, pfirtstek vnitini energie spojeny Se
zménou poctu vakanci by byl podle definice prace otevieného systému dU = u ,dN,, kde x4, je chemicky
potencial jedné vakance ve vyznamu prace potfebné na vyjmuti jednoho atomu z krystalu. Ale atomy pii
vzniku vakance krystal neopusti, pouze se v okoli pteskupi a energie tudiz bude mensi, ozna¢me ji jako E,
a také ji zahrneme do jiné veli¢iny, nebot’ bude zplisobena jinym mechanismem nez dalekodosahovymi
silami, jak by to byla v pripadé prace. Ve skutecnosti jde 0 zménu vnitini neuspoiadanosti v dasledku
tepelného pohybu a ptijde tedy o zménou entropie.

Vnitini energie se nam pro nalezeni rovnovazného poctu vakanci
nehodi, nebot’ jde 0 potencial, ktery bude s poctem vakanci | W _
monotonné narustat 0 E, s kazdou novou vakanci. PouZijeme -
ne¢ktery z chemickych potenciali obsahujici entropii, coz je P
napiiklad Helmholtzova energie F = U — TS. Skute¢né, vnitini -~ _ N
energie sice bude s rostoucim poc¢tem vakanci nartstat ale pii kN

odecitani ¢lenu TS a S uvazenim, ze entropie je vzdy konkavni S\ _min
veli¢ina, bude mit Helmholtzova energie minimum, viz obrazek ~<
vpravo. Pokud bychom chtéli potencial, ktery by mél minimum S~ o
pii rovnovaze za konstantniho tlaku, museli bychom pouzit -1S 7=
Gibbsovu energii G = H + TS. Princip vypoctu ale bude stejny.
Pripomenme prirtustkové vztahy pro oba termodynamické potencialy, dF = —-SdT — pdV, dG = -SdT + Vdp.




Concentration of the vacances

Helmholtzova energie jako funkce poctu vakanci a teploty:
F(N,, T)=F(@,T)+AF =F(0,T)+AU —-TAS,-TS, =F(0,T)+N_E,,-TN S,, —TS,,

NV!(l\'I\'i Bl =kg[INN=INN, =In(N =N, )!].

kde konfiguracni entropie je S, =k, Inw=Kk;g In

Pouzijeme Stirlingtiv vzorec In X!~ xIn x—x—1 a dostaneme (https:/en.wikipedia.org/wiki/Stirling's_approximation)

S =ks[NINN-N+1-N,InN, +N,-1-(N =N, )In(N-N,)+(N-N,)-1]

Po uprave se vzorec zjednodusi na S, =k, [ NInN—N, InN,—(N =N, )In(N-N,)-1].

Tedy AF = N,E,, —=TN,S,, kT [NInN =N, InN,—(N =N, )In(N =N, )-1] (sta¢i nam jen zména F).

Z podminky pro minimum F(N,, T): W _
u._--
(;TF] :O—>E1V—TSlV—kBTInN|;NV:O. gt
Zavedeme koncentraci vakantt n = N, / N, pficem? & B
avedeme koncentraci vakantt n = , pii¢emz =
! P \\\ %—TS N
N N ~_Mmin
Y ~—r=n vzhledem k podmince N, < N S~
N-N, N S~ o
Swo B _Ev TS T~~~
a dostavame hledany vztah [N(T) =€ ‘e " =n(0)e ' |.



https://en.wikipedia.org/wiki/Stirling's_approximation

Termodynamic work of the crystal

UvaZujme vektor posunuti u ¢asti povrchu krystalu dS = ndS, kde n je du n
normalovy vektor, na kterou plsobi sila dF = TdS kde T je plo$na hustota dF
sily. Celkova prace vykonana pfi elementarni zméné posunuti du bude 4s
0
dA=[(T-du)ds = jr”njdu ds _—j rdu )(n,ds) = —IaT(rijdui)dV =
S 7 J-=—TI Gaussova vV T

Vvéta

8x.

0
__j£¢ -du, +7; duljdv, kde jsme zavedli tenzor napeti 7;; vztahem z;n; = —T..
J

Zaporneé znaménko volime proto, ze za kladné napéti bereme pfipad, kdy krystal natahujeme,
sila dF na obrazku mifici ven ovSem odpovida natahovani krystalu, tedy napéti je zaporné.

Predpokladejme nyni, Ze krystal nepodléha dalekodosahovym silam objemového charakteru
(napfiklad gravitagni), tj. Ze na néj pusobi sily pouze pfes povrch, divergence hustoty sily
v objemu je tedy nulova, {j.

0 RGVE
0. Mame dA——j—dUrdV = —jd—r av = —jzijolE LN 1Y)
8x X; ! v 210X, ox

Zamena symetrie 7j; !

dad/ox; V Zdméné i< |

. . . . 1 aul auj
Definujme tenzor malych deformaci &; = > 87+8—X . Pak |dA= Ir de;dV |.
j .




Relative volume change

UvaZujme maly objem krystalu a napiSme pro né&j prvni termodynamicky zakon dU = TdS — dA
v objemovych hustotach jako du,, = Tds,, — da,,, kde veli¢iny oznacené indexem jsou
objemové hustoty vnitfni energie, entropie a prace, pricemz mezi hustotami a celkovymi
veliCinami plati

U=[udV, S=[sdv, A=[a,adV.
Vv V V
Porovnanim vyrazu pro praci s pfedchozim vysledkem mame da, = —rijdgij a lze napsat
du, =Tds, +7,de;.
Specialné pro anizotropni pfipad ma tenzor napéti diagonalni tvar
Ui =— pé‘ij
a po dosazeni do vyrazu pro objemovou hustotu prace mame
dv
da, = p;ds; = pde; = pd (s, + &, + &5 ) = pdTr(e) = pv

kde Tr(e) = g1 + &,, + £33 je stopa tenzoru malych deformaci, jehoz diferenciadl méa vyznam
relativni zmény objemu

dVv
(8) 8“ V




Elasticity

Predpokladejme, Ze plati zavislost z; =f(T, ¢;) a uvazujme linearni deformace, pfi kterych plati
linearni vztah

coz je zobecnéni Hookova zakona pro anizotropni latku,

T.. :C s roo Ak
i i kde C;; se nazyva tenzor elasticity.

Z mechaniky zname symetrie 7; = 7; @ ¢;; = ¢;;. Co navic nam poskytuje termodynamika?

du, =dqg, —7;dg; =

=dq, —7y,de; —7,de, — 706, — Ty 0Ey —Ty,0E,, —TyUey —Ty0e, — 7506, —T5des;.
Bude-li bud' T = konst nebo dg, = 0, bude posledni vyraz Pfaffova diferencialni forma, ktera je

uplnym diferencialem a tudiz plati Eulerovy reciproCni vztahy pro jednotlivé Cleny vykonané
prace, coz lze zapsat jako

ot _ Oty
og, 0&;

1

i,k 1=1 2, 3; (i, J) £ (k, I)_ (podminka s nerovnosti vybira pouze netrivialni identity)

Dokazali jsme, zZe tenzor elasticity je symetricky, kromé& zameény indexu v prvni a ve druhé
dvojici, také zaménime-li prvni dvojici s druhou dvojici v pfipadé adiabatické nebo izotermické
deformace.

Ukol: Na zakladé symetrii v(i&i zamé&nam index( spoditejte, kolik ma tenzor elasticity
nezavislych koeficientl pro trojklonny krystal, ktery vykazuje nejméné symetrii.




Elektronic gas

Schrodinger's equation and its solution for zero boundary conditions for cube LS.
Density of states (analogous as by Debye's heat capacity).

Pocet zakladnich stavu — Fermiho energie E..

Fermi-Diracovo rozdéleni.

Vnitini energie elektrond.

Prispévek elektronl k celkové tepelné kapacité.




