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Theory of runaway electrons in ITER: Equations, important parameters,

and implications for mitigation
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(Received 17 December 2014; accepted 13 February 2015; published online 10 March 2015)

The plasma current in ITER cannot be allowed to transfer from thermal to relativistic electron
carriers. The potential for damage is too great. Before the final design is chosen for the mitigation
system to prevent such a transfer, it is important that the parameters that control the physics be
understood. Equations that determine these parameters and their characteristic values are derived.
The mitigation benefits of the injection of impurities with the highest possible atomic number Z and
the slowing plasma cooling during halo current mitigation to =40ms in ITER are discussed. The
highest possible Z increases the poloidal flux consumption required for each e-fold in the number of
relativistic electrons and reduces the number of high energy seed electrons from which exponentia-
tion builds. Slow cooling of the plasma during halo current mitigation also reduces the electron seed.
Existing experiments could test physics elements required for mitigation but cannot carry out an
integrated demonstration. ITER itself cannot carry out an integrated demonstration without excessive
danger of damage unless the probability of successful mitigation is extremely high. The probability
of success depends on the reliability of the theory. Equations required for a reliable Monte Carlo

simulation are derived. © 2015 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4913582]

I. INTRODUCTION

Any phenomenon that causes a dissipation of the plasma
current in ITER on a time scale faster than tens of seconds
can result in a large fraction of the plasma current being
carried by relativistic runaway electrons. The effect and its
importance to ITER were pointed out by Fleischmann and
co-workers' in 1993. Rosenbluth and Putvinski® published
more detailed calculations in 1997.

A successful ITER program implies a proof-of-principle
demonstration that a tokamak can be routinely operated
above a plasma current, /,=5 MA, at which damage can
become severe from the formation of a large runaway current
of relativistic electrons. For example, the transfer of the cur-
rent to relativistic electrons generally results in a significant
change in the current profile, which can drive resistive tear-
ing modes with the resistivity determined by the parameters
of the cold background plasma, not the relativistic electrons,3
Sec. VIII. The loss of magnetic surfaces through tearing
modes could result in a sudden release of the relativistic
electrons from the plasma to the chamber walls.

The required runaway avoidance and mitigation techni-
ques cannot be developed empirically while operating at a
high current. The danger to ITER is too great. Theory is
required. This paper derives required equations, determines
the critical parameters, and discusses the implications for the
mitigation of runaway electrons on ITER.

A. Critical parameters

Four parameters determine whether a current transfer
to relativistic electrons will occur and the magnitude of
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the current of relativistic electrons if the transfer does
occur:

* The local loop voltage V.

The local loop voltage* is the slippage of the poloidal
magnetic flux outside of a surface that contains a given toroi-
dal flux, V, = (9, /0r),, . and is equal to the average value
of [nj-dl per toroidal circuit, where d¢ is the differential
distance along a magnetic field line.

As discussed in Sec. II, Minimum loop voltage for run-
aways, the drag force on background electrons exceeds the
acceleration of the parallel electric field in ITER for elec-
trons of all energies when V,=<3n;, Volts, where 7, is the
background electron density in units of 1020/m3. In many
ITER plasma scenarios, 1, ~ 1. When the loop voltage is
larger, it is potentially possible for the parallel electric field
to accelerate to arbitrarily high energies electrons that have
an initial kinetic energy (y — 1)m,c? with 3nyy*/(y> — 1)
Volts > V,. These are called runaway electrons. The Lorentz
factor is y = 1/4/1 — v?/¢? with v the electron speed and ¢
the speed of light.

* The poloidal flux change ¥,_,, required for an e-fold in
the strength of the relativistic-electron current.

As discussed in Sec. III, Avalanche effect, the dominant
effect of Coulomb scattering for most plasma phenomena is
given by the cumulative effect of many small changes.
Although the probability is smaller by the Coulomb loga-
rithm InA, an energetic electron in a single collision can
elevate a cold electron to a sufficiently high energy to run
away. The effect is an exponential increase in the number of
runaway electrons, which is called a runaway avalanche.

© 2015 AIP Publishing LLC
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When the loop voltage is significantly greater than the
voltage required for runaway, an initial current carried by
runaway electrons will e-fold each time the poloidal flux out-
side of a magnetic surface that contains a given toroidal flux
changes by ¥, ;s = .. Where the required poloidal flux
change for an e-fold under idealized assumptions, such as no
scattering,l’2 isy,.~ 23V -sfor ITER.

The magnitude of \,_,, is inversely proportional to the
minimum effective energy for runaway, which is sensitive to
the pitch-angle distribution of newly energized electrons,
which is itself dependent on the pitch-angle distribution of
the runaway distribution as a whole. The pitch-angle distri-
bution used by Rosenbluth and Putvinski® and by later
authors is based on the assumption that the runaway elec-
trons are moving in perfect alignment with the magnetic
field. Section III derives the pitch and energy distribution of
newly energized electrons for an arbitrary pitch and energy
distribution of the runaways and explains why the
Rosenbluth-Putvinski  approximations may not have
adequate accuracy.

* The ratio e~ of the initial number of electrons above the
critical energy for runaway, called seed electrons, to the
number of relativistic electrons required to carry the full
plasma current.

As discussed in Sec. IV, Control of avalanche seed, the
obvious source of seed electrons is the tail of the pre-ther-
mal-quench Maxwellian. This source, as well as seed
electrons from electron current drive, can be reduced to
insignificance if the cooling is sufficiently slow =40ms.
Other sources for the required electron seed are found to be
far from obvious.

 The initial poloidal magnetic flux i/, between the mag-
netic axis and the chamber walls.

The poloidal flux consumption required to transfer the
plasma current to relativistic electrons is o5, gy
Assuming the chamber walls are perfectly conducting on the
time scale of the current transfer, the remaining poloidal flux
inside the plasma chamber is ¥, = Yy — a,¥,_,4- The rela-
tivistic current is I, =, /L,, where L, is the inductance of
the plasma current in the profile that it assumes after the
transfer. Appendix A, Magnetic flux changes during run-
away acceleration, shows that L, =~ ugR. Generally it is
thought that up to about 3 MA of runaway current could be
safely handled on ITER, which corresponds to i, ~ 20V - s.

B. Important time scales

Studies of the development of a runaway current must
consider three time scales:

» The characteristic time 7. required for a high energy elec-
tron to slow to a thermal energy.

As discussed in Sec. II, the time it takes a relativistic
electron with kinetic energy (y — 1)mcc? to slow to thermal
energy of the background plasma is t; = (y — 1)1, where
7, &~ 22.7ms/n,. Methods of reducing the number of seed
electrons must operate on this time scale to be effective.
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» The time 14 required for the runaway distribution to reach
a steady-state form.

Section VII, Power balance for runaways shows that after
a relaxation time g = 2(7, — 1)7. In A the distribution func-
tion for runaways assumes a steady-state form though expo-
nentially increasing in magnitude. The effective kinetic
energy required for runaway is K, = (), — 1)m,c?. Avalanche
theory is simplified when the runaway distribution assumes a
steady state form early in the process. Approximations that
were made by Rosenbluth and Putvinski” are not valid for
times short compared to 1.

* The time 77 required for the transfer of the plasma current
to relativistic electrons.

The time to transfer the current, which is given by
tr = (03 poia)/ Ve, 1s in large part determined by the resis-
tivity of the cold background plasma, which determines the
loop voltage V,. That is, until a large fraction of the total
plasma current is carried by runaway electrons, the develop-
ment of the runaway current is a passive process, which is
determined by the properties of the cold background plasma.
The transfer time 77 need not be long compared to the time
T required for the runaway distribution to reach a steady-
state form.

C. Effects modifying critical parameters

Strategies to avoid the transfer of plasma current to rela-
tivistic electrons must be based on modifications to the criti-
cal parameters. Several effects either can or potentially could
produce such modifications:

* Pitch-angle scattering

The addition of a species with a high atomic-number Z
to the background plasma has important beneficial effects by
both increasing K,, the kinetic energy required for runaway,
and , s,y the poloidal flux change required per e-fold.
This is discussed in Sec. V, Kinetic equation and Coulomb
scattering.

 Direct losses of energetic electrons

When high energy electrons have a characteristic loss
time 7, that is shorter than \,_,,/V/, the avalanche mecha-
nism becomes sub-dominant and the transfer of current to
relativistic electrons cannot occur. There are two processes
that could cause a rapid loss: (1) The break up of magnetic
surfaces can allow high energy electrons to rapidly leave the
plasma by moving along the magnetic field lines.” This
effect is discussed below under mitigation strategies. (2)
Pitch-angle scattering can place electrons into trapped
particle trajectories, which can be poorly confined in a non-
axisymmetric plasma, Sec. V.

* Synchrotron radiation

Highly relativistic electrons can lose power more rapidly
through synchrotron radiation than from Coulomb drag on
the background plasma. Section VI, Synchrotron radiation,
derives the effective collision operator for electrons due to
radiative losses. The derivation has subtleties that have not
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been adequately discussed in the literature. Generally, syn-
chrotron radiation should not greatly modify the transfer of
current to runaway electrons in ITER though it can be im-
portant as a diagnostic tool.®*®

e Microturbulence

Microturbulence could in principle enhance pitch-angle
scattering and energy loss—both are beneficial. Nevertheless,
as discussed in Sec. IX, Microturbulence, existing theories do
not give cause for optimism that this will occur. Since the
effects of microturbulence make mitigation easier if they
arise, ignoring the effects of microturbulence in a theory of
mitigation is a reasonable conservative assumption.

D. Mitigation strategies

Not only will any naturally arising process that causes a
rapid cooling of the plasma tend to cause a transfer of the
plasma current to relativistic electrons but also the halo-
current mitigation system will drive this transfer. For halo-
current mitigation, the plasma current should be ramped
down significantly faster than the wall time, which in ITER
with , ~ 100V - s implies ¥,/V,<150ms and a loop
voltage V,=700 V. This voltage is far above the critical
voltage for runaway unless the background density is
increased 100’s of times, which may not be possible and pro-
duces problems of its own.

The operational lifetime of ITER could be set by the
effectiveness of the runaway-mitigation system. Several
strategies for improving the runaway-mitigation systems are
possible and two could probably be implemented on ITER.

* The use of slow plasma cooling, ~40ms, for halo
mitigation.

Slow cooling gives adequate time for the high-energy
electrons to slow, which allows a Maxwellian distribution to
be maintained as the plasma cools and eliminates the large
number of high energy electrons present during lower hybrid
current drive. Rapid cooling produces a non-Maxwellian tail
that serves as a runaway seed.

The plasma cooling time should not be confused with
the time scale for the plasma current decay. The rate of cur-
rent decay is determined by the electron temperature—not
the rate of cooling—through the plasma resistivity. It may be
beneficial to preemptively cool plasmas that are in high dan-
ger of disruption to avoid the rapid plasma cooling of a natu-
ral thermal quench.

Existing experiments could test and demonstrate some
of the benefits of slow cooling, but the time required for
magnetic field penetration through the surrounding walls and
plasma densities differ between existing experiments from
those in ITER in a way that complicates a comprehensive
test.

* The use of higher atomic number, Z, impurities for run-
away mitigation, the higher the Z the better.

The enhanced pitch-angle scattering of the high-energy
electrons: (1) increases the energy required for runaway,
which reduces the number of seed electrons; (2) increases
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the change in poloidal flux required for an e-fold in the num-
ber of runaways; and (3) reduces the radiative loss for a
given electron drag. Deeply trapped electrons in weakly ion-
ized high-Z atoms contribute to runaway drag but have a
negligible radiative power loss.

A potential disadvantage of high-Z impurities is that the
average energy of the runaway electrons is increased, but
this disadvantage is of little importance if the runaway cur-
rent is reduced exponentially in magnitude.

* Ensure the magnetic surfaces are destroyed whenever the
loop voltage is large.

Magnetic surfaces may be destroyed during rapid ther-
mal quenches. But even a narrow annulus of magnetic surfa-
ces can confine relativistic electrons in ITER due to their
small gyroradius. It is neither obvious that all magnetic sur-
face are destroyed nor that they remain destroyed. It may be
possible to design tokamaks, so the induction current in the
walls that occurs when the plasma current rapidly drops
would ensure the required breakup of surfaces, Sec. X. This
was not done for ITER, and the only theoretical studies”®
have used highly simplified models.

Il. MINIMUM LOOP VOLTAGE FOR RUNAWAYS

The parallel electric field, E ||» must be sufficiently large
for runaway electrons to persist. The lowest value for this E|,
is called the critical electric field, E., which is calculated
assuming that the only non-ideal effect on high-energy elec-
trons is the Coulomb drag of the cold background electrons.

E. is not an electric field; eE.. is the minimum drag force
exerted on an electron by the background electrons. The
expression for E, is given in Eq. (12) of Connor and Hastie’

Ay’ In A mpe’InA

~ 0.075n, (1)

¢ P —
4netm,c?

m,c?
in Gaussian and in Standard International units, where InA is
the Coulomb logarithm. The number density of background
electrons 7, has units of 10°/m® when the critical electric
field has units of Volts per meter. A typical density for pro-
jected ITER operations is n, ~ 1. The drag force on an elec-
tron that has a velocity v is

2 2
fdrag = ﬁeEc = '}/'2

ek )

Only relativistic electrons experience the minimum force.

In addition to drag, Coulomb collisions with the back-
ground plasma cause pitch angle scattering, which will be
discussed in Sec. V. Section V will also give the relativisti-
cally correct collision operator for high-energy electrons
colliding with a cold background plasma from which the
¢? /v? factor in the drag force is derived.

No electrons can runaway unless the component of the
electric field along the magnetic field lines satisfies £} > E..
As demonstrated in Appendix A, this is equivalent to the
requirement that the local loop voltage V, satisfies
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Ve > V.~ 2nRE. =~ 3ny, Volts, 3)

ITER

where R is an average major radius of a magnetic surface
and R;rgr is the major radius of ITER, 6.2 m.

The local loop voltage®* is the rate of change of the
poloidal magnetic flux i, outside of a surface that contains a
given toroidal flux, ,

_ 8%)
v, = (W ., @)

When magnetic surfaces do not exist, the relevant loop volt-
age is an average over the volume covered by a single mag-
netic field line, Eq. (A12).

The quantity of poloidal flux enclosed by the magnetic
axis and available to produce runaways depends on the initial
current profile and whether the flux outside the conducting
structures that surround the plasma can penetrate those struc-
tures on the time required to exacerbate the runaway.
Nevertheless as discussed in Appendix A, the available flux
is approximately pioRI, = 117V - s when the plasma current
is 15 MA in ITER. Consequently, runaways cannot be
produced in ITER when the current changes on a time scale
longer than pRI,/V. ~ 40s/n,. Stated differently, the pos-
sibility of runaway production must be considered when the
current in ITER changes rapidly compared to a 40s time
scale.

The background electrons drag down the kinetic energy
of relativistic electrons, which means y—1 > 1, on the time
scale

= (y— D, ®)
where

mec  22.7ms

~
~

eE. np

. (6)

When the loop voltage V; is larger than V., the drag on
background electrons, Eq. (2), assures that electrons with

kinetic energy less that (. — 1)m.c> with (y2 —1)/y? =
V./V¢ cannot runaway. For V , >V .
Ve
. — 1= . 7
Ve 2V, (N

lll. AVALANCHE EFFECT

The standard Coulomb collision operator for electrons
gives the diffusive effect of a large number small changes in
the momentum of an electron due scattering from the rest of
the plasma. The cross section for electron-electron scatter-
ing, the Mgller cross section'®'! when quantum and relativ-
istic effects are included, is singular for small changes in the
electron momentum. The resolution of this singularity gives
the Coulomb logarithm that appears in E...

Finite changes in the momentum of an electron due to
Mpllor scattering are subdominant by a factor of 1/InA in
most collisional processes in plasmas but are a critical
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element in electron runaway in the presence of a large
change in the poloidal magnetic flux Ay,. The importance of
a single scattering event converting a cold into a runaway
electron to ITER was pointed out by Fleischmann and
co-workers,! but the effect is usually called the Rosenbluth
avalanche due to the more detailed treatment of Rosenbluth
and Putvinski.? As will be discussed in this section, this kind
of scattering can cause the number of runaways to increase
as exp(|Awp‘/lpeffold)’ where lpeffola’ = lpc ~23V-s in a
tokamak the size of ITER. The exponential increase is called
the runaway avalanche.

The source function for newly energized electrons
S(p, ) is defined so, if that were the only term, the kinetic
equation for energetic electrons would be 9f /0t = S. The
source function S(p, ) for a newly energized electron of
momentum p and pitch A is the result of a collision of an
electron of negligible energy with an energetic electron that
had momentum p,, and pitch 4, before the collision. That is,

js<pmze,p,A)f(pe,mznpidpedz

S(p,4) = pr

(8)

The function S(p,, 4., p, ) gives rate of change in the num-
ber of electrons within the differential distance dpdA of the
momentum space position (p, 1) due to collisions with
electrons that were within the differential distance dp.d/.
of the momentum space position (p.,4.) before the
collision.

The momentum p, the pitch 4 = cos ¥, and the gyrophase
¢, are spherical momentum coordinates. They are related to
Cartesian momentum coordinates by py = psindcos ¢,,
py =psindsing,, and p, =pcosv. The phase angle ¢,,
which advances at the rapid gyrofrequency, will be averaged
over. After averaging, a momentum-space position is specified
by (p, 4), and the momentum-space p volume element is

d*p = 2mp*dpd. ©)

By the definition of spherical coordinates, sin9 = V1 — 2>
is always positive.

The function S(pe,Ze,p,A) is determined by
So(pe, e, p, 2), which gives the rate at which an electron
with momentum and pitch (p,,/.) takes an electron with
negligible kinetic energy to a momentum and pitch (p, 4) in
a single collision. While doing this, energy and momentum
conservation implies the phase-space position of the ener-
getic electron is changed to (p,, 4,), where p, and /, are
functions of (p,, 4, p, 1), so

§=(1=d(p—p)d(i— )
+0(p = pu)OC— 2))Solper Jeps 7). (10)

Energy conservation implies 7, (p,) = 1 + 7,(p.) — 7(p)
\/ 14 (p/mec)?.

Momentum conservation implies A,p, = 4.p, — Ap. These
are solvable equations for (p,,4,) as functions of
(Pes 4eypy 2). Momentum conservation in the two directions
orthogonal to the magnetic field is irrelevant due to the

with the Lorentz factor written as y(p) =
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average over the rapid gyromotion. Sy(pe, Ae,p, 4) is deter-
mined by two functions,

dO'M(pevp)

S 67}'67 1" = e
o(p D, A) = mpv dp

H(pea;“mp;;“)7 (11)

where 7y, is the number of cold background electrons.

The first function that appears in So(p., 4.,p, 4) is the
rate per energetic electron at which collisions occur that
result in the energization of an electron to a momentum in
the range dp about p. This rate is given by v.day /dp, where
v, = pe/7.M. is the speed of the energetic electron and doy
is the differential Mgllor cross section in the form given by
Ashkin er al."!

VZ
(Ve - l)z(ye + 1)

N2
x <x23x+ (/y—1> (1+x)>du, (12)

1

doy(y,,v) = 2711*5

sz, (13)
_r—1 (14)
V:ye_1.

The classical radius of an electron, r,, is defined by
e’/ (4nepr,) = moc*. That is, 2mri = eE./(2m.c*nyIn A).
The Lorentz factors are y for the newly energized electron
after the collision and 7, for the energetic electron before the
collision. The fractional transfer of kinetic energy is v.

The second function that appears in So(pe, A, p; A) is
the probability I1(p, 4, p.; A.) that the newly energized elec-
tron will have a pitch in the range d/ after the collision given
the momentum p, and pitch A, of the energetic electron
before the collision and the momentum p of the energized
electron after the collision. Since Il is a probability,
fil IldA = 1. Section III B shows that four-momentum con-
servation implies

(pe, 2erp; 2) = ! , (15)
/72— (4= M)
9 ND(y —1
2(PsPes ) = e D0 =1), (16)

(e — D+ 1)

_ 2(7 = 7) 2
22(PsDey ) = \/m (1 - )»e), (17)

when |1 — 44| < 4. Otherwise, I1(p,, A.,p; 1) = 0.

When a significant fraction of the background electrons
are bound in partially ionized ions, the binding energy and
the momentum of the bound electrons must be taken into
account unless either their binding energy is small compared
to kinetic energies required for runaway or the binding
energy is large compared to the energy of the energetic elec-
trons. A Thomas-Fermi model of ions would give a reasona-
ble approximation, but here it will be assumed for simplicity
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that the binding energies are small compared to the energy
required for runaway.

A. Approximate S of Rosenbluth-Putvinski

Rosenbluth and Putvinski® gave an approximate expres-
sion for &, which is the standard expression in the literature
on the avalanche effect. They made three approximations:
(1) the fractional transfer of kinetic energy is small, v < 1,
(2) the energetic electron is relativistic, y.—1 > 1, and (3)
the momentum of energetic electron is well aligned with the
magnetic field, |1.| — 1.

When the fractional energy transfer is small, v — 0, the
change in the energy and momentum of the energetic electron
is negligible, so S — Sy. In addition, the x* term dominates
doy. That and the second approximation, y,—1 > 1, imply

eE.c dK;
2]’!}, InA Ksz ’

vedaoy = (18)

where Ky = (y — 1)m,c? is the kinetic energy of the newly
energized electron. In the relativistic limit y,—1 > 1, both
v.day /dp and TI are independent of the momentum of the
energetic electron, p, The third approximation, |4, — 1,
which is equivalent to the limit A, — 0, implies
(p, Ao, p; A) = 6(4 — A1), a delta function about A, which
becomes independent of 7y, in the limit y, — 1 > 1.

The three Rosenbluth-Putvinski approximations make
the source function S(p,A) proportional to the number
density of runaway electrons, independent of the details of
the distribution function f(p, ), which simplifies calcula-
tions. The number of runaway electrons n, increases as
[ S2mp*dpd., or

dlnn,  ecE, i
dt 2InAK,’

(19)

where K, is the effective kinetic energy required for
runaway.

1. Effective energy for runaway

The primary subtlety in Eq. (19) for runaway exponen-
tiation is the appropriate value for the effective Kkinetic
energy for runaway K, = (7, — 1)m.c?. The electric-field
acceleration exceeds Coulomb drag for non-relativistic elec-
trons with a velocity v perfectly aligned with the magnetic
field when (v/c)* > E./E). Nevertheless, Jayakumar et al'
used v?/c? = 2E, /E as the non-relativistic runaway condi-
tion as did Rosenbluth and Putvinski® in their Eq. (6). As rec-
ognized by Jayakumar et al., the precise determination of the
effect K, for use in Eq. (19) has subtleties and is changed by
pitch-angle scattering. Here a formula equivalent to Eq. (7)
of Rosenbluth and Putvinski? will be used when pitch-angle
scattering is ignored

dlnn,
dt  2m,clnA

_e(Ey—E) Vv,-V,
/A

V-s. 1)

(20)

MeC InA ~232

. =4nR
v e RirER
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Energy conservation, Sec. VII A, implies that, even
though exponentially increasing in magnitude, the distribu-
tion function for the energetic electrons relaxes to a steady-
state form with an average Lorentz factor

5—1~2InA (22)

when jj| = en,c, a result given by Rosenbluth and Putvinski.?
This expression for y is consistent with the first two of the
Rosenbluth-Putvinski  assumptions,  (J — 1)m.c? >> K,
and y — 1> 1. Under many conditions the average pitch
angle of the runaways is small, 09| = 1/(2In A), Eq. (84),
which is consistent with the third Rosenbluth-Putvinski
assumption.

When 7 — 1 > K,, negligible energy is required to cre-
ate a new runaway, but significant energy is required to
accelerate the newly created runaway electron from 7, to ).
The required poloidal flux change /. to obtain an e-fold is
given by flux change required to bring the energy of a newly
energized electron to the average energy, y — 1 =~ 21In A, of
the runaway distribution, which can be calculated using the
conservation  of  toroidal = canonical = momentum
P, = yRm,v, + ey, /2m.

When the loop voltage is large compared to the critical
voltage, Vy > V., Eq. (20) predicts the density of runaway
electrons 7, increases from its initial, or seed, value n, as

n, = ngexp (%) , (23)

c

where |Ay, | is the change in the poloidal magnetic flux out-
side a surface that encloses a given amount of toroidal mag-
netic flux.

The transfer from an Ohmic current carried by thermal
electrons to runaway current is on a time-scale set by the
Ohmic loop voltage. When [|Ay,],,, is the change in the
poloidal flux required to obtain necessary number of e-folds,
the required time for the transfer is
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The electric field drops to critical field for producing
runaways when the full plasma current is carried by
runaways.

Although y — 1 &~ 21In A, the maximum kinetic energy
(Pmax — 1)mec? that an electron can reach is much higher.
Using results for Appendix A, one can show 7,,,, = e|Ay,|/
(2nRmec) = 5|09, | /..

Any uncertainty in the effective energy for runaway K,
translates into an uncertainty in the average kinetic energy of
runaway electrons (7 — 1)m.c?, Eq. (82), and hence the
poloidal flux change W, s, required for an e-fold in the
number of runaway electrons. An uncertainty in ¥, g,
implies an uncertainty in the poloidal flux [Ay,|,,, that must
be consumed to transfer the current from thermal to relativis-
tic electrons, and therefore the magnitude of the current of
relativistic electrons. The calculation of of K, requires an
accurate source function for newly energized electrons.
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2. Limitations of the Rosenbluth-Putvinski
approximation

Although the assumptions that give the Rosenbluth-
Putvinski approximation to S appear to hold in a number of
situations, the approximation may not give an accurate
expression for the poloidal flux change required to transfer
the plasma current into a relativistic runaway current.

As discussed in Sec. VII, a long time may be required
for the runaway distribution to reach its steady, though
exponentially increasing, form. During this period, the
Rosenbluth-Putvinski assumptions are not generally valid,
and a large error can result in the poloidal flux change
required to transfer the current from near-thermal to runaway
electrons. During the early phases of the avalanche, a large
fractional change in the energy of the energetic electrons
may be required to produce additional runaways by the ava-
lanche mechanism and the typical runaway electron may not
be strongly relativistic.

Under many conditions the average pitch angle of the
runaways is small, |09| =~ 1/(2InA), Eq. (84), as assumed
by Rosenbluth and Putvinski. However, a newly energized
electron, when non-relativistic, moves almost perpendicular
to the momentum of the energetic electron that produced it,
which means almost perpendicular to the magnetic field
lines. Such electrons gain energy only slowly from the paral-
lel electric field and are prone to magnetic trapping, which
prevents gaining energy from the parallel electric field. The
Rosenbluth-Putvinski approximation is that Il(p,, 4., p; 1)
~ 0(4— A1) with 4 = /(y — 1)/(y + 1). When the newly
energized electron is not relativistic, its pitch is |4] = v/2c.
The spread in pitch angle of subrelativistic newly energized
electrons about A = 1; is given by 1, = 09, where 9, is
the spread in pitch of the energetic electrons. Especially in
the early stages of runaway, 69, need not be small. The
effective kinetic energy of runaway K, is determined by the
behavior of newly energized electrons, and the required flux
change to transfer the current is inversely proportional to K.

B. Scattering probability I1(pe, 4e, p; 4)

Electron-electron scattering is energy and momentum
conserving. When two electrons collide, one with a far larger
kinetic energy than the other, energy and momentum conser-
vation determine the probability I1(p,, 4., p; A) that the elec-
tron that is energized will have a pitch in the range d/ after
the collision given the momentum p, and pitch A, of the
energetic electron before the collision and the momentum p
of the energized electron after the collision.

1. Scattering angle

An important element in the derivation of II is the angle
0s between the velocity vector of secondary electron and the
velocity vector of the high energy electron that was the other
participant in the collision.

The properties of the Lorentz transformation imply the
angle 0s is uniquely determined by the kinetic energy,
Ky = (y — 1)m,c?, imparted to the secondary electron. This
section will use these properties to show the secondary
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electrons move on the surface of a cone oriented around the
velocity direction of the high energy electron with the open-
ing angle of the cone 0 given by Eq. (31)

When the fractional energy transfer v is small and the
secondary electron is sub-relativistic, y—1<1, Eq. (31)
implies the secondary electron moves in an essentially
orthogonal direction to the direction of the high energy elec-
tron. When the secondary electron is itself strongly relativis-
tic, it moves in essentially the same direction as the high
energy electron.

In relativity theory, the four momentum of an electron is
p* = (¢, ¥)ym, and p, = (—c,¥)ym,. The index u, which
runs from zero to three, numbers the components. The time-
like component of a four vector changes sign when the index
1 is changed from a superscript to a subscript. The dot prod-
uct of any two four vectors—one must be superscript and the
other in subscript form—is a Lorentz invariant, so > WPy
= —(c* = v®)y’m2 = —m?c®>, which implies *=1/
(1 —v*/c?), the well known expression for the relativistic
Lorentz factor.

When the frame of reference is changed so the new
frame is moving with a velocity —uvyX relative to the origi-
nal frame, the four momentum, or any other four vector, in
new frame py' is related to the four vector in the old frame
by pf = > uA;thH’ where the Lorentz transformation matrix
is

br

o T 000
U
A=y oy 00 (25)
0 0 1 0
0 0 0 1

and y, = 1/,/1 —vf/c%.

When an energetic electron with four momentum
pt = (c,vex)y,m, strikes a background electron with four
momentum ¢* = (c, 0 )m,, the center-of-momentum frame is
defined so pfl. + qfl- = 0. That is, the X component of the sum
of the two momenta vanishes. The Lorentz transformed
momenta are p; = (v, — v7)y;ym, and g = —vypme, SO
(ve — vf)y — vp = 0. The speed and the Lorentz factor of the
center-of-momentum frame are determined by the Lorentz
factor, )., of the energetic electron

2
p—1
c Ve 1
) _|_1
B = ’92 . 27)

A bared ¢" denotes the post-collision four momentum of
the newly energized electron. In the center-of-momentum
frame

q; = (1, — T cos 0.%, — Y in 95},0) VpMec, (28)
c c :

where 0. is the angle through which the electron is scattered
in that frame. Note 6. is distinct from the angle 05 that gives
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the direction of the velocity of the newly energized electron
in the lab frame.

In the lab frame in which the newly energized electron
had been stationary, g” = Z‘LAZQ}‘ with the sign of vy in
Lorentz transformation matrix, Eq. (25), changed. The time-
like component ¢’ = ym.c is given by the Lorentz
transformation

02
cjo = <l - c—f;cos 0c.> y;mec (29)

which can be used to determine cos 0. in terms of y, y; and
vr/c. When this relation is used in the Lorentz transformed £
component in the lab frame, g, = ¢!, the result is

vr y—1

q, = <Uf — Lcos 0p> y}%mec = /—mec. (30)
c ¢ vrfc

The form of the Lorentz factor implies square of the three

momentum is §> = (7% — 1)(m.c)’. The angle 05 between

the momentum of newly energized electron and the momen-

tum of the energetic electron is defined by cos?0s = g2/g>.
Using Eqs. (26) and (30),

Pt 1y —1
Ye—ly+1

cos>0; (€2))

2. Pitch distribution

This section will derive the pitch distribution of elec-
trons that are energized by the collisions of an energetic elec-
tron that is moving in the X direction. When ¢, is the pitch
angle of the fast electron relative to the magnetic field and
¢, the gyrophase, the magnetic field direction is

b = % cos ¥, — y sint, cos ¢, + Z sinv, sin @,. (32)

The newly energized, or secondary, electron that results
from the collision is moving in the direction

§ = Xcosls + ysinOscos @5 + Z sin O sin @, (33)

where 0 is the angle between its momentum and that of the
energetic electron.

The pitch of the newly energized secondary electron is
L=S8-b,so

A = cos 05 cos ¥, + sin Os sind, cos ¢, (34)

where ¢, = — (¢, + @5) is an arbitrary angle since it
depends on the arbitrary pitch angles. Equation (31) gives
cos 0;, sinfs = ++/1 — cos?0s, and /, = cos®,. The pitch
angle of the secondary electron is then

A=A + Aycos @, (35)

where £, is given by Eq. (16), 4, is given by Eq. (17), and ¢,
has an equal probability of having any value in the range
2n > ¢, > 0.

The probability that a newly energized electron has a
pitch in a certain range is proportional to the range of ¢,
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over which it can have this value of A, and do¢,/dA
= —1/(X2sin@,). The pitch A has a maximum and a mini-

mum value since it must lie in the range |2 — ;| < Z,. Since
fm (do,/dA)d). = —m, the probability that a new energized

electron will have a pitch 4 is given by Eq. (15).

IV. CONTROL OF AVALANCHE SEED

The avalanche mechanism can amplify the number of run-
away electrons by exp(|Ay,[/i,). Nevertheless, a certain
number of seed runaways are required to initiate an avalanche.
This section considers the number of seed runaways that are
required and how the high energy electrons that were part of a
Maxwellian distribution before a thermal quench can be pre-
vented from forming that seed. When the thermal quench is on
a time scale longer than ~40 ms, it will be shown that pre-ther-
mal-quench energetic electrons do not provide a seed. A simi-
lar cooling time is required to prevent mildly relativistic
electrons that result from lower hybrid current drive from pro-
viding a seed that is so strong that little avalanching is
required. Studies of the generation of seed electrons by faster
cooling have been reported by Smith and collaborators. 12714

Other sources of seed electrons are problematic. The only
intrinsically radioactive component in a fusion plasma is trit-
ium, and the maximum energy of its beta-decay electrons is
18.6keV. Alpha particles can have energies up to 3.5MeV,
but the resulting speed of a cold electron that is struck by an
alpha particle is less than twice the speed of the alpha particle,
which means the maximum kinetic energy is 4m,/m, times
the energy of the alpha particle. That is, less than 1.9keV.
When the critical energy for runaway is greater than 18.6keV,
neither provides a seed. High energy electrons from the region
outside the plasma cannot cross the magnetic field between the
walls and the plasma through their gyromotion when their
Lorentz factor is less than about 10°. Gamma rays from decays
in the wall could produce runaways through Compton scatter-
ing though the cross section is small.

Under the assumption that background-electron drag is
the only impediment to the transfer of the current from near-
thermal to runaway electrons, the magnetic axis in ITER
encloses sufficient toroidal flux for pyRirerl,/Y. ~ 50
e-folds in the number of runaway electrons when 1, =15
MA. If all the e-folds were used to produce the runaway cur-
rent, the runaway current would of negligible magnitude.
Even at 15 MA, there can be not more than about forty
e-folds and still have a dangerous runaway current.

A. Required number of runaways

Number of relativistic electrons required to carry a
current /,, is

_ 27mR w L, R
Nr N ec Ip ~e ISMARITER ' (36)

In forty-four e-folds, one runaway electron could be multi-
plied into a sufficient number of runaway electrons to carry
the entire current in ITER. Even at 15 MA, the number of
possible e-folds is less that forty-four for a dangerous run-
away current, and at 10 MA the maximum number of e-folds
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for producing a dangerous runaway current is about twenty
three, which means about N, > ¢?! seed electrons are
required. The total number of electrons in ITER is N, ~ ¢,

so at 10 MA a dangerous runaway requires

Ny _ns - -3
—r—=e "= . 37
A e e 37

B. Hot-Maxwellian as avalanche seed

The most obvious source of seed electrons for an ava-
lanche is the remaining tail of the high temperature, T},
Maxwellian distribution of the pre-thermal-quench plasma.
When the cooling time 7., > 7. & 23ms/ny,

2
ng ~ np exp (— m;c T(:Ol> (38)
h c

For a typical ITER plasma, T7,=20keV, the ratio
e /Ty =~ 25, so the Maxwellian tail is not an adequate
seed when 7., = 40ms/nyp. This assumes the cooled temper-
ature of the background electrons satisfies T, < K, /oy,
where K, is the required kinetic energy for runaway, which
must satisfy K, > (m.c?/2)(V./V,) for V,> V.. The
required cooled temperature is typically 100’s of eV.

Halo current mitigation should use slow cooling. The
time 7. is sufficiently short compared to the wall time in
ITER that it should be possible to both achieve both halo
current mitigation, which is generally based on reducing the
decay time of the plasma current below the wall time, and
the elimination of the Maxwellian tail as a significant source
of the electron runaway seed.

Radiative cooling times scale scales inversely with the
electron density times the density of the radiating impurity,
so a strong increase in 7, which accompanies a rapid radia-
tive collapse of the temperature, favors a strong runaway.

V. KINETIC EQUATION AND COULOMB SCATTERING

This section will consider the kinetic equation that
determines the distribution function, f, for high energy elec-
trons when two effects are present: electric field acceleration
along the magnetic field lines and Coulomb collisions with a
cold background plasma. The Coulomb collision operator
will be given in its relativistically correct form with both the
drag and the pitch-angle scattering terms.

It will be found that when the atomic number of the ions
Z satisfies (1 + Z)E./E) > 1 the critical energy for runaway
is greatly increased, Eq. (44), as is the required change in the
poloidal flux to produce an e-fold in the number of runaway
electrons, Eq. (49).

It is the atomic number of the ions Z, not their charge
state, that enters Coulomb scattering when the energy of the
electrons being scattered is far above the binding energy of
the most tightly bound electrons in the ions. The background
electron density 7, includes the bound as well as the free
electrons. Nevertheless, the Coulomb logarithm, InA, which
appears in E., is subtle when a significant fraction of the
electrons are bound in high-Z impurity ions. The quantity A
is the ratio of the largest distance over which the scattered
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particle feels the charge of the scatterer divided by the clos-
est approach of the scattering particle to the scatterer, which
can be due to either classical or quantum effects.* When the
scattering particles are free electrons and ionized ions, the
largest distance is the Debye length. When the scatterer is ei-
ther a bound electron or a less than fully ionized ion, the
largest distance is related to the size of the electron cloud of
the partially ionized ion. Rosenbluth and Putvinski® took
bound electrons as having half the effect of free electrons.
Figures showing more complete calculations of the effect of
bound electrons on the scattering have been presented by
Aleynikov er al."®

A. Electric field acceleration

Letting Z be the direction of the magnetic field, the term
in the kinetic equation that gives the effect of the parallel
electric field on the electron distribution function is

. O . JOf 1Of
eEIZ.ﬁ_ﬁ:eE”(Z'p%_F;_?%Z.ﬂ)’

of 1-20f
:eEH <)L%+ » a),

B 20(p*) o [1-27

where 2 -p = cos® and Z - 9 = —sin¥). The pitch angle of
the electron relative to the magnetic field is J, the pitch
A= cosd, and the magnitude of the electron momentum

p = |p| = ymv.

B. Coulomb collisions

The collision operator of high energy electrons colliding
with cold background electrons and ions can be written in
spherical momentum space coordinates as

C(f) 10 (psz)

eE.  prop\" 2
myc* O ) 3f>
+(1+2) 207 97 ((1 - )a . (40

This operator is given in Secs. II and III of Karney and
Fisch'® and is based on the relativistic collision operator of
Beliaev and Budker."”

C. Pitch-angle scattering and required poloidal flux

When y—1 > 1, the importance of pitch-angle scattering
is reduced by a factor 1/y compared to the term in the kinetic
equation that gives the effect of the electric field acceleration.
Pitch-angle scattering dominates £ acceleration when

E.
V<VAE(1+Z)E_H (41)

assuming 7, > 1.
At any 7 for which pitch-angle scattering dominates £,
acceleration, the electron distribution function has a nearly
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isotropic pitch distribution. The parallel current requires a
deviation €, from isotropy. When the current carriers are rel-
ativistic electrons,

Jj| = €aen;c. 42)

The deviation from isotropy is given by the ratio of the
electric-field acceleration to the pitch-angle scattering, 7/7;,
or

€a N VEII/(I +Z)E, (43)

for relativistic electrons, which means with a kinetic energy
(y — D)mec® > myc?.

Runaway is only possible when electrons at a kinetic
energy (7 — 1)m.c® obtain more power from the electric
field, Eys where J is their current density, than they lose to
drag on background electrons. The drag is en,.cE. when
y — 1= 1. The implication is that the required y factor for
runaway is

2
y,—1~(1+2) <%> ) (44)

The poloidal flux change required to increase the number of
runaways by a factor of e is predicted by Eq. (19) to be
inversely proportional to y, — 1, so

(1+Z)E.
Ve fous = \/E—wc, (45)
fold 3 EH

where . is the required flux change without pitch-angle
scattering, Eq. (21). The \/m in the equation for ¥, ,, is
implied by Eq. (18) of Rosenbluth and Putvinski® when
1+Z>1.

Pitch-angle scattering can cause relativistic electrons to
become mirror trapped in the magnetic field variation when
their y<(1 + Z)E./E) before they can have a significant
acceleration. In non-axisymmetric systems, trapped electrons
can drift across the magnetic surfaces at a typical speed
o(p/R)v where p = ym,v/B is their gyroradius, v their veloc-
ity, and ¢ is the non-axisymmetry in the magnetic field. The
time they stay trapped is of order the pitch-angle scattering
time t;. The drift distance between collisions in ITER is then
~(20y/n)3/(1 + Z) in meters.

The injection of very high-Z impurities may be critical
for achieving adequate runaway electron mitigation through
the increase they cause in (1) the critical energy for runaway,
(2) the poloidal flux change required for an avalanche e-fold,
and (3) the scattering into poorly confined trapped-electron
trajectories.

D. Lifshitz and Pitaevskiii anisotropy

The runaway anisotropy €, can be obtained using an
electrical conductivity calculation of Lifshitz and Pitaevskiii.
Lifshitz and Pitaevskii'® derive the collision frequency for
the scattering of electrons on ions of charge Z and number
density ny
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——nz. (46)
wp

Vei =

Assuming an exponential distribution of relativistic electrons
in energy, which defines a runaway temperature 7,, the aver-
age relativistic y factor is § = 37, /m.c? >> 1. The conductiv-
ity that they derive is

=3
ym.c®  n,

= I 47

7 3nZe?In A n, “47)

where n,/n, is the fraction of the electrons that lie in the rela-
tivistic distribution and Znz = n,.

The electron current along the magnetic field is
Jj| = €aen,c, where ¢, is the anisotropy of the relativistic
electrons. Since j| = ,E||, the anisotropy is

O',AECE”
== 48
€a en,c EC’ ( )
47E)
=—=—— 4
3ZE, “49)

when ¢, < 1.

VI. SYNCHROTRON RADIATION

The high-energy electrons that carry a runaway current
not only lose energy through drag on background electrons
but also through synchrotron radiation, which arises from the
electron acceleration associated with cyclotron motion.
Synchrotron radiation enters the kinetic equation for the high
energy electrons in the form of a collision operator, Eq. (50),
which will be derived in this section.

Hazeltine and Mahajan'® derived the effective collision
operator for synchrotron radiation for sub-relativistic elec-
trons (y — 1) < 1 based on a calculation of the radiative
reaction given by Rohrlich.?® However, the power loss
through synchrotron radiation, P, which increases as yz,
generally competes with Coulomb drag as an energy loss
mechanism only when (y — 1) > 1.

Rohrlich’s expression for the four force of the radiative
reaction®” can be used to obtain the synchrotron collision op-
erator for electrons for an arbitrary Lorentz factor y. The col-
lision operator that represents the effects of synchrotron
radiation is derived in Sec. VIA in terms of the force f;
exerted on electrons by the synchrotron radiation. Section
VI C uses Rohrlich’s expression for the four force of the
radiative reaction to obtain f; and the collision operator that
represents the effects of synchrotron radiation. The correct
form for this operator has been given in spherical momentum
coordinates by Stahl et al.*!

\ _ )2
Cy(f) = iﬁ <p2*)p(1)f>

p*ap T

o [ 11-22)
- <7vr 4 f). (50)

_ 34me (mfc)3
BE2T e oY
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where p is the momentum, A = cos ) is the pitch and 1) the
pitch angle relative to the magnetic field direction of the
electron. The characteristic time for synchrotron radiation is
7,. The radiated power,

_1n

Py = ;
Te Me

(52)

is implied by the first term in C,, Eq. (62), where
pl=(1-2)p

Andersson er al** gave a related expression for the
effect of synchrotron radiation on the electron kinetic equa-
tion, which has been used as a basis for a number of papers
including.?' The result by Andersson ez al. was not originally
strictly consistent with the required form, Sec. VI A, of a ve-
locity space divergence.

The momentum-drag term in Cy is a factor of 7> larger
than the term which exerts a drag on the pitch.
Consequently, only the momentum-drag term is important
when y—1 > 1.

The drag force of synchrotron radiation is only impor-
tant when it exceeds the Coulomb collisional drag on the
background electrons. The ratio of the magnitude of the syn-
chrotron radiation force to the magnitude of the collisional
drag force is given by

P -
o/e_ (1 — 22), (53)
eE.
207 1 L, B?
=— —— 97 x 107" — 54
% 3w[270 InA : n,’ 54)

where .o/ w0 1s the ratio of the cyclotron to the plasma fre-
quency of the background electrons, B is in Tesla, and n,, is
the number density of background electrons is in units of
10%*°/m>. Even when synchrotron drag exceeds Coulomb
drag, the effects can be small when E | > Ee.

Synchrotron radiation is of greatest importance when
y—1 > 1, and simplified derivations are possible in this
limit. Section VI B 1 uses expressions from Landau and
Lifshitz in The Classical Theory of Fields® in the y—1 > 1
limit. Equation (52) for the radiated power can be obtained
from their Egs. (73.7) and (74.2), and the force on a charged
particle due to synchrotron radiation f , 1s given in their Sec.
76. Section VI B 2 derives the force f ; from the radiative
power loss using the properties of the Lorentz transformation
in the large y limit.

The published literature is confusing on the synchrotron
radiation of an electron aligned with a curved magnetic field
line. No matter how well aligned an electron may be with a
curved magnetic field, it will radiate due to its perpendicular
motion. A non-zero perpendicular velocity ¥, is required by
the relativistic equation of motion, which is ym.dv/dt
= —e¥ x B. Writing ¥ = v”l; + 3, where b = E/B, then in
the limit [¢,/v)| — 0, the acceleration term is

di/di = (dvy /dr)b + v}R, where & = b - Vb is the field-line
curvature with R = 1/|#| the radius of curvature; b - & = 0,

which implied by b-b=1. In the [¢/v)|— 0 limit,
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dv/dt =0 and |ymev|2|/R| = |e? x B|. This implies an in-
equality on the pitch-angle ¥ of the electron relative to the
magnetic field

vy
Yl

. meU”

=V BR (55)

|tan V| =

A. Form of synchrotron collision operator

Since synchrotron radiation does not change the number
density of electrons in ordinary space but does change their
density in momentum space, the electron kinetic equation
when only synchrotron radiation is retained has the form

* _

=alh), (56)
0 =
Clf) = = g5 F. (57

The effective collision operator for synchrotron radiation
is a momentum-space divergence of a momentum-space
flux F 5

The drag force on electrons produced by synchrotron
radiation can be obtained by multiplying Eq. (56) by the mo-
mentum p and integrating over all of momentum space,

of. o
ajpfdﬁv = JpCs(f)fp
:Jﬁ@%, (58)

with the use of the identity [ ¥V - #d®x = — [ Bd’x, which is
easily derived in ordinary space, but of course applies in mo-
mentum space as well.

The collision operator that gives the effect of synchro-
tron radiation on the electron distribution function is more
transparent in spherical momentum coordinates. The opera-
tor (0/0p) - F,, where F, = F sP, can be written in spheri-
cal momentum coordinates using the standard expression for
the divergence in spherical coordinates

0 ~ 10 ,,. -
R AL
9, . -
Ry ﬁﬁ(smﬁﬁ - Fy). (59)

The distribution function £ (¥, 7/, ¢) for an individual elec-
tron is proportional to a delta function in momentum space,
so under the standard assumption that the electrons radiate
incoherently Eq. (58) implies

ﬁs :j_;f()?aﬁ7 [)7 (60)

where f ; 1s the force on an individual electron due to syn-
chrotron radiation.

The energy of an electron, including its rest mass
energy, is ym.c?, so Eq. (50) implies the power loss through
synchrotron radiation is
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gjwmﬁfpzjwm%xﬁfn (61)

— [Pty ©

as expected using the identity d(ym,c*)/dp = v, the speed of
the electron.

B. Highly relativistic derivation

The expression for the synchrotron collision operator
can be derived simply in the highly relativistic limit using ei-
ther expressions from Landau and Lifshitz in The Classical
Theory of Fields® or from properties of the Lorentz transfor-
mation in terms of the radiated power. Both derivations are
given in this section.

1. Landau and Lifshitz expressions

Landau and Lifshitz in Sec. 76 of The Classical Theory
of Fields® give the force exerted by synchrotron radiation
on an individual, highly relativistic electron

fs=—Ps—. (63)

Using this expression for fi, Egs. (59) and (60) give Eq. (50)
for the synchrotron collision operator in the highly relativis-
tic limit. The pitch term in the collision operator is zero
because p - ) = 0. Note, p = j/|p| = 7/|8] since j§ = ym,7.
The result is Eq. (50).

The last term in Eq. (76.3) of The Classical Theory of
Fields has a misprint and should read (2e*/3m*cY)
u' (Frou')(F*u,,). In the second paragraph below Eq. (76.3)
is a clause: those terms in the space components of the four-
vector (76.3) increase most rapidly which come from the
third derivatives of the components of the four-velocity. This
clause should read that it is the term proportional to the four-
velocity cubed, which increases as y3, that increases most
rapidly. This is the term in Eq. (76.3) that has the misprint.
Despite these misprints, their expression for the force on a
single electron in the strongly relativistic regime is correct.
In particular, the force is opposite to the total velocity and
not just its perpendicular component.

2. Synchrotron force-power relation

A Lorentz transformation into the frame of reference in
which the electron is moving with velocity ¢ from a frame in
which it is instantaneously at rest demonstrates that as y — oo
the synchrotron radiation force (1) is aligned with the total ve-
locity of the electron and (2) is uniquely determined by the
synchrotron power loss P;.

The relativistic equation of motion is dp*/dt = K",
where dt = dt/y is time interval in the frame of rest of the
particle and K* is the four force. The ordinary force f on a
particle is given by the three space-like components of the
four force K>3, divided by 7. The power transferred to the
particle is given by ¢K/y. Since > PPt = —(mec)?, the
four force must obey the constraint ) p, K" = 0.
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Let K" be the four force on an electron in the frame in
which it is at rest and K* be the four force in the frame in
which it is moving. The relation between the four force in
the two frames is K = > A/K". The convention of A} of
Eq. (25) implies the velocity difference between the
two frames is Uy = —¢ with the & axis, which has index 1,
aligned with the velocity ¥. The Lorentz transformation
implies K° =9(K° 4+ K'v/c), K' = y(K%/c + K') = K°,

= K?, and K® = K. Since the usual three- space force, f
is the space-like components of the four-force divided by 7,
the space-like force components that are perpendicular to the
particle velocity scale as 1/y compared either to the space-
like component aligned with the velocity, K'/y, which is
equal to K° /7, or to the power transfer cK®/y = —P;.

The constraint » LuK" =0, which in the frame in
which the electron is at rest is m,cK" = 0, implies K" = 0.
Unlike K°, the space-like components of the four force K'*?
need not vanish.

C. General derivation

Equation (4) in Rohrlich’s paper? gives the four forces
due to radiation for a particle moving in given electric and
magnetic fields. In the rest frame of the particle,

L2 e 5 {0
’C :_7Z(FH F%()—aOF Fa0)7 (64)

34megmie? £
where the electromagnetic field tensor is
0 E./c E,/c
—E./c 0 B. B,

Y = . (65)
—E,/c —B. 0 B,

E./c

—E./c B, —B. 0

Writing the four force as K* = (K° K), one finds K° = 0,
but

o 2 €4 —=(r)

K= x B, (66)

3 202
34neomzc

where the superscript () has been added to the electric and
magnetic fields in which the particle is moving to indicate
they are to be determined in the rest frame of the particle.

In the lab frame, the particle has a velocity vx and is
moving in a magnetic field B with the electric field
Zero, E = 0. A Lorentz transformation of the electric field,
which follows from a Lorentz transformation of the electro-
magnetic field tensor, gives E<"> =0, E("> = —yuB,, and
E( ) = = yvB,. The transformation of the magnetic field gives
B() B, B( "= =7B,, and B_,) = yB.. Therefore, the four
forces in the rest frame of a particle that is moving with a ve-
locity vx are

B2+B2> BB, B.B.
e e e PR (7))

K”stv(07—7) B2 7 B2 7 B2
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2¢*B?
ks =—F———=. 68
T 3(4meg)mic3 (68)

Note that B is the magnetic field in which the particle is
moving, not the radiation field. For strongly relativistic elec-
trons, the y2 term in the four forces is dominant and gives the
same result as used in Sec. VI B.

The three spatial components of the four force in the
laboratory frame are related to the ordmary three force by
fS —K/y, so using the identities B, =B —7-B/v and
A= (7-B)/(uB),

f. B2, BB,

k—z =i+t (69)

(- BB 7-B)

2= 2 =

=T+ + (2 —1)—=-1, (70)

BZ ( (UB)Z

B

= —2(1 —)?)ﬁ—z(w—uE). (71)

As y — 1, the force is f; = —k,U,, which agrees with
Ref. 19. The two important components of the synchrotron
force for scattering are

2
Foop = k(1= o= -k P (72)
mv

— A~

fs- ¥ = —kvcos?sind. (73)

Since ¥ -p = v, 17-{9:0,5']5:)“8, and B - 9 = —sin VB.
These equations together with Egs. (59) and (60) give
Eq. (50) for the synchrotron collision operator.

Vil. POWER BALANCE FOR RUNAWAYS

The energy equation is the (7 — 1)m,c?> moment of the
kinetic equation, which is calculated by multiplying the ki-
netic equation for the high energy electrons,

of Lo -
E—eE“Z'a—ﬁ.—Cc(f)+C5(f)+S7 (74)

by the kinetic energy of a runaway electron (y — 1)m,c* and

integrating over d3p = 2np’dpdJ. The average relativistic y
factor, or equivalently average energy, is

J& = Dfd’p
[ fd3p

The number of runaway electrons per unit volume is
n, = [fdp.

The power balance equation will be derived using the
simplified source function S of Rosenbluth and Putvinski,
Sec. IIT A, of the avalanche mechanism. Their S adds par-
ticles but otherwise plays a negligible role in power balance
because the critical relativistic factor for runaway, 7y,, satis-
fies ., — 1 < 7 — 1. The avalanche source function is the
only term in the kinetic equation that does not conserve
particles.

1+

K (75)
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The term in the kinetic equation involving the parallel
electric field, [(y — 1)m.c?eEz - (8f /Op)d’p, can be
analyzed using Eq. (39) and the identity dy/dp = v/m.c?,
which follows from writing the Lorentz factor as
7 =1/1+ (p/m.c)*. The resulting expression is Ejjj| where
the parallel current jj = —e fivfdﬂn.

The equation dy/dp = v/m.c* can be also used to sim-
plify the term [(y — 1)m.c*C.d®p. The resulting expression
is —eE, [(c*/v)fd®p. When 7 — 1 >> 1, this expression sim-
plifies to —E ecn,.

A. Without synchrotron losses

Ignoring the power loss from synchrotron radiation, the

(y — 1)m,c? moment of Eq. (74) implies
dy 2 _ ,dn, .
5 MeC My +(y — Dm,c o= Eyj — Ececn,. (76)

The rate of change of the number of runaways, dn,/dt, is
given by Eq. (19). Using 7, = (eE./m.c), Eq. (6)
dy 7 —1 Ey j
B et S I |
dt  2(y,—1)InA  E.en.c

— 1. (77)

When E| is time independent, Eq. (77) implies 7 relaxes
to a steady state value on the time scale 1z

7(6) = 1= (7(00) = (1 — &™), (78)
w® =2(y, — D)t InA, (79)

re0) =1 _ (Eydi
2(y, —1)InA (EL. en,c l)' (80)

Equation (19) for dn,/dt can be rewritten using Eq. (80) as

X E\(j r _EC
dinn, _ e Ey(jy/enc) . (81)

dt mec  y(oc0) — 1

The rate at which the runaways exponentiate is not affected
by whether ¢ is long or short compared to tg, provided
7(t) > 1, but the average kinetic energy of the runaways
increases linearly in time, 7(¢) — 1= (t/7,)(7(c0) — 1)
when ¢ < 1g. To simplify notation, 7 will denote 7 (00).

The necessary condition for runaway production,
E|| > E.en,c/jj, only approximates the sufficient condition
when the runaway electrons are moving in close alignment
with the magnetic field, so jj ~ en,c. Pitch-angle scattering
tends to isotropize the electrons in pitch, which can reduce
the current density of runaway electrons from its maximum
value en,..

In general, the current density of runaway electrons is
Jj| = €qaen;c, where ¢, is the anisotropy of the runaway elec-
trons, €, < 1. The critical electric field for runaway is
E| > E./e,. When E| > E. /€4, Eq. (80) implies

51 E
e, iA=L
Y 71 E(‘

A
r

(82)
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Equation (82) has Eq. (22) as a special case, ) — 1 = 2InA,
wheny, — 1 =E./E) and ¢, = 1.

With the inclusion of pitch-angle scattering, the run-
away condition becomes 7y, —1 = (1 +Z)(EC/E||)2, Eq.
(44). Equation (82) implies 7 — 1 = 2(1 + Z)(E./E|)e, In A.
The implication is that pitch-angle scattering is not important
for the typical runaway electron. To prove this first assume
the ¢, ~ 1; the result is 7 > (1 + Z)E./E|, so pitch-angle
scattering is not important. Then assume ¢, ~7E)/
(14 Z)E =1. The equation j — 1 = 2(1 + Z)(E./E|))esIn A
implies 1 = 2In A, which is a contradiction. Consequently
when (1 +Z)E./E| > 1, pitch-angle scattering is negligible
for the typical runaway electron, ¢, ~ 1, and

(1+2)E.

7—1=2InA ,
Ej

(83)

where E| is assumed to satisfy (1 +Z)E. > E| > E..

B. Synchrotron radiation when Z > 1

Section VIIA showed that even when (1+Z)E./
E) > 1, the typical value for the runaway kinetic energy
(3 — 1)mec? is sufficiently high that pitch-angle scattering
has a small effect for most runaway electrons. The effects of
synchrotron emission are then limited because with only
Coulomb effects giving pitch-angle scattering the width in
pitch angle can narrow to 09 ~ y,/7 = (1 4+ Z)(E./E))/7.
Using Eq. (83)

1

519%21n/\'

(84)

This expression for 61 follows from properties of pitch
angle scattering.”* A particle that initially has a pitch 4, can
have a range of values of pitch A, after a time 7. Sampling
from a binomial distribution and assuming the collision
frequency v times t is small, A, = (1 — 4o)(1 — v7)

*1/(1 = J2)vt, where * is a random sign. The largest mag-

nitude of 4, is |4;| = 1 — vt/2.

Assuming synchrotron radiation is more important than
drag, the ratio the power gained from the electric field, £} en,c
to that lost by synchrotron radiation Pyn, = (E.en,c)ugy*59?,
which implies runaway is only possible when

E| 2\
ke ((1 +Z) as) . (85)

VIil. OHM’S LAW FOR TEARING MODES

Even when the current is carried by runaways, the devia-
tion in the plasma response from an ideal Ohm’s law during
a resistive instability is determined by the Ohm’s law of the
thermal electrons.® Since runaway electrons are moving at
the velocity of light, the only way to change the runaway
current is to change the number of runaways, which is over a
time scale 1.E./(E| — E.). There is a long lag time between
a change in the electric field and the response of the runaway
current. Thermal electrons respond as nf,h —E+7%xB on
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the time scale of their collisions. So deviations from an ideal
response, such as the opening of islands, are determined by
the thermal electrons.

IX. MICROTURBULENCE

The microinstability that is thought to be of greatest
potential importance to the runaway issue on ITER is an
instability of the whistler waves.?”® This instability requires
a strong anisotropy of the perpendicular to parallel electron
momentum in a beam |p, /p)| < 1, and is stabilized quasi-
linearly by spreading p,. The p, spreading has two effects:
(1) The power loss from synchrotron radiation, which
depends quadratically on p, is enhanced.”’ (2) If pitch-angle
scattering were large enough to reverse the direction of elec-
trons along the magnetic field, which means p| reversal, then
the effect on runaways is similar to pitch-angle scattering
when y < (1 +Z)E./E). Unfortunately, quasi-linear stabili-
zation appears to occur well before the electron momentum
along the magnetic field is reversed.”®

X. DISCUSSION OF PHYSICS AND MITIGATION

The achievement of the ITER mission will require the
successful avoidance of large currents of relativistic elec-
trons. The potential for transferring the plasma current from
thermal to relativistic electrons exists whenever the poloidal
magnetic flux content of an ITER plasma changes on a time
scale faster than tens of seconds. The danger to the ITER
device posed by a large current of relativistic electrons
requires a focus on avoidance rather than on the control of
such currents if they occur.

The poloidal flux must change faster than a critical value
for a significant number of relativistic electrons to persist in
an ITER plasma. This time scale is discussed in Sec. II and
can be expressed as a critical loop voltage, Eq. (3), which is
V. ~ 3n,, Volts when pitch angle scattering is ignored; n, is
the background electron density in units of 10°°/m>. In many
ITER operational scenarios, n, =~ 1. The loop voltage times
the time gives the change in the poloidal magnetic flux.

When the loop voltage is large compared to the critical
loop voltage, the number of electrons above a certain energy,
called the effective runaway energy K,, will increase expo-
nentially and naturally give a distribution of relativistic elec-
trons with an average kinetic energy (3 — 1)m,c?. Ignoring
pitch-angle scattering, 7 — 1 ~ 21n A with InA the Coulomb
logarithm. Given an initial number density of electrons with
an energy above K,, called seed electrons, the number of rel-
ativistic electrons will be n, = nyexp(|Ay, |/, _s,4), Where
|A,| is the change in the poloidal flux that has occurred and
Ye_foiq 1s the flux change required for an e-fold. Ignoring
pitch-angle  scattering,  V,_y =Y. ~2.3V-s. This
increase in the number of relativistic electrons continues
until either all of the available poloidal flux has disappeared
or all of the plasma current is carried by relativistic electrons.
The time scale for the current transfer, [Ay,[/Vy, is deter-
mined by the Ohmic loop voltage, V,; of the background
plasma. This current transfer process, called the electron ava-
lanche, is discussed in Sec. III and the angular distribution of
the newly energized electrons is derived as a function of
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their kinetic energy K;. Knowledge of this angular distribu-
tion is critical for determining the effective energy required
for runaway since trapped electrons cannot obtain significant
energy from the parallel electric field.

The poloidal flux change required for a current transfer
can be increased by reducing the number of seed electrons.
The required flux change is discussed in Sec. IV as are the
benefits of slowing the plasma cooling to a time scale of
~40ms, when possible, to eliminate the high energy elec-
trons that survive from the pre-thermal-quench Maxwellian
or from current drive. Preemptive cooling of disruption
prone plasmas is the only obvious method of avoiding the
rapidly cooling of a naturally arising thermal quench. A
40 ms cooling time should be adequate to prevent the damag-
ing halo currents that arise when loss of axisymmetric con-
trol results in the plasma being pushed into the wall, so the
halo-current mitigation system should be made consistent
with this time scale.

In addition to slowing on background electrons, the
pitch angle of high energy electrons is scattered through
collisions with the background plasma at a rate proportional
to 1 4+ Z, where Z is the atomic number of the background
ions. Because of the high energy of runaway electrons,
whether the ions are fully ionized or not makes only a mod-
est difference, ~2, in the scattering. As discussed in Sec. V,
pitch angle scattering produces a major modification of the
runaway process when the parallel electric field Ej<(1 + Z)
E. or equivalently when the loop voltage V,<(1 4+ Z)V.. The
primary changes are: (1) The critical kinetic energy for run-
away, (7, — 1)mec?, increases from 79, —1~E./E| to
y,— 1~ (14 Z)(EC/EH)Z. (2) The poloidal flux change
required for an e-fold in the number of relativistic electrons
increases  from Y, ~23V-s to Y, pu~(1+2)
(E./E)y.. (3) When the plasma is strongly non-
axisymmetric, a sufficient number of high energy electrons
may drift out of the plasma as trapped particles to prevent an
avalanche.

Synchrotron radiation, Sec. VI, drains energy from rela-
tivistic electrons, but its importance to the process of the
transfer of current from thermal to relativistic electrons
appears marginal except when the background plasma den-
sity is low and the magnetic field strength is high.*’
Nevertheless, the derivation of the collision operator that
gives the effect of synchrotron radiation on the electron dis-
tribution function is derived in some detail. Contrary to some
expectations, the force exerted by synchrotron radiation is
not aligned with the electron velocity perpendicular to the
magnetic field ¥, but with the full velocity #, and this affects
the form of the collision operator.

The energy moment of the kinetic equation is used in
Sec. VII to find the average kinetic energy of the relativistic
electrons that carry a runaway current, (j — 1)m,c?. Without
pitch angle scattering 7 — 1 ~2InA, where InA is the
Coulomb logarithm. When E;<(1 +Z)E. the average
energy of runaways is increased to 7 — 1 ~2(1+2)
(E./E))) In A. This section also shows that it is possible for
synchrotron radiation to prevent runaway in a high-Z plasma,
but the range of Ej|/E. over which this can occurs appears
very limited in ITER scenarios.
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Sections VIII and IX mention results that have already
appeared in the literature: When tearing modes arise, the
break up of magnetic surfaces occurs on the resistive time
scale of the cold background plasma.’ It appears that micro-
turbulence does not have a major role in the phenomenon of
current transfer from thermal to runaway electrons.
Anomalies have been seen in experiments involving run-
aways,”® which could make avoidance of a current transfer
much easier. More analysis is required to know whether
these empirical anomalies might be due to other effects, such
as pitch angle scattering by impurities or the time scale of
the experiments. Monte Carlo simulations of the kinetic
equation for high energy electrons could relatively simply
address much of the uncertainty.

Appendix A gives the response of the trajectory and the
energy of an electron to a slippage of the poloidal relative to
the toroidal magnetic flux. The rate of this slippage is the
loop voltage.

A final decision will need to be made on the mitigation
system that will be installed on ITER in just a few years. It is
critical that simulations address the effectiveness of pro-
posed mitigation strategies for avoiding strong currents of
relativistic electrons. Fortunately, these could be done rela-
tively easily and quickly by representing the collision opera-
tors by their Monte Carlo equivalents.>* Simulations of what
happens if the transfer of current from thermal to relativistic
electrons actually occurs are far more difficult. The current
carried by the relativistic electrons must be known at each
point in the plasma. Fortunately, constraints on the relativis-
tic current density make a point by point calculation of the
relativistic current simpler than might be expected,
Appendix B.

The issue of current transfer from thermal to relativistic
electrons is central to the success of the ITER program but
far less central to the success of magnetic fusion energy. For
example, little change would occur in stellarator reactor
designs if the constraint were imposed that the net plasma
current must be smaller than 5 MA.

Even tokamaks, such as ITER, operating well above 5
MA might be designed to prevent a current transfer from
thermal to runaway electrons. The poloidal field due to the
net plasma current penetrates the walls surrounding the
plasma on a time scale of 100’s of milliseconds in ITER.
When the current in the plasma collapses on a faster time
scale, a toroidal current equal to the plasma current must be
induced in the walls. If the wall structures were designed to
minimize the forces on the walls due to this current, a mini-
mization of |j x B|/|j"- B], a sudden drop in the plasma cur-
rent would cause a destruction of the magnetic surfaces in
the plasma and prevent a transfer of the remaining plasma
current from thermal to relativistic electrons.”® During nor-
mal ITER operations, the net toroidal current flowing in the
walls is small, and the effect on the magnetic surfaces would
be negligible. Since the natural path of currents through the
wall is known, small error-field effects could be compen-
sated with error-field control coils, but this does not appear
to be required. The usual design of allowing these induced
currents to flow toroidally not only eliminates their drive for
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the opening of the magnetic surfaces but also makes their
force larger.

The danger is too great to use an empirical validation of
the runaway mitigation system on ITER itself.
Computational simulations are required, and this paper gives
the physics that could be used to relatively easily and quickly
carry out such simulations.
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APPENDIX A: MAGNETIC FLUX CHANGES DURING
RUNAWAY ACCELERATION

Relativistic electrons have a small gyroradius p,
compared to characteristic plasma dimensions in ITER;
p. =ymc/eB ~ 1.7 mm (y/B), where B is in Tesla and the
electron kinetic energy is (y — 1)m.c?. Consequently, the
electron motion can be followed using the relativistic drift
Hamiltonian,” dp,, /dt = —0H /¢, dpg/dt = —0H /D0. The
relativistic canonical momenta of the electron drift
Hamiltonian are p, = (1yG/2nB)ym,v| + ey, /2m, and
po = (ol /2nB)ymev) — ey, /2m. The toroidal current / and
the toroidal magnetic flux y, lie in the region enclosed by a
magnetic surface. The poloidal current G and the poloidal
magnetic flux —, lie outside the same magnetic surface.
When magnetic surfaces exist, the poloidal 6 and the toroidal
¢ angles can be chosen so the magnetic field can be written
in two forms*

278 = Vo x Vi, (Y,,1) + Vi, x V0, (A1)
= G, OV @ + 1ol (Y, )V O
+ B, 0, 0,0) V. (A2)

For passing electrons, one can average dpg/dt over 0
and dp,,/dt over ¢. The averaged py and p,, are independent
of time. The conservation of py and p,, in time-independent
magnetic fields can be obtained from the expression for the
guiding-center velocity U, = (UH/B)ﬁ X (A + pHE) where
p|| is the gyroradius calculated using the component of the
velocity that is parallel to the magnetlc ﬁeld Equatlon (Al)
implies 27A = lptVH lppVgo, s0 A, =A + pHB can be
written as

2n(—e)/f* =pyV 0 —p(,,ﬁ(p. (A3)
Passing particle trajectories lies in the surfaces of the effec-
tive magnetic field B. =V x A, when such surfaces exist.
Since the surfaces of B, are perturbed from those of B only
by terms of order gyroradius to system size, py and p, vary
by terms only of that order. The same result does not hold
for trapped particles because B, is singular at turning points,
the points where v| = 0.
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Since py and p,, are conserved

d2mpg /e _ Mdymev“ B d_l//p —0

dt eB dt dt ’ (A4)
d2npg/e  pol dymevy  dy,
Sgals . A5
dt eB dt dt (AS)

Ignoring the terms that become negligible as the parallel
gyroradius p|| goes to zero relative to the system size, which
means terms proportional to yv) instead of its time deriva-
tive, these two equations imply

dy, G
- A
a Gra” (46)
dy, I
e Ty, A
dt G+l Ve, (A7)
d)/m()l)H eB
- Vi, A8
dt ,U()(G + l[) ¢ ( )

where the rotational transform 1 = (9y,/0y,), = 1/q and
the loop voltage V¢ = (0y,/0t),, . The total time derivatives
mean along the trajectory of an electron.

The form of the poloidal flux i, is non-intuitive to
many. Its form can be clarified by considering cylindrical
coordinates (r, 0,z = R¢), which means the cylinder is peri-
odic in the z direction with a period 2nR and ﬁq) =Z/R.
Equation (Al) implies O, (r,t)/Or = 2nRBy. When the
poloidal flux is held fixed on a cylindrical shell at r =5, let
¥, (b,t) = 0. The poloidal flux is then ,(r,7) =2nR
J,, Bodr. When the current density is constant for » <a and
zero for a <r < b, then for r < a

2
v, = u0R<ln (Z) +% (1 - ;2>>1,,,

where [, is the current in the plasma. The poloidal flux
enclosed by the magnetic axis, 7 =0, is negative ,(0,1) =
—uoR(In(b/a) + 1/2)I, while the loop voltage, which is due
to the plasma resistivity, is positive. Consequently, the poloi-
dal flux at the axis rises towards the value of zero, which is
its value at r = b throughout the evolution. The toroidal flux
in the cylindrical model is ¥, = nB,r?.

The enclosed poloidal flux depends on the current pro-
file. When the initial current density j(r) < 1 — r%/a*, where
a is the plasma radius, the current I(r) = 1,(2 — r?/a*)r*/a?,
the poloidal flux enclosed by the magnetic axis

()

In standard tokamaks, //G < 1, and the inward pinching
in toroidal flux of an accelerating electron, Eq. (A7), is small.
In a cylindrical model I/G = (Bgr)/(B4,R) = (r/R)*1(r),
where the rotational transform 1 = 1/g = RBg/aB,,.

Equation (A1) can be generalized” to represent and arbi-
trary magnetic field for which B- ﬁ(p is non-zero by letting
Y, be a function of (Y,,0,¢,r). The Appendix to Ref. 4
shows the time dependence of the vector potential is

(A9)

(A10)
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(857?);: —VN%+L7><§+ Vs, (Al
where the loop voltage is Vi = 0y, (¥, 0, ¢, 1)/ Ot, the veloc-
ity of a (,, 0, @) point through space is i, and s is a well
behaved function of position and time.

Since E = —0A /ot — VO, the average loop voltage in a
region covered by a magnetic field line is

v, — 27
' [y dode

When magnetic surfaces exist the integrals are only over an
infinitesimal range of /,, and the averaged loop voltage can
be written V,(y,,7). Equations (Al) and (A2) then imply
1/(27B - V@) = 1y(G + 1) /(21B)?, so

E-B
——dy,dOde. (A12)
JB-V(p Vidbdp

ﬂd@dtp'
B (27)?

Ve = uy(G+ 11)1; (A13)

With the standard Ohm’s law and the resistivity # constant
within a surface, $(E;/B)d0dp/(2n)* = n{jue)/(B), where
Jner 18 the net current density, which has the property that j,,.,/
B is constant over the surface, so the averages over j,., and B
can have any desired form. Consequently, one can write

(B)

mw. (A14)

(E)) =

The implication is that the rate of increase of the electron
momentum, Eq. (A8), is due to the surface-averaged parallel
electric field as one would expect.

APPENDIX B: SIMULATION OF RUNAWAY CURRENT

The evolution of the runaway current can be followed
using Monte Carlo methods. A collision operator can be con-
verted into a Monte Carlo operator.”* This Appendix shows
that the current obtained from a Monte Carlo calculation can
have far less statistical noise than might be expected because
of physics constraints that imply spatially averaged quanti-
ties accurately define the local current density.

The current density of runaway electrons is f: K,.B /1o
+ 5f: where 5f is proportional to and given by the pressure
tensor of the runaway electrons. The net parallel current of
the runaways, which is given by K,,, must be constant along
each magnetic field line. That is, K, = ,(jj/B), which
means an average along the magnetic field line. By explicitly
evaluating the field-line average, the noise in computing the
runaway current density can be greatly reduced. The net par-
allel current density of the runaways is approximately a hun-
dred times larger than their perpendicular current density.

The electric field exerts a far smaller force on runaway
electrons than does the magnetic field, so force balance
across the magnetic field for runaway electrons is given by

P

V.-P =jxB, (B1)

where P is the pressure tensor of the runaway electrons and
J is their current density.
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The divergence of the runaway current obeys

on,
ot’

-

V.j=e

(B2)

where On, /0t is the rate runaways are created per unit vol-
ume, which is approximately four orders of magnitude
smaller than the characteristic value of the divergence of the
runaway current |V - j| ~ en,c/R, where R is the spatial
scale of the plasma. Therefore, one can assume

—

V-j=0. (B3)

Equations (B1) and (B3) imply the runaway current den-
sity can be accurately given as

2 g, -
J=%B 4], (B4)
. BxV-P

ji=— (BS)
.
B-VB— V-j, (B6)

An average of V- jTl_ over the volume of an infinitely
long magnetic flux tube must vanish when the current den-
sity along the tube remains finite, so

(B7)

where d/ is the differential distance along a magnetic field
line.

The current density of the runaways parallel to the mag-
netic field is, therefore, given by

ol = K, + K, (BS)
B
_/
K, = {2 B
n <MOB>7 (B9)
B 1~ -
&Kps = —EV J1- (B10)

By far the largest term in the runaway current density is
the net current K,. The Pfirsch-Schliiter current, which is
given by K., and the perpendicular current density are far
smaller.

The ratio of the perpendicular current to the net
current is

Phys. Plasmas 22, 032504 (2015)

L ymen,c? |aB

Ji

=£ (BI1)

a

|

en,c

where a is the plasma radius and the gyroradius of a runaway
electron is p, = y¢/we = 1.7 X 10’3;)/3, where p, is in
meters and B is in Tesla. For a typical ITER runaway elec-
tron, y ~ 20, B=5T, and a=2m, so |j. /jj| ~ 6.8 x 1073,
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