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Motivation for our Work

e Investigate the interaction of a (time-dependent) population of
energetic (relativistic) runaway electrons (RE) with bulk plasma
(MHD) dynamics

o Can ideal MHD modes (e.g., Alfven) be driven unstable by
the RE population (e.g., electron fishbone)?

o Can the RE population be modified by turbulent transport
(e.g., magnetic turbulence or RF-driven quasilinear transport)?

e Kinetic-MHD model: kinetic RE coupled with bulk MHD
o Current-coupling (0J X Bg) versus Pressure-coupling (V - 6I)

o Variational approach is needed (= exact conservation laws)
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Outline of the Talk

Variational formulation?

Comments on relativistic guiding-center orderings

Variational formulation of perturbed Vlasov-Maxwell equations

Particle and reduced kineticcMHD models

o Current-coupled kinetic-MHD models
o Pressure-coupled kineticcMHD models

e Summary and Research outlook
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Advantages of a Variational Formulation

o Self-consistent dissipationless dynamical equations have
Euler-Lagrange and/or Euler-Poincaré formulations

o Noether method yields all exact dynamical conservation laws:
energy-momentum, angular momentum, and wave action.

o Approximation schemes can be implemented in the
variational principle itself (“perturbation-ready”).

o Even reduced self-consistent dynamical equations possess
exact conservation laws (e.g., gyrokinetics).

o Modular physics approach (e.g., hybrid kinetic-fluid models).

o Relevant only for dissipationless (Vlasov) dynamics
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Relativistic Runaway Electron Orderings

e Maximum runaway electron gyroradius (at p| = 0)

vy C
e)Jmax — ————————=—— = ~ 17 — = — e
(pJ_ ) a Pe m <B(G)> Vihe Pth

o Standard tokamak case (B =5T) for 10-100 MeV RE
7>~20—-200 — (ple)max =~ 0.7—7.0cm < Lp
e Parallel guiding-center momentum ordering

B = B(1+ P5B.vxb) ~ B(1 b-V xb
= +qTa'><—<—f’e'x>

o Relativistic guiding-center ordering

76]3<<1—>7<<6§1:103
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Perturbation Analysis of Vlasov-Maxwell Equations

e Wave-wave Interactions versus Dynamical Reduction

(@]

Lowest order: wave-particle interactions (linearized equations)

Lowest order: Guiding-center dynamical reduction (drift-kinetic)

@]

e \Wave-wave Interactions: Wave action!
o Two-wave interactions at second order: Mode Coupling

Three-wave interactions at third order: Manley-Rowe relations

o

Particle Orbit Perturbation Analysis: Lie-transform Approach

Perturbed fields <> Perturbed particle orbits
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Geometric Approach to Perturbed Particle Orbit Analysis

e Canonical phase-space transformations generated by
scalar field h = Dynamical Hamiltonian

o Dynamical Hamiltonian flow generated by h:
0z® o
— = h
8t {Z ’ }

Canonical phase-space transformations generated by
scalar field S = Perturbation Hamiltonian

o Perturbation Hamiltonian flow generated by S:
0z o
— = S
Oe {z% st

Commuting Hamiltonian Flows (Lie-transform equation)

d d oS oh
[dt, de]f(z,t,e) =0 52 - 5+ {s,h} =0
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Lie-transform Perturbation Theory

e Perturbation expansion: Reference (fy, hg) — Perturbed (f, h; S)

o

Z (fa, hp) and S = ine"fl S,
n=1

o Lie-transform perturbation equations (do/dt = 9/0t +{ -, ho})

doS1 05

= h = h
dS _ 05 B 1
w T o TSl = kg S

e Vlasov perturbation ([ 6f d°z = 0)

(5f5g:—@ﬁz—{f,5}
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Perturbative Vlasov-Maxwell Action Functional
Perturbation action functional ¢, = (f,®,A; S, 0,,0,A)
€ oS oh
6 PR— — PR
/da/dt[/dzf(at aa+{5,h}>}
d3r OE 0B
o [ o fa [/M( R aaﬂ

Perturbation parameter o is integrated from

Reference state (o0 =0) — Perturbed state (o0 = ¢)

Lagrange multiplier f(z; t,o) = Vlasov distribution function.

O

Note: all particle species have a kinetic description at this point.
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Perturbed Action Functional A, = Y 7, " A,

e nth-order action functional A,(S,, ®p, Ap; Sp—1, Pn_1,Ap_1;...)
n—1

An =) AfSn i Po i Ani]

k=0
o Time-dependent reference Vlasov-Maxwell (fy, Eg, Bg) —

doS, - d3x
0 _ 6 09n . _ .
An—/d zdtfo< ™ h,,>—i—/ yy dt(Eo E, Bo B,,) 0

where h, = q®, — qA,-(p — qAg/c)/mc = q (P, — A,-v/c).

o Perturbed Vlasov-Maxwell dynamics at order "1:

.Al =0
A3[S1, 1, Aq; fo, ho)
A3z[S2, @2, A2; 51, ®1,Aq; fo, ho)
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Second-order (Linearized) Vlasov-Maxwell Theories

e Quadratic action functional A3[S1, 1, Aq]

d*rdt 2 2 6 q° fo 2
Ay = / - <\E1] — |By ) - /d zdt <2m62 A, |
1 doS
6 - d021
+ /d zdt [{51, fo} <2 p h1>:|
e Variational principle 6.4, = 0 with respect to (057, ®1, A1)
d051 d051
((42-0) ) -0~ %
1 3
VB - [{sun}d =0

1 [10E; q qfo Ar| 53
4w<cm‘vx'31)+c/[“{5h oy — T }d”—o
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Second-order Noether Equation

e Variational principle — Noether equation

(5./425/5[,2 d*xdt =0 — Mzzaaj: + V-l
o Second-order action density
0Ly 0L,
T = =05 + ———-0A
2 Z 90:5) 7t T B(0eAr) O
1 3 0A1-E;
- 2/551 {51’ fo}dp T T 4rc
o Second-order action-density flux
8£2 8,62 a£2
Mnh = ———90 ———— 0 ————-0A
2 = ows) T awen) O T away M

- % (5¢1 E: + 0A; X Bl)
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Noether Theorem: Energy Conservation Law (?)

e |nvariance under time translations: t — t + 0t

B 051 09
(551, 5¢1> — 5t <at’ at>
oA, = —5ta;tl = cot (E; + V)
B 0L Lo
"2 = _5t<8t " o >
e Energy transfer (perturbed particles-fields < reference)
/
% + VS = — % # 0 (if o, ®o, A are time-dependent)

o Second-order free energy: {Si1,fo} = {S1,ho} fo/Oho + - -
_ 1 2 2y _ 1 3
& = g (I + BiP) = 5 [ {516} {S1 o}

9h. . qfo _ 3
+an /<2ch1 v{sl,fo}>dp
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Noether Theorem: Wave Action Conservation Law

e Field complexification (S1, ®1,A1) — (51,57, 1, P37, A1, A])

o Real-valued Lagrangian density Lor

_ 1 2 2 ¢ h s 2
ton = o (B2 - i) = ([0 0%)

1 doS
+ /Re [{5{, fo} <2‘C’!t1 - h1>] d3p

Phase variation (651,955, ...) =06 (51,— S7,...)

@]

Wave-action conservation law 6Log =0=0;Jo + VI

Wave-action density (Note: Case — van Kampen adjoint)

5= [ {5 0}) ot - m(405)

(@]
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Particle (RE) Kinetic-MHD Equations (with Tronci)
51, )

e Particle Kinetic-MHD Lagrangian Density ¢? =

(
2
o= [{snh (35 -m©)+ 5 |%E + 3¢ 60

o Self-adjoint MHD operator G,(§) = F,(£) + V - (pououg - V&)
(dy/dt = 0/0t +ug -V and F, includes |A;|?-contribution)

[&-6u66) = [5¢-Gu(®)
r r
o Perturbed particle Hamiltonian (MHD: Ey = —ug X Bg/¢)

N

o kinetic-MHD equation with RE kinetic current coupling

2 (%) = 6o + 2 [—v) {5 n} o

XBO
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Pressure coupling: Drift-kinetic/GyrokineticcMHD Models

e Particle — Guiding-center Quadratic Action Functional

d3rdt ) ) 6 92 Fo )
Agge = / = (yE1| —]Bl\) —/d Zdt (=5 Al

1d,.S
6 1 Qgcolge
+ /d 7 dt [{slgc, Fo}gc (2 e ngcﬂ

e First-order guiding-center Hamiltonian

ngc = qd)lgc - qugc'Tgcl(V/C) = qwlgc
e First-order generating function (low-frequency decomposition)

B (S1ge) = Stgy
Slgc = <51gc> + Slgc — _ N
Sige = q(dgo/dt) " P
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Gyrocenter Quadratic Action Functional

e Gyrocenter quadratic action functional Aey[Sigy, P1,A1]
- — 1d,
Azgy = /d6Z dt [{Slgyv Fo}ge < 5 j; Stgy — (Hige) >]

_ d3rdt
— /d6Z dt Fo Hagy + / 8r (‘VJ_(D1|2 — |Bi] )

o Unperturbed gyrocenter Vlasov distribution Fo(E, 1, X)

o Second-order gyrocenter (ponderomotive) Hamiltonian

2
Hosy = 5= (IA1gcl?) = 3 {Staer Prae
gy 2 mc2 1gc 5 lges Plge o

e First-order gyrocenter Vlasov distribution

—_ —_ — 8?0 CB _ =
Fi = {Su Fo}gc = {Susv: B0 57 + a5 * Vo Vi
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Nonadiabatic Gyrocenter Quadratic Action Functional

o Nonadiabatic part of F1 = {S1gy, fo}gcr

ol = dgcglgy LFO

Gl = Fl p 8? = Qslgy
cb —— —  OFy 0
= F . _ —— — 5
<q5|* VPV T e 8t> -

e Nonadiabatic gyrocenter quadratic action functional

_ ~ 1 dye
Azgy = /dGZ dt [Q51gy < > dt " Stgy — (Hige) )]

= .= 1 O(Hige)?
- /d6Zdt Fo <H2gy - 2<1g>>

o€
d3r dt
+ / (IVL®1> = |B1]?)

8m
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Linearized Drift-Kinetic-cMHD Equations

(Chen-White-Rosenbluth hybrid kinetic-MHD)

e Drift-Kinetic-MHD Lagrangian Density ¢? = (Sqx, 6)

¢ |*

= [ |3 e — taden)| @sat B [5E| + 56 F@

o Self-adjoint MHD operator F(&) and Nonadiabatic operator

~ b OFy 8
= ~XVFR-V - 222
°= B 0 dE ot
o Drift-kinetic Hamiltonian (¢; =0, A; = ¢ X B)
Higxk = — gAlL'Vgc + By
= ,uB-VX(é’LXB) + & - (uVlB + mv”2€~V/b\>

_ ( B — mv”) bb:VE, — uBV-£,
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Pressure-coupled Drift-Kineticc-cMHD Equations

e Euler-Lagrange Equations (Operators d,./dt and Q commute)

0S5,
0Saxk — T(;k + {Sdk7 Ho}gc = Hua(€,)
82
& o s FE) = VoM

o Nonadiabatic contribution to (CGL-like) pressure tensor due to
energetic particles

n, = /dzP[uB(I—BB) + mv”266} OSak

o Noether Method — Exact Conservation Laws (wave action)
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Summary and Research Outlook

e Investigate particle and reduced kinetic-cMHD model for RE
e Extend reduced kinetic-MHD model with E; # 0

e Extend to nonlinear (cubic ) perturbed action functional
— Resonant three-wave interactions (Manley-Rowe relations)

. 1 d051 d052 1
L3 = 3/[f2<dt_hl>+2fl<dt_h2+2{51’ hl})

+fo <{51, hz} +2 {52, hl} - ?;’iAl'A2>] d*p

—i—%(ErEz — 31'32>

o Second-order Vlasov distribution (with ponderomotive part)

1
f = {5 6} + 5 {Su {51 )}
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