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Foreword 
 
 

Dear Readers, 
You are holding the third and final volume of Selected Topics. Its structure is the same 
as that of the first and second volumes. The only difference is that all the mathematics 
necessary for studying the material has been deliberately concentrated in the first vol-
ume. You do not need to search for the mathematical basics scattered throughout vari-
ous appendices, but will find them all in one place.  

The third volume of “Selected Topics” is devoted primarily to plasma theory. The 
only exception is the radiation of charged particles, which is discussed in the second 
volume of Selected Topics under the section Electromagnetic Fields. The section on 
numerical simulations in the second part of this book is by no means a coherent 
textbook. They serve a single purpose: to enable an interested student to directly 
simulate some of the described phenomena on a computer. That is why, in most cases, 
only one solution option is presented – one of the basic algorithms. In textbooks on 
numerical simulations, the reader will find a whole range of other algorithms that may 
be just as good, if not better, for a given task.  

This text on plasma physics was compiled over many years from lectures I initially 
gave at the Faculty of Electrical Engineering and later at the Faculty of Nuclear and 
Physical Engineering at the Czech Technical University in Prague. My first encounter 
with plasma, however, occurred much earlier, during my studies at the Faculty of 
Mathematics and Physics at Charles University, where, in my fourth year, I attended an 
excellent lecture titled “Introduction to Plasma Physics” by Professor Jozef Kvasnica. 
After graduation, I joined the Department of Physics at the FEE CTU, which was then 
headed by Professor Jiří Kracík, a man who dedicated most of his life to plasma phys-
ics. I would also like to take this opportunity to remember the supervisor of my doctoral 
thesis, Associate Professor Josef Maloch, who was both an excellent mentor and 
manager, especially during an exceptionally difficult time. Unfortunately, none of those 
who once influenced and shaped my relationship with plasma physics are still with us. 
Without their efforts, the third volume of Selected Topics would never have been 
written.  

Before you begin studying this material, you should have a basic understanding of 
theoretical mechanics, particularly the ability to apply Lagrange and Hamilton equa-
tions. Knowledge of the Einstein summation convention is assumed. A basic under-
standing of equilibrium statistical physics would also be helpful, though it is not essen-
tial for understanding the text. As for mathematics, you should be familiar with the 
basics of differential and integral calculus at the level of a standard undergraduate 
mathematics course. At least a cursory knowledge of partial differential equations and 
complex analysis is also recommended. All the necessary mathematics is presented in 
the first volume of Selected Topics in the section Mathematics for Physics. The reader 
does not need to study the mathematics in advance; it is sufficient to return to this 
chapter only when necessary. 



9 Předmluva 

In a brief introduction, you will learn about plasma as the fourth state of matter, as 
well as its various types and forms. The first part of the book addresses the motion of 
charged particles in given electric and magnetic fields. The second part of the book is 
devoted to the fundamentals of magnetohydrodynamics, which views plasma as a con-
ductive fluid. The following chapters are devoted to the basic types of waves and insta-
bilities in plasma. The fifth part will likely be the most challenging for readers; it in-
volves a statistical description of plasma, in which we focus primarily on the collective 
behavior of a large number of charged particles in phase space (we are interested in the 
information contained in the statistical distribution of particle positions and velocities). 
This approach is useful, for example, for understanding transport phenomena, collisions, 
and certain types of instabilities in plasma. In this second edition, a chapter devoted to 
selected nonlinear phenomena in plasma has been added. 

Variables are always typeset in italics, and vectors in boldface. In rare cases where 
ambiguity or confusion might arise, arrows are placed above vectors and tensors. Func-
tions, abbreviations, digits, and various mathematical operations are displayed in regular 
typeface. Latin indices denote components of a quantity, coordinate axes, etc. Greek 
letters are used as indices for particle types (electrons and ions of various charges) or 
components of four-vectors (0 – time component, 1, 2, 3 – spatial components). 
Subscripts are usually placed at the bottom right of the base symbol. For clarity, a 
superscript is used in some cases. If there is a risk of confusion with an exponent, such a 
superscript is placed in parentheses: 

( )
EM, n

nF F . 
Since the number of letters in the alphabet is limited, some quantities are denoted by the 
same symbol. However, their meaning can be easily inferred from the context. The list 
of symbols included at the end of the book can also be helpful. When reading, do not 
skip the notes; they often contain important insights necessary for understanding the 
phenomenon being discussed. In the book, you will find them on a gray background. 
Illustrative examples are separated from the rest of the text at the beginning and end by 
a crescent moon symbol. Important relations are marked on the left side with a black 
triangle. Hopefully, these markings will help the reader navigate this challenging 
academic text more easily. 

What can I say in conclusion? I would like to thank many of my students, who stud-
ied the texts on which this book is based and carefully identified typos and ambiguities. 
My thanks also go to Ing. arch. Ivan Havlíček, who handled the graphics for all three 
volumes of Selected Topics. To future students, I would like to wish that they experi-
ence the unique and indescribable joy of grasping and understanding the laws that de-
scribe the processes taking place in nature around us. 

Petr Kulhánek, 2026, Prague 
 

On the aldebaran.cz website, under the Study section, you can download an electronic 
version of this textbook and other supplementary materials for the lectures. 
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12 Plasma Theory 

1.1  What is Plasma? 
Plasma is often referred to as the fourth state of matter. It naturally complements the 
sequence of solid–liquid–gas. If additional thermal energy is supplied to a gas, it under-
goes partial and eventually complete ionization. The substance becomes plasma, con-
taining free charge carriers, which gives this state entirely new properties; it is unique in 
its collective response to electric and magnetic fields, which it also generates. The pro-
perties of plasma differ significantly from those of gases and liquids.  

The term “plasma” for ionized gas was first used by Irving Langmuir in 1928, likely 
because the behavior of this state of matter reminded him of blood plasma. Langmuir 
understood plasma to be the region of a gas discharge that is not influenced by walls or 
electrodes and has the following three properties: 

1. Plasma contains free charge carriers. 
2. Plasma exhibits collective behavior, i.e., as a whole it responds to electric and 

magnetic fields and also generates them. 
3. Plasma is quasi-neutral, i.e., within a macroscopic volume, there is an equal 

amount of positive and negative charges. 

In space, most baryonic matter is ionized and exists in the form of plasma. Plasma 
makes up the interiors and outer layers of stars, nebulae, jets, our Sun, and its vast co-
rona. Our entire solar system is flooded with solar wind plasma, and Earth forms 
a small, neutral oasis within it. On Earth, plasma is encounter only rarely; natural 
plasma can be found in lightning channels, in the ionosphere, and in auroras. Plasma in 
lightning channels is under high pressure and is localized within a narrow, sharply 
defined luminous channel. In contrast, the plasma of an aurora has low pressure and 
consists of extensive, sheet-like formations with a diffuse glow. Plasma can also be 
found in research laboratories and in many industrial facilities utilizing various plasma 
technologies (cutting, machining, coating, etc.). 

Plasma is characterized by linear and two-dimensional structures (filaments and 
walls) held in place by its own magnetic field, which is generated by the flowing cur-
rent. Charged particles can both gyrate around magnetic field lines and drift across the 
magnetic field and additional external fields. In regions of a stronger magnetic field, 
they can be reflected; this phenomenon is called a magnetic mirror. A vast number of 
low-frequency and high-frequency wave modes exist in plasma. The presence of plasma 
significantly affects the propagation of both acoustic and electromagnetic waves. 
Plasma is characterized by numerous instabilities that thermonuclear reactor engineers 
have been grappling with for many years. No less interesting are nonlinear phenomena 
in plasma or plasma radiation. Some of these phenomena are explored in this textbook. 

The electronvolt is a very popular unit among plasma physicists. Electronvolts can be 
used to express not only energy (1 eV ≈ 1.6×10−19 J), but also temperature (E = kBT, 
1 eV ≈ 11,600 K) or particle mass (via the relation E = mc2). SI units are predominantly 
used in this textbook. 

Plasma can be classified from many perspectives. Its properties depend primarily on 
temperature, number density, and magnetic field. The following diagram shows some 
typical types of plasma as a function of electron number density and temperature: 
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The diagram is plotted for hydrogen plasma, but a similar diagram applies to any other 
plasma. Moving along the temperature axis (vertically) reveals a total of four plasma 
regimes. At the lowest temperatures, the plasma is only partially ionized. Beyond the 
curve labeled “full ionization,” the plasma is fully ionized (which occurs once for hyd-
rogen). The boundary of this region can be expressed as kBTe ≈ Wi, where Wi is the ioni-
zation energy. At even higher temperatures (approximately above 108 K), spontaneous 
electron-positron pair production occurs. Above a temperature of 6×109 K, the thermal 
energy of the electrons exceeds their rest mass energy, i.e., the inequality kBTe > me c2 
holds, and the plasma is considered relativistic. This yields the first criterion for plasma 
classification: 

 Partially ionized plasma / Fully ionized plasma;  
 Plasma without / with electron-positron pair production; 
 Non-relativistic plasma / Relativistic plasma. 

The lower right section of the diagram (dense and cold plasmas) contains the region of 
quantum plasma. Here, the electron gas is degenerate, i.e., its occupation numbers in 
phase space are not small. Within the phase volume Δϕ = Δ3xΔ3p, the number of avail-
able quantum states is equal to Δϕ/(2πħ)3, see [2]. If the number of electrons per state is 
negligible, the electron gas exhibits classical behavior and is described by the Boltz-
mann distribution. If this is not the case, the Fermi-Dirac distribution must be applied, 
and the electron gas behaves quantum mechanically. This occurs in stellar cores, 
throughout the entire volume of a white dwarf, or in a neutron star (where the system 
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consists of neutrons rather than electrons). The boundary equation for this region can be 
expressed using the Fermi energy of electrons εF as kBTe ≈ ε F. Another possible 
classification of plasma is therefore 

 Classical plasma / Quantum plasma.  

Plasma is capable of conducting electric current. It is often a better conductor than gold 
or copper. Its conductivity is proportional to Te

3/2 and depends only slightly on the 
plasma density. In calculations, plasma is often replaced by a perfectly conducting fluid. 
In this limit, no diffusion processes occur in the plasma, and the magnetic field is 
perfectly “frozen” into the plasma, i.e., it follows all its movements. If the conductivity 
is finite, the magnetic field is partially frozen and partially diffuses into the surround-
ings. This allows us to further classify plasma:  

 Plasmas with a frozen magnetic field / Plasmas with a diffusing field.  

The temperature of a plasma is determined by the chaotic motion of its individual com-
ponents. External stimuli are first responded to by the low-mass electrons; the electron 
fluid heats up and then transfers its thermal energy to the ions during collisions. It is 
therefore possible for the electrons to have a different temperature than the ions. If both 
temperatures are equalized and all macroscopic flows cease, the plasma is considered to 
be in thermodynamic equilibrium. Otherwise, it is classified as a non-equilibrium 
plasma, leading to a further distinction: 

 Equilibrium plasma / Non-equilibrium plasma.  

In the presence of a magnetic field, the definition of temperature becomes even more 
complex. The motions of charged particles along magnetic field lines differ from those 
across the field lines, allowing the definition of two temperatures – parallel and perpen-
dicular. In addition to the equilibrium or non-equilibrium classification, plasma can also 
be categorized based on ion temperature into high-temperature (fusion, Ti > 106 K) and 
low-temperature (Ti < 105 K): 

 Low-temperature plasma – High-temperature plasma.  

Sometimes, however, low-temperature plasma is defined as partially ionized plasma and 
high-temperature plasma as fully ionized plasma.  
In a neutral gas, collisions are characterized by a sudden change in the direction of 
motion; the path of atoms or molecules resembles a jagged “zigzag” line. In a fully 
ionized plasma, collisions are governed by Coulomb interactions (electrical attraction or 
repulsion), and particles change direction only gradually. The mean free path is defined 
as the average distance over which the direction of a particle’s motion changes by 90°. 

In partially ionized plasma, both types of collisions occur – Coulomb collisions 
between charged particles and “zigzag” collisions between a charged and a neutral 
particle or between two neutral particles. Plasma is considered collisionless if the mean 
free path between collisions is greater than the dimensions of the plasma (λe,i > L). In 
such a case, the particles either do not interact or interact with each other via self-
generated collective fields. In collisionless plasma, regions that are not quasi-neutral can 
easily form. Plasma can therefore also be divided into 

 Collisionless plasma – Collisional plasma. 
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A very important parameter for assessing the properties of plasma is the Debye length 
λD. If a charged particle is in a vacuum, its potential decreases with distance as 1/r. In 
plasma, the particle is shielded, and its electric potential decreases as exp(–r/ λD)/r. Up 
to a distance of λD from the charged particle, other particles feel its individual presence; 
at greater distances, its potential is shielded. This region is referred to as the Debye 
sphere, where the key parameter is the number of particles within this volume, 
ND = (4/3)πnλD3. If ND >> 1, the total average force from individual particles cancels out, 
and collective processes prevail over collisions – a regime known as an ideal plasma, 
for which the ideal gas equation of state applies to all components.. Typically, this in-
volves hot (high-conductivity) and/or tenuous plasma. Another possible classification is 
therefore: 

 Ideal plasma / Non-ideal plasma. 

In astrophysical applications, as well as in laboratory plasmas, plasmas containing dust 
are frequently encountered. Such plasma possesses specific properties; it is necessary to 
consider the charging of dust grains, ultra-low-frequency wave modes associated with 
their motion, and in the case of large clouds, the inclusion of the gravitational in-
teraction of dust grains is indispensable. For this reason, plasma is often classified into: 

 Dusty plasma / Dust-free plasma. 

Of course, there are other classifications of plasmas; different aspects are important in 
each field. The overview provided above is sufficient for a basic understanding of the 
types of plasma. 
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1.2  Charged Particle Motion 
Throughout the first chapter, the motion of particles is calculated in external, known 
(given) fields under the assumptions that: Equation Chapter (Next) Section 1 

1. Particles do not interact with one another. 
2. Particles’ own fields are negligible. 

To describe the electric field, the electric field E is used; to describe the magnetic field, 
the magnetic flux density B is used. Alternatively, the electric and magnetic fields can 
be described using scalar and vector potentials (ϕ, A). The relations between fields and 
potentials are: 

 ,
t

φ∂ ∂= − −
∂ ∂
AE

x
 (1.1) 

 .= ×B A∇  (1.2) 

The reader can find the derivations of these relations in any textbook on electromagnetic 
fields, for example in [2]. When calculating the motion of charged particles, we will 
assume that the potentials ϕ(t, x) and A(t, x) are given functions. Note that they form a 
relativistic four-vector and can be transformed from one coordinate system to another 
using the Lorentz transformation. 1.2.1  Non-Relativistic Motion 
The motion of charged particles is considered non-relativistic if their velocity is 
negligible compared to the speed of light, i.e., v << c. Such particles can be found, for 
example, in the solar wind or in the plasma of an arc discharge. 

Lagrangian and Hamiltonian 
The problem of the motion of charged particles in electromagnetic fields is described by 
the Lagrangian 
 part intL L L= + , (1.3) 

where Lpart is the particle’s Lagrangian, and Lint describes the interaction between the 
particle and the field. If the particle itself generated an electromagnetic field, the field 
term of the Lagrangian would have to be added. In such a case, however, the Lagran-
gian density would be required (as this would be a continuous medium). In this ap-
proximation, the fields are fixed and are not calculated, meaning the field part of the 
Lagrangian is zero. For a conservative electric field, the Lagrangian is given by the 
relation: 

 21
2

L m Qφ= −v . (1.4) 

The form is identical to that in classical mechanics [1], where the Lagrangian is given 
by the difference between kinetic and potential energy: L = T − V. The kinetic energy 
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corresponds to the Lagrangian of a free particle, Lpart, and the potential energy corre-
sponds to the interaction with the electric field, Lint. In the presence of a non-conserva-
tive magnetic field, the interaction part must include an additional term. This term is a 
function of the four-vector of the particle's charge flux (characterizing the particle) and 
the four-vector of the field potentials (characterizing the field): 

( ) /
;

( )
Qc cQ c

Q
ρ δ φ

δ
′  −   

= = =       ′ −    

x x
v x x Aj

J A ,  

where x' is the position of the particle and x is the position of the observer. The Lagran-
gian must be a scalar; therefore, the only reasonable combination is a quantity propor-
tional to the scalar product of both four-vectors integrated over the volume (without 
integration, a quantity proportional to the Lagrangian density is obtained): 

( ) ( )3 3d ( ) dQ Q Q Qφ δ φ′ ′ ′⋅ = − + ⋅ − = − + ⋅ x A v x x x A vJ A . 

From the above relation, the missing term in (1.4) is now apparent; the correct Lagran-
gian for the non-relativistic motion of particles in an electric and magnetic fields is: 

► 21
2

L m Q Qφ= − + ⋅v A v . (1.5) 

Following standard procedures, the generalized momentum, the generalized energy, 
and, after eliminating velocity from both relations, the Hamiltonian are determined: 

► L m Q∂≡ = +
∂

p v A
v

, (1.6) 

► 21
2

L L m Qφ∂= ⋅ − = +
∂

v v
v

E , (1.7) 

► 
2( )

2
QH Q
m

φ−= +p A . (1.8) 

Note 1: In this chapter, energy is denoted by the symbol E to distinguish it from 
the electric field E. 
Note 2: Unlike in classical mechanics, the generalized momentum is not simply 
the product of mass and velocity, but also includes the vector potential. 
Note 3: Energy does not depend on the magnetic field (A), since the magnetic field 
does not alter the particle’s energy, but only changes the direction of its velocity. 

 
The corresponding Lagrange equations are identical to the Lorentz equation of motion 
for a charged particle. In component form, the relations are: 

1 ( , ) ( , ) ;
2

d 0 ,
d

l l l l

k k

L m Q t QA t

L L
t x

φ= − +

∂ ∂− =
∂ ∂

x xv v v

v
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d ( ) 0,
d

dd ( ) 0,
d d

d ( ) .
d

l
k k l

k k

k k l l
k l

l k k

kk l
k l

k k l

A
m QA Q Q

t x x

A A x A
m Q Q Q Q

t t x t x x

AA A
m Q

t t x x x

φ

φ

φ

∂∂+ + − =
∂ ∂

∂ ∂ ∂∂+ + + − =
∂ ∂ ∂ ∂

  ∂∂ ∂∂ = − − + −  ∂ ∂ ∂ ∂   

v v

v v

v v

 

Using the Levi-Civita tensor, the last expression in square brackets can be transformed 
into the form (for the complete derivation, see Selected Topics, Volume I, Section 
I.3.3.4, Vector Identities): 

 [ ]d d( ) curl ( ) ,
d d

φ ∂ ∂= − − + ×  = + × ∂ ∂ 
m Q m Q

t t t
Av v A v E v B

x
 (1.9) 

which represents the well-known Lorentz force equation.  

Motion in an Electric Field and the Optical Analogy 
If a charged particle moves for a sufficiently long time in a homogeneous electric field, 
the problem cannot be solved non-relativistically, as the electric field would accelerate 
the particle beyond the speed of light, contradicting special relativity. However, it is 
possible to analyze scenarios where the electric field is confined to a localized region, 
such as a plasma layer. An idealized example is a shock wave featuring an electric 
potential jump (a double layer, examined in more detail in Section 1.3.3). 

φ1 φ2

α1

α2

v1

v2

x

y

 
Fig. 1.1: Jump in electrical potential. 

It is assumed that the potential is constant in both half-spaces shown in the figure, 
meaning the electric field vanishes there. Consequently, a charged particle moves at 
a constant velocity in these regions. Within the thin transition layer (shaded gray) at the 
interface, the potential changes; here, the electric field is non-zero and points along the 
x-axis. If this transition layer is infinitesimally thin, the potential change becomes step-
like. Since no field acts along the y-axis, the y-component of the particle's velocity re-
mains unchanged and is therefore continuous: 

 1 1 2 2sin sinα α=v v . (1.10) 
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The total energy of the charged particle is conserved during its motion, see (1.7): 

 2 2
1 1 2 2

1 1
2 2

m Q m Qφ φ+ = + =v v E .  (1.11) 

Substituting the velocities from (1.11) into (1.10) yields:  

 2 21 2 2

2 1 1 1 1

sin
sin

Q C U
Q C U

φ φα
α φ φ

− −
= = = =

− −

E

E
v
v

. (1.12) 

This relation represents the optical analogy of particle motion in an electric field. While 
its form resembles the law of refraction, the velocity ratio is inverted. A similar ap-
proach was adopted by René Descartes when deriving the refractive index; he modeled 
light as particles that lose energy at the interface between two media, as if penetrating 
a barrier. The inverted velocity ratio did not concern him, as he interpreted it as an in-
trinsic property of the medium (the refractive index). The law of refraction was cor-
rectly derived by the Dutch mathematician and astronomer Willebrord Snellius, which 
is why it is known as Snell law. 

Motion in a Homogeneous Magnetic Field 

 

Electromagnetic field: 
(0,0,0) ,
(0,0, ) ;B

=
=

E
B

 

Initial conditions: 
(0) (0,0,0) ,
(0) (0, ,0) .m ⊥

=
=

x
p v

 

Consider a homogeneous magnetic field; where the coordinate system is chosen with 
the z-axis pointing in the direction of the field. A charged particle is injected perpen-
dicular to the magnetic field lines in the direction of the y-axis. The motion is determi-
ned using Hamilton equations. To construct the Hamiltonian, the field potentials must 
first be found. They are not uniquely determined (different potentials yield the same 
fields). For example, for the magnetic potential, the expressions A = (−yB, 0, 0), 
A = (0, xB, 0), or A = ½ (−yB, xB, 0) can be used. Verify that the curl of A always 
yields the field B = (0, 0, B). Here, potentials of the following form are selected: 

0 ,

(0, ,0) .xB

φ =

=A
 

The potentials of electric and magnetic fields for typical configurations can be found in 
Selected Topics, Volume II, on p. 172. The generalized momentum is given in our case 
by the relation p = mv + QA. For the Hamiltonian, we have 

2 2 22 ( )( )
2 2

x y zp p QBx pQH Q
m m

φ
+ − +−= + =p A  

and the Hamiltonian equations are 
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 ,x

x

pHx
p m

∂= =
∂

  (1.13) 

 ,y

y

p QBxHy
p m

−∂= =
∂

  (1.14) 

 ,z

z

pHz
p m

∂= =
∂

  (1.15) 

 
( )

,y
x

QB p QBxHp
x m

−∂= − =
∂

  (1.16) 

 0 ,y
Hp
y

∂= − =
∂

  (1.17) 

 0 .z
Hp
z

∂= − =
∂

  (1.18) 

From equations (1.17) and (1.18), we immediately obtain 

( ) (0) ,

( ) (0) 0 .

⊥= =

= =

y y

z z

p t p m

p t p

v
 

Substituting these expressions, along with px as expressed in (1.13), into (1.16) yields 
2 QBQBx x

m m
⊥ + = 

 
 v . 

This is the equation for the variable x. After solving it (the general solution is composed 
of the complementary and particular solutions), the time dependence x(t) is established, 
allowing for the direct integration of equations (1.14) and (1.15). The result is 

 

L L c

L c

( ) cos ,

( ) sin ,

( ) 0,

ω

ω

= −

=

=

x t R R t

y t R t

z t

 (1.19) 

where RL denotes the so-called Larmor radius and ωc the cyclotron frequency: 

 L c;m QBR
QB m

ω⊥≡ ≡
v  (1.20) 

The trajectory is obtained by eliminating time from (1.19): 

 ( )2 22
L L .x R y R− + =  (1.21) 

The motion occurs along a circle with radius RL and center S = [ RL, 0 ]. The position of 
the center depends on the sign of the particle’s charge.  
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The magnetic field does not affect the particle’s motion parallel to the field lines. 
Perpendicular to the direction of the field, the Lorentz force acts, forcing the particle 
into a circular trajectory. For a non-zero initial velocity vz(0), the particle’s motion 
consists of uniform linear motion along the field and Larmor rotation (so-called gyra-
tion) in a plane perpendicular to the field – resulting in helical motion. 

An electric field, on the other hand, does not affect the motion perpendicular to its 
lines of force (in the non-relativistic case), or does so only negligibly (in the relativistic 
case). Acceleration occurs exclusively in the direction of the electric field. 

 
Fig. 1.3: Motions of a charged particle in a homogeneous magnetic field. 

Note: The Larmor motion can also be calculated directly from the Lorentz equa-
tion of motion m Q= ×r r B  . The z-component again leads to uniform linear mo-
tion. For the x and y components, we obtain 

 QBx y
m

=  , (1.22) 

 QBy x
m

= −  . (1.23) 

Both equations can be solved in several ways. Landau method is probably the most 
efficient approach: the second equation is multiplied by the imaginary unit and 
added to the first. The ratio QB/m is denoted as the cyclotron frequency: 

 ci i ( i )x y x yω+ = − +     (1.24) 

Now, the complex variable ξ = x + iy can be introduced to solve a simple equation 

 ciξ ω ξ= −   (1.25) 

in the complex plane. After determining the integration constants, the desired 
particle positions x and y are obtained by separating the real and imaginary parts of 
the solution. This procedure is discussed in detail in the Selected Topics, Volume 
II; see Example 3.1 on page 255, where this solution is presented as an application 
of complex numbers. 
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Motion in Crossed Fields 
Consider now motion in a homogeneous magnetic field and a homogeneous electric 
field perpendicular to it: 

 

Electromagnetic field 
( ,0,0) ,
(0,0, ) ;
E

B
=
=

E
B

 

Initial conditions: 
(0) (0,0,0) ,
(0) (0,0,0) .

=
=

x
p

 

The choice of the coordinate system is illustrated in the figure. A charged particle is 
assumed to be initially at rest at the origin. The field potentials are chosen in the form 

 
,

(0, ,0) .

Ex

Bx

φ = −

=A
  

The generalized momentum is again p = mv + QA. The Hamiltonian is given by 

2 2 22 ( )( )
2 2

x y zp p QBx pQH Q QEx
m m

φ
+ − +−= + = −p A  

and the Hamiltonian equations for our problem are 

 ,x

x

pHx
p m

∂= =
∂

  (1.26) 

 ,y

y

p QBxHy
p m

−∂= =
∂

  (1.27) 

 ,z

z

pHz
p m

∂= =
∂

  (1.28) 

 
( )

,y
x

QB p QBxHp QE
x m

−∂= − = +
∂

  (1.29) 

 0 ,y
Hp
y

∂= − =
∂

  (1.30) 

 0 .z
Hp
z

∂= − =
∂

  (1.31) 

Following a procedure completely analogous to the previous example, the solution  
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D D c

D c D

( ) cos ,

( ) sin ,

( ) 0 ,

x t R R t

y t R t t

z t

ω

ω

= −

= −

=

v  (1.32) 

is obtained 

 D
c D D; ; mQB E R

m B QB
ω ≡ ≡ ≡

vv , (1.33) 

where ωc denotes the cyclotron frequency, vD the drift velocity, and RD the drift radius. 
After partially eliminating time from the equations (1.32), the trajectory takes the form 

 ( )2 2 2
D D D( ) .x R y t R− + + =v  (1.34) 

This represents motion along a circle of radius RD, whose center S = [RD , −vDt] moves 
at with drift velocity vD perpendicular to both the electric and magnetic fields. For zero 
initial velocity, the relation directly following from the definitions (1.33) holds: 

 D c DRω=v  (1.35) 

and the resulting curve (1.34) is called a cycloid. This is the same curve traced by point 
on the rim of a rolling car wheel. For a non-zero initial velocity, relation (1.35) no 
longer holds, and the motion follows a so-called trochoid: 

 

D D c

D c D

0

( ) cos ,

( ) sin ,

( ) ,z

x t R R t

y t R t t

z t t

ω

ω

= −

= −

=

v

v

 (1.36) 

where the drift radius has changed to 

 2 2
D 0 0 D( ) .x y

mR
QB

= + +v v v  (1.37) 

 

 

Fig. 1.5: Motions of a charged particle in crossed fields. 
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For v0z = 0, the resulting trochoid is a superposition of a circular motion and a moving 
center S = [RD , −vDt]. The trochoid can again be visualized using the analogy of a 
moving car. However, the car is skidding on ice while accelerating or braking. The 
wheels are partially spinning, meaning that the tangential velocity of the tire differs 
from the vehicle’s forward speed. In this case a point on the wheel traces a trochoid. For 
Q > 0, the trochoids take the shapes shown in Figure 1.5 (a cycloid is a special case of a 
trochoid and is shown on the left in the figure). At points 1, 2, and 3 on the trajectory, 
the electric potential is different 

1 2 3 .Exφ φ φ φ= −  < <  

and, due to the law of conservation of energy, the particle has a different velocity 

2
1 2 3

1 const
2

m Qφ+ =  > >v v v v  

and thus a different Larmor radius: 

1 2 3L L L L .mR R R R
QB

=  > >v  

The trochoidal trajectory of the particle can therefore be interpreted as motion along a 
circle with a variable radius. The following Figure shows typical tracks of charged par-
ticles in a cloud chamber. The influence of the magnetic field is very clearly visible. 

 
Fig. 1.6: Particle tracks in a cloud chamber. Source: Christian Parsons, Argentina. 
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Lagrangian and Hamiltonian 
In the Lagrangian (1.5), only the interaction term is expressed in relativistic form, since 
it arises as the scalar product of two four-vectors. The action dS = Ldt for a free particle 
must be an invariant of the theory. In non-relativistic physics, where time is absolute, 
the invariance of the Lagrangian function L suffices. In relativity, the invariance of the 
entire Ldt term is required. The only invariant is the interval ds2 = −c2dt 2  + dl 2. In the 
particle’s proper frame, ds2 = −c2dτ2, where τ is the particle’s proper time. From the last  

 2 2d d 1 /t cτ ≡ − v , (1.38) 

The term Ldt should be a function of this invariant; the simplest choice is Ldt = α dτ, i.e., 

2 2
part 1 / .L cα= − v  

The proportionality coefficient α is determined such that, in the limit of low velocities, 
the expression reduces to the Lagrangian function m0v2/2 for a non-relativistic particle 
(where m0 is the rest mass of the particle): 

2 2
2 2 2

part 02 21 / 1 .
2 2

L c m c
c c

α α α α α
 

= − ≈ − = −  = −  
 

v vv  

The square root was expanded to first order using the relation (1+x)n ≈ 1+nx, which 
holds for x << 1. The shift by a constant is negligible. The resulting Lagrangian for the 
relativistic motion of charged particles in electric and magnetic fields is therefore 

► 2 2 2
0 1L m c c Q Qφ= − − − + ⋅v A v . (1.39) 

Momentum and energy are determined in the standard way: 

 0
2 21

mL Q
c

∂≡ = +
∂ −

vp A
v v

, (1.40) 

 
2

0
2 21

m cL L Q
c

φ∂= ⋅ − = +
∂ −

v
v v

E , (1.41) 

If the Lorentz factor from special relativity is introduced in the standard way 

 
2 2

1

1 c
γ ≡

− v
,  

the relations for energy and momentum take on a simple form 

► 0m Qγ≡ +p v A , (1.42) 

► 2
0m c Qγ φ= +E . (1.43) 
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Introducing the so-called “relativistic” mass (which is not the most suitable designation) 

 0m mγ≡ , (1.44) 

the relations for momentum and energy take on a simple and intuitive form 

 2;m Q mc Qφ= + = +p v A E . (1.45) 

The final step will be to derive the Hamiltonian. From classical mechanics, it is known 
that it is always possible to find a Legendre dual transformation, i.e., to eliminate 
velocity from expressions (1.40) and (1.41). The most straightforward procedure is to 
isolate the square roots on the right hand side and square the equations: 

( )

( )

2 2
2 0

2 2

2 2
2 0

2 2 2

;
1

1 .
1

m
Q

c

m c
Q

c c
φ

− =
−

− =
−

vp A
v

v
E

 

If the two equations are now subtracted from each other, the numerator and denominator 
on the right-hand side cancel out, and the velocity dependence is eliminated: 

( ) ( )2 2 2 2
02

1 .Q Q m c
c

φ− − − =p AE  

Finally, the energy is calculated and defined as the Hamiltonian: 

 2 2 2
0 ( )H c m c Q Qφ= + − +p A . (1.46) 

Relativistic Equation of Motion 
When deriving the relativistic equation of motion, the procedure is similar to that of its 
non-relativistic version (1.9). All modifications are completely identical; the momentum 
γm0vk + QA from (1.40) is simply substituted for ∂L/∂vk, yielding 

► ( )0
d
d

m Q Q
t

γ = + ×v E v B , (1.47) 

which is the well-known Lorentz equation of motion. Its left-hand side contains the 
additional Lorentz factor γ, which depends on velocity and is embedded inside a square 
root. This complicates numerical simulations, making Hamilton equations more ad-
vantageous due to their explicit first-order form. To use the Lorentz equation effec-
tively, the following substitution is appropriate 

 
2 21 /

=
− c

vu
v

, (1.48) 

which transforms the equation into a form more suitable for numerical integration 

 ( )0 2 2

d
d 1 /

Qm Q
t c

×= +
+

u Bu E
u

. (1.49) 
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The equation of motion can now be rewritten in its Lorentz-covariant form. To under-
stand these derivations, the reader should be familiar with the basics of special relativ-
ity, particularly four-vectors and the electromagnetic field tensor. Both can be found in 
Selected Topics II, which is available in both online and print versions. The reader may 
also skip the remainder of this section without loss of continuity. The field itself is de-
scribed using the four-potential and the electromagnetic field tensor: 

► 
/c

Aα φ 
≡  
 A

, (1.50) 

► 

0 / / /

/ 0

/ 0

/ 0

x y z

x z y

y z x

z y x

E c E c E c

E c B B
F A A

E c B B

E c B B

μν μ ν ν μ

 
 
 − −

≡ ∂ − ∂ =  
 − −
  − − 

. (1.51) 

To describe a particle, the four-velocity is introduced as: 

► d
d
xU

α
α

τ
≡ . (1.52) 

The time derivative must be taken with respect to proper time; otherwise, the transfor-
mation properties of the four-vector would be altered. Using relation (1.38), the four-
velocity is expressed in terms of the ordinary velocity v = dr/dt as 

 d d d
d d d

cx x tU
t

α α
α γ

γτ τ
 

≡ = =  
 v

. (1.53) 

The square of the magnitude of the four-vector velocity is given by: 

 
2 2 2

2
2 2

dd d d
d d d d

xx s cU U c
α

α α
α

τ
τ τ τ τ

−≡ = = = − . (1.54) 

The scalar product of the four-velocity with itself is invariant and independent of the 
coordinate system. Similarly, the particle's four-acceleration is defined as: 

 d
d
Ua

α
α

τ
=   (1.55) 

Differentiating (1.54) proves the four-acceleration is perpendicular to the four-velocity:  

 

( )d 0 ,
d

dd 0 ,
d d

d2 0 ,
d

U U

UU U U

U U

α
α

α
α α

α

α
α

τ

τ τ

τ

=

+ =

=

  

From this, it immediately follows 
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 0 .a Uα
α =  (1.56) 

The final required quantity is the four-momentum, defined as: 

► 0
0

0

/
.

m c Q c
p m U QA

m Q
α α α γ φ

γ
+ 

≡ + =  + v A
 (1.57) 

The time component of the four-momentum represents energy, and the spatial compo-
nents represent the momentum vector, leading to: 

 0

0

// m c Q cc
m Q

γ φ
γ

+  
=    +   v Ap

E
  (1.58) 

This directly yields the well-known relations: 

 2 2
0 ,m c Q mc Qγ φ φ= + = +E  (1.59) 

 0m Q m Qγ= + = +p v A v A . (1.60) 

Using the four-velocity (1.53) and the field tensor (1.51), the equation of motion (1.47) 
is elegantly expressed as: 

► 0
d .

d
Um QF U

α
αβ

βτ
=  (1.61) 

This transformation utilizes the identity d/dτ = γ d/dt and the definition of the four-ve-
locity (1.53). The spatial component yields the Lorentz equation of motion, while the 
temporal component provides the energy balance: 

► 
2d

d
mc Q

t
= ⋅E v , (1.62) 

which represents the power supplied by the electric field (force multiplied by velocity). 

Motion in a Homogeneous Electric Field 

 

 

Electromagnetic field: 
( ,0,0) ,
(0,0,0) ;
E=

=
E
B

 

Initial conditions: 

0 0
0 0 2 2

0

(0) (0,0,0),

(0) (0, ,0), kde .
1

=

= ≡
−

m
p p

c

x

p
v

v
 

The problem is solved as a planar (2D) problem, with the coordinate system chosen 
according to the figure. The particle’s initial velocity is assumed to be perpendicular to 
the electric field. The field potentials are chosen in the form: 

,
0 .
E xφ = −

=A
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The value of the potential ϕ follows from equation (1.1) for A = 0. The Hamiltonian is 

2 2 2 2 2 2 2
0 0( ) x yH c m c Q Q c m c p p QExφ= + − + = + + −p A  

and the corresponding Hamiltonian equations take the form 

 
2 2 2 2
0

,x

x x y

cpHx
p m c p p

∂= =
∂ + +

  (1.63) 

 
2 2 2 2
0

,y

y x y

cpHy
p m c p p

∂= =
∂ + +

  (1.64) 

 ,x
Hp QE
x

∂= − =
∂

  (1.65) 

 0 .y
Hp
y

∂= − =
∂

  (1.66) 

By integrating equations (1.65) and (1.66), the following relations are obtained: 

0

( ) ,
( ) (0) const .

x

y y

p t QEt
p t p p

=
= = =

 

This solution is substituted into equations (1.63), and (1.64), and integrated (a table of 
the necessary integrals can be found in Selected Topics I, Section I.3.10.4, p. 369): 

2 2
0 02 2 2 2 2 200 0 0

( ) d d ( ) ,
( )

tt x

x y

cp QEt cx t t c t QEt
QEm c p p QEt

π π
π

′  ′ ′= = = + − 
 ′+ + +

   

0 0
2 2 2 2 2 200 00 0

( ) d d argsh .
( )

t ty

x y

p p ccp QEty t t c t
QEm c p p QEt ππ

 
′ ′= = =   ′+ + +  

   

The resulting solution is therefore given by the relations 

► 
( )

( )

20
0

0
0

( ) 1 / 1 ,

( ) argsh / ,

c
x t QEt

QE
p c

y t QEt
QE

π π

π

 
= + − 

 

=

 (1.67) 

where the following notation has been introduced: 

 
2 2

0 0 0 0

2 2 2
0 0 0

1 ,

.

p m c

m c pπ

≡ −

≡ +

v v
 (1.68) 

For short time intervals, the expressions reduce to their non-relativistic forms: 

0 0 0 0 0 0 0(tj. ) ;c p m c m c p mπ ≈ = v v , i.e. 



30 Plasma Theory 
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The expressions clearly reduce to the familiar classical relations – uniformly accelerated 
motion in the direction of the field and uniform motion perpendicular to the field. 
Unlike in the classical case, the velocity in the direction of the field, vx, does not in-
crease indefinitely during acceleration in a homogeneous electric field: 

2
2 2
0

dlim ( ) lim lim ( ) .
d ( )

x
t t t

x c tt QE c
t QE QEtπ→∞ →∞ →∞

= = ⋅ ⋅ =
+

v
 

At any finite time t, vx remains strictly less than c. Eliminating time from (1.67) by 
substitution yields the particle’s trajectory:  

► 0

0
cosh 1 .

π   
= −  

   

c QEx y
QE p c

 (1.69) 

The figure below plots the classical x = y 2/2 and relativistic x = cosh(y) − 1 functions. 

 
Fig. 1.8: Difference between the relativistic (actual) and non-relativistic trajectories. 

Collinear Magnetic and Electric Fields 
The magnetic field alters the velocity direction, not its magnitude. An interesting sce-
nario arises when the magnetic and electric fields are parallel. In this case, there is no 
E×B drift; the particle gyrates around the magnetic field lines and accelerates along 
them, asymptotically approaching the speed of light. Even in this situation, the Larmor 
radius remains unchanged, while its gyrofrequency varies.  

Invariance of the Gyration Radius 
If the technical details are not required, the invariance of the gyration radius can be 
accepted without proof, and this entire section, “Collinear Magnetic and Electric 
Fields,” may be skipped. In Cartesian coordinates, both fields are oriented along the  
z-axis, i.e. 



1.2  Charged Particle Motions 31 

 
(0,0, ) ,

(0,0, ) .

B

E

=

=

B

E
 (1.70) 

The Lorentz equation of motion 

 ( ) ( )0
d
d

m Q
t

γ = + ×v E v B  (1.71) 

leads to the system 
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 (1.72) 

where ωc0 denotes the non-relativistic cyclotron frequency: 

 0 0/c QB mω ≡ . (1.73) 

The first two equations are coupled to the third via the Lorentz factor: 

 
2 2 2 2

1

1 ( )/x y z c
γ =

− + +v v v
  (1.74) 

For now, only the first two equations are considered, representing the projection of the 
motion onto the (x, y) plane perpendicular (⊥) to both fields. Let the vector 

 ( ) c0 c0
d ( , ) .
d y xt

γ ω ω⊥ ⊥≡ = −K v v v   (1.75) 

be introduced. By differentiation, it follows that 

 γ γ⊥ ⊥ ⊥≡ +K v a , (1.76) 

from which the acceleration in the perpendicular plane is calculated: 

 γ
γ γ

⊥
⊥ ⊥= −

Ka v


, (1.77) 

which represents the superposition of two vectors: 

 1 2;γ
γ γ

⊥
⊥= − =

Ka v a


. (1.78) 

The first vector points in the direction of v⊥ and the second vector is perpendicular to 
the first, because 

 1 2 c0 c0 0x y y xω ω⊥ ⊥⋅ ∝ ⋅ = ⋅ − ⋅ =a a v K v v v v . (1.79) 
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The second vector is normal to the trajectory's projection onto the perpendicular plane, 
representing the normal acceleration. This allows the calculation of the curvature radius: 

 
2 2

2 2c02 c0| || | | |
x y

R γ
ω ω
γ

⊥ ⊥ ⊥= = =
+a

v v v

v v
. (1.80) 

This constant radius of curvature implies that the perpendicular motion is circular. To 
demonstrate this, it is sufficient to prove that 

 ( )d 0
dt

γ ⊥ =v . (1.81) 

Let the vector 
 .γ⊥ ⊥≡u v  (1.82) 

be introduced. The proof of the above statement is then relatively straightforward: 

 ( ) 2 2d d d .
d d d x yv u u u

t t t u
γ ⊥ ⊥

⊥ ⊥
⊥

⋅
= = + =

u u    

From the relation (1.75), it is clear that  

 d
dt

⊥
⊥=

u K , (1.83) 

and therefore 

 ( ) c0 c0
d ( , ) ( , ) 0
d x y y xt

γ γ γ ω ω⊥ ⊥ ⊥∝ ⋅ = ⋅ − =u Kv v v v v . (1.84) 

This proves that the motion is circular with a Larmor radius given by (1.80)  

► L
c0

const
| |

R γ
ω

⊥= =
v , (1.85) 

which remains constant during the motion. An increase in the longitudinal component 
of velocity leads to an increase in γ, which is compensated by a decrease in the 
azimuthal component of velocity. This expression can be rewritten using individual 
velocity components in cylindrical coordinates, vr = 0 and v⊥ = vφ: 

 L 2 2 2
c0| | 1 ( )/z

R
c

ϕ

ϕω
=

− +

v

v v
. (1.86) 

The increase in the longitudinal velocity component caused by the acceleration from the 
electric field is compensated by a decrease in the azimuthal velocity component, 
keeping the Larmor radius constant. The Larmor radius (1.85) can be recorded for 
further use using the initial values: 

 00
L 0 2 2 2c0 0 0

; .
| | 1 ( )/z

u
R u

c

ϕ

ϕ
ω

= ≡
− +

v

v v
  (1.87) 
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Time Dependence of the Velocity Components 
From the remaining component of the equation of motion (1.72), it follows that  

 ( )0
0

z
QE t t
m

γ = −v , (1.88) 

where t0 is the time at which the longitudinal velocity component was zero. For a 
trajectory with a fixed Larmor radius (vr = 0):  

 
2 2 2

1

1 ( ) /z cϕ

γ =
− +v v

. (1.89) 

From equations (1.86), (1.88), and (1.89), the time dependencies are readily obtained: 
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22 2 2
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z
u c
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ττ τ
ττ

= =
++ +

v v  (1.90) 

 ( )( )2 2 2
0( ) 1 / 1 ,u cγ τ τ= + +  (1.91) 

where the Larmor radius is expressed from (1.87), and τ denotes the dimensionless time 
measured from the moment when the longitudinal (z) velocity component is zero: 

 0
2 20 01 /

t tQE
m c u c

τ −
≡

+
, (1.92) 

 
Fig. 1.9: Longitudinal velocity component increases with time, asymptotically approaching c. The 
transverse (azimuthal) component decreases (the curves correspond to different initial values). 
The radial component is zero. The dimensionless time τ is defined by (1.92). 

As the azimuthal velocity decreases, the gyration frequency also drops: 

► 
( )( )

c0 c0
c

2 2 2L 0

( ) .
1 / 1R u c

ϕ ω ωω τ ϕ
γ τ

= = = =
+ +


v

 (1.93) 
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In theoretical mechanics, fundamental conservation laws are associated with symmetries 
in nature (conservation of energy, momentum, angular momentum, and other quanti-
ties), alongside so-called adiabatic invariants. Consider an arbitrary periodic motion 
described by a variable q (such as an angle or distance). If external fields change only 
slightly over a single period of motion (an adiabatic process), it can be demonstrated 
that the quantity 

► d constqI p q≡ =  (1.94) 

remains constant, pq is the generalized momentum with respect to the variable q. Such a 
quantity is termed an adiabatic invariant. A detailed derivation is provided in Selected 
Topics , Volume I. 

In plasma physics, the magnetic field is assumed to dominantly influence the motion 
of charged particles, making the Larmor rotation (gyration around magnetic field lines) 
the fundamental periodic motion. Other fields, such as electric and gravitational fields, 
may also be present. Under the assumption that all fields change only slightly during 
one Larmor rotation, this condition implies a small temporal change in the fields over 
one particle rotation. Spatially, it states that the fields vary minimally over the scale of 
the Larmor radius. Mathematically, both assumptions are expressed as follows: 

 
L

; for ,
∂ ∂

∀
∂ ∂

 k k

l

F FF F k l
t T x R

, (1.95) 

where F represents any field affecting the particle motion. Fields may vary in both time 
and space, but only to a small extent. Under this assumption, a quantity called the first 
adiabatic invariant is conserved. Subsequent calculations frequently require the projec-
tion of the particle’s velocity parallel to the magnetic field (where motion is force-free 
and follows the field lines) and the projection perpendicular to the field lines (corre-
sponding to the Larmor rotation): 

► magnitude × direction ( ) , = = ⋅ = ⋅ 
 

 B BB B
B Bv v v e e  (1.96) 

► ( ) ( ) ( ) ( )B B B B B B B B⊥ = − = − ⋅ = ⋅ − ⋅ = × ×v v v v v e e v e e e v e e v e . (1.97) 

First Adiabatic Invariant 
In gyration, the generalized coordinate describing the periodic motion is the rotation 
angle. The particle's generalized angular momentum corresponds to the axis of gyration. 
If the other fields vary only slightly, the quantity 

 Ld 2qI p q mR π⊥≡ = ⋅ v   (1.98) 

is conserved. Substituting the Larmor radius from the relation (1.20) yields 

 
2

const
B
⊥ =
v   (1.99) 
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Consequently, a stronger magnetic field grows the perpendicular velocity component, 
increasing the pitch angle between the trajectory and the field. This quantity is the first 
adiabatic invariant, conventionally scaled to represent the ratio of perpendicular kinetic 
energy to the magnetic field: 

► 
2

const
2B

μ ⊥≡ =
mv  (1.100) 

The conservation of this quantity can be demonstrated through a simple example. Con-
sider a homogeneous magnetic field whose magnitude increases over time (causing the 
field lines to tighten). The non-zero change in the field ∂B/∂t points in its own direction. 
According to Maxwell equation ∇× E = −∂B/∂t, an induced non-conservative (rota-
tional) electric field arises, accelerating the gyrating particle. The increase in the per-
pendicular component of the kinetic energy during one period is given by 

d d
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The derivation utilizes the Stokes theorem and the Faraday law of induction. In this 
example the time variation of the magnetic field is considered constant, allowing it to be 
extracted from the integration and replaced by the field variation over a single gyration 
period. Under the adiabatic approximation, the area of the Larmor rotation remains 
unchanged over one turn and equals the area of the gyration circle. The sign is positive 
because, in a strengthening magnetic field, the electric field is oriented such that it 
accelerates the particle (the increasing magnetic energy is transferred to the particle): 

2 2 2
L L L

c
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2 /
π π π

π ω⊥
∂ Δ ΔΔ ≅ = =
∂
B B BW Q R Q R Q R
t T

 

Substituting the previously derived relations for the Larmor radius R L = mv⊥/QB and the 
cyclotron frequency ωc = QB/m yields the relation 
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W m
B B

μ ⊥ ⊥≡ = =
v . (1.101) 

Thus, this specific example validates the general formula (1.100).  
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Note: The first adiabatic invariant has several physical interpretations: 
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 (1.102) 

The second and third expressions represent the magnitude of the magnetic moment 
of a gyrating particle. The equivalence of all expressions can be verified by direct 
substitution (where I is the electric current generated by the particle) 

2
2
L

2

L

;
2

1 1 .
2 2 2

mQIS R
T B

mQ QR
B

π ⊥

⊥
⊥

= = =

× = = =r v





v

vv
 

Motion of the Guiding Center 
In many cases, knowledge of the detailed motion of a particle in a magnetic field is not 
required. By centering the problem around a known gyration motion, the focus can be 
shifted solely to the motion of the guiding center itself. The derivation utilizes a small 
parameter ε, which determines the significance of individual terms. After centering, the 
limit ε → 1 is taken. Prior to centering, two distinct timescales are utilized: 

t a slowly varying time in accordance with the adiabatic approximation (describ-
ing changes in the fields) 

τ a rapidly varying time describing the individual phases of gyration, used for 
averaging, assuming that τ ~ t /ε. 

Let R(t) be the guiding center (see figure), r(t, τ) the actual position of the particle, and 
ρ(t, τ) the gyration vector, over which the values are averaged: 

 
Fig. 1.10: Motion of the guiding center (dotted) and motion of the particle (dashed). 

A coordinate system is introduced such that the third axis locally points in the direction 
of the magnetic field, so that: 
 3( ) /t B=e B . (1.103) 

According to the figure, the position vector of the particle is: 
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 ( , ) ( ) ( , )t t tτ ε τ= +r R ρ . (1.104) 

The parameter ε is used to indicate that gyration is less significant than the motion of 
the guiding center. According to (1.19), gyration in this coordinate system yields:  

 ( ) ( )1 L c 2 L c( , ) ( ) ( ) cos ( ) ( ) ( )sin ( )t t R t t t R t tτ ω τ ω τ= − +e eρ . (1.105) 

Note that rapid changes related to gyration are denoted by the time τ, over which the 
averaging is performed. The equation of motion for the particle is written in the form: 

 
2

ext2
d d

dd
m Q

tt
= + ×r rF B . (1.106) 

The parameter ε could also distinguish between important and less important terms in 
the equation of motion, but this is non-essential here. The fields are calculated at the 
particle's position, i.e., in coordinates (t, r): 
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ext2
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m t Q t

tt
= + ×r rF r B r , (1.107) 

The individual terms are now calculated in accordance with (1.104). The derivative with 
respect to time t is denoted by a dot, and the derivative with respect to the rapid time 
τ ~ t/ε by a prime, i.e., ∂/∂t → ˑ, ∂/∂τ → ′. Furthermore, dτ/dt ~ 1/ε. Expressing both 
fields (F, B) in the argument and performing a first-order Taylor expansion yields: 
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After substitution, the equation of motion takes the form: 
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Averaging over the rapidly changing time τ reveals from (1.105) that:  

 0τ τ τ τ τ τ′ ′ ′′= = = = = =  ρ ρ ρ ρ ρ ρ . (1.108) 

Only the mean values of the square of the gyration vector ρ will remain non-zero. In the 
equation of motion, only terms up to the first order in ε are retained: 

ext ( ) ( ) ( )m Q Q τε ′= + × + × ⋅R F R R B R B  ρ ρ ∇ . 
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All that remains is to perform the averaging of the last term. Substituting the gyration 
vector from (1.105) and the gradient 1 2 3x y z∂ + ∂ + ∂e e e , and the relations  

1 2 3 2 3 1 3 1 2 3

2 2
c c c c c c
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2
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τ τ τ τ τ
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= = = = =

e e e e e e e e e B e
 

is utilized. The averaging does not apply to the vectors ek, which vary with slow time t. 
During averaging, the third component of the gradient vanishes, assuming that the parti-
cle moves only in the (xy) plane. The result of the averaging is: 

2

ext ( ) ( ) .
2

mm Q B
B

ε ⊥= + × − ∇R F R R B R  v  

Taking the limit ε → 1, the desired equation of motion for the gyrocenter is obtained: 

► 
ext
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;

.
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m Q B

m
B

μ

μ ⊥

= + × −

≡

R F R B  ∇

v  (1.109) 

Note: All forces in the equation are fictitious; they act at the gyrocenter, where in 
reality no particle is present. 

Force –μ grad B 
The effective force −μ∇B repels particles from regions of stronger magnetic fields. It 
depends solely on the field magnitude B, not its direction, pointing from stronger to 
weaker field regions. Its coefficient is the first adiabatic invariant. This force acts at the 
guiding center and results from gyration averaging, as illustrated for converging field 
lines in Figure 1.11. Since the Lorentz force is perpendicular to the field lines, a non-
zero parallel component arises during averaging, pushing the particle out of the strong 
field. The original unperturbed field is assumed to point along the z-axis:  

(0,0, )B=B . 

 

 
Fig. 1.11: Gradient B force acting due to converging magnetic field lines. 
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A small field variation ∂B/∂z > 0 is introduced, as shown in the figure on the right. 
Consequently, a non-zero radial field component Br (in cylindrical coordinates) and a 
force Fz pushing the particle out of the region of field compression arise. This is best 
demonstrated by rewriting the equation div B = 0 in cylindrical coordinates (Bφ = 0): 
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This radial field component ( r zB B B≅ ) causes a force along the z axis: 
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2
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2 2z r
Q RR B BF Q B Q R

z zϕ
ωω ∂ ∂ = − = − − − = − ∂ ∂ 

v  

According to Fig. 1.11, the angular velocity component for a positive charge is nega-
tive. Substituting the angular frequency and the Larmor radius from (1.20) yields 

2
.

2z
m B BF

B z z
μ⊥ ∂ ∂= − = −

∂ ∂
v  

 
Fig. 1.12: Gradient B force acting during spatial magnetic field compression. 

The –μ∇B force can therefore be derived without averaging over the gyration. However, 
the averaging method is more general, as it yields this force even for transverse field 
convergence where ∂B/∂x ≠ 0. 

Drift Equation 
The equation (1.109) describing the motion of the guiding center is multiplied by the 
magnetic field vector. Following a standard vector triple product manipulation and 
dividing the entire equation by QB2, it follows that  

ext
2 .B m

B B QB
μ× − × − × − ⋅ = 

 

F B B R BB BR R
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The second term on the left is the parallel velocity of the guiding center. The left-hand 
side then becomes Ṙ − Ṙ| |, yielding the perpendicular projection: 

► ext
2

B m
QB

μ
⊥

× − × − ×
=

F B B R BR


 ∇
 . (1.110) 

The derived relation is called the drift equation. The guiding center can move at a non-
zero velocity Ṙ⊥ perpendicular to the field lines. This drift arises from three factors 
corresponding to the three terms on the right-hand side. The first term represents exter-
nal forces, such as electric or gravitational fields. The second term stems from magnetic 
field inhomogeneities, causing the gradient drift. The final term is driven by non-uni-
form motion of the guiding center, caused either by velocity direction changes due to 
field line curvature (curvature drift) or velocity magnitude changes (inertial drift). 

The drift of charged particles perpendicular to the magnetic field is a very common 
phenomenon in plasma. It usually involves a combination of several simultaneous drifts, 
as certain drifts cause charge separation and induce an electric field, subsequently lead-
ing to an E×B drift. If the conditions vary slowly, the drift velocity of the guiding center 
follows these changes, making the last term in the drift equation non-zero. For example, 
an inertial drift arises from variations in the magnitude of the guiding center's velocity. 

Drifts 

E×B drift 
This drift occurs for a charged particle in crossed electric and magnetic fields (see also 
Section 1.2.1). Substituting F = QE into the drift equation (1.110) yields 

► 2E
×= E Bv

B
. (1.111) 

The drift velocity is perpendicular to both fields, with a magnitude of 

 sin ,α=E
E
B

v  (1.112) 

where α is the angle between the two fields. The previously derived relation (1.33) for 
the drift velocity represents a special case of equation  (1.111). Notably, is independent 
of the particle's mass and charge; electrons and ions drift in the same direction. Conse-
quently, this drift does not generate an electric current.  

Gravitational Drift 
In a gravity field F = m g and a magnetic field B, drift velocity is given by  

► 2g
m
Q

×= g Bv
B

, (1.113) 

which is perpendicular to both the gravitational and magnetic fields. Its direction de-
pends on the particle’s charge, being opposite for electrons and ions. Since the force 
magnitude depends on the particle mass, this drift can act as a source of electric cur-
rents. It leads to charge separation, which subsequently induces a secondary E×B drift.  
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Grad |B| Drift 
This drift is caused by spatial variations in the magnitude of the magnetic field. The 
corresponding drift velocity is given by 

► 
2

2 32B
mB B

QQB B
μ ⊥

∇
− × ×= =B Bv ∇ ∇v  . (1.114) 

 
Fig. 1.13: Gradient B drift. 

The gradient B drift depends on particles' perpendicular velocity, mass, and charge. It 
drives electrons and ions in opposite directions, generating an electric current in the 
plasma. This drift subsequently causes charge separation and a secondary E×B drift. 

Curvature Drift 
During motion along a curved field line, a centrifugal force acts on the particle: 
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where Rk is the radius of curvature of the field line.  

 
Fig. 1.14: Curvature drift. 

The curvature drift velocity is expressed as 

► 
2

k
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Q B R
×

=
R Bv v  . (1.116) 
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Unlike the gradient B drift, the curvature drift depends on the parallel velocity compo-
nent. It similarly generates a current in the plasma, leading to charge separation. The 
radius of curvature for a parametrically defined curve r = r(t) can be determined from 
the relation:  

 2 2 2 2 2 2 2 2

k

1 d d ; d d d d ds s x y z x y z t
R

= = + + = + +r    . (1.117) 

Alternatively, another expression for the radius of curvature may be more suitable for 
direct substitution into equation (1.116): 
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Polarization Drift 
If the electric field magnitude varies slowly over time, the guiding center's drift velocity 
vE (t) changes accordingly. This non-uniform motion induces an inertial drift corre-
sponding to the inertial force 

E
2

d ( ) d /d
d

t tm m m
t B

×− = − = −
v E BR  

and results in the polarization drift velocity 

► ( )P 4 d /dm t
QB

= × ×  v B E B . (1.119) 

This polarization drift generates a current in the plasma and leads to charge separation, 
which subsequently triggers a secondary E×B drift. It is thus common for a primary 
drift to induce subsequent secondary drifts. 
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1.2.4  Motion in Special Configurations 
Magnetic Mirror 
If a particle moves through a slowly varying magnetic field, the orientation of its veloc-
ity vector relative to the magnetic field lines changes. Let α denote the angle between 
the particle’s velocity and the field lines (the pitch angle): 

 
Fig. 1.15: Magnetic mirror. 

The parallel and perpendicular velocity components are given by: 

 | | cos ; sin .α α⊥= =v v v v  (1.120) 

From the law of conservation of energy E and the adiabatic invariant μ  
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the so-called mirror equation is derived: 

► 
22 2

0

0

sinsin sinconst ; i.e. αα α= =
B B B

 . (1.122) 

The subscript 0 denotes initial values of the field and the pitch angle. As the particle 
enters a stronger magnetic field, its pitch angle increases, making the gyration plane 
more perpendicular to the field lines. pitch angle reaches α = 90°, the particle is re-
flected. From (1.122), it follows that a particle starting with an initial pitch angle α0 at 
a point with a field B0 is reversed if the magnetic field increases to a critical value: 

 0
c 2

0sin
B

B
α

=  . (1.123) 

If the magnetic field does not reach this value, the particle passes through the region of 
converging field lines. Conversely, if a maximum field Bmax is specified, particles en-
tering from a region with field B0 is specified, particles entering from a region with field 
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B0 will pass through the mirror without reflection if their initial pitch angle satisfies 
the following condition (placing them inside the so-called loss cone): 

 2 0
c

max
; sin c

B
B

α α α< = . (1.124) 

Magnetic Mirror 
Azimuthal  Mirror 

–μ∇B

 
Fig. 1.16: Magnetic mirrors formed by coils (left) and a cusp configuration (right). 

The simplest magnetic mirror is created using two coaxially aligned coils with identical 
current orientations, as shown in the figure on the left. Reversing the current direction in 
one of the coils creates a so-called cusp configuration (figure on the right). In a cusp 
field, B = |B| = 0 at the exact center, meaning the Larmor radius becomes infinite, the 
cyclotron frequency drops to zero, and the spatial field variations are no longer small 
compared to the Larmor scale. Consequently, the adiabatic invariant μ is not conserved, 
allowing particles that pass through the central region to easily enter the loss cone. Par-
ticle motion within a cusp configuration cannot be resolved using the adiabatic ap-
proximation; instead, the full Lorentz equation of motion must be applied. 

Second Adiabatic Invariant and Fermi Mechanism 
Consider a particle trapped between two magnetic mirrors, a scenario typical for dipole 
fields (such as Earth’s Van Allen belts) or tokamaks (banana orbits). 

 
Fig. 1.17: Second adiabatic invariant. Particles move within the gray region. 

The particle undergoes two distinct periodic motions: 
1) Larmor gyration, associated with the first adiabatic invariant μ. 
2) Bouncing back and forth between the two mirrors (longitudinal oscillation). 
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Assume that the magnetic field varies slowly over time compared to the period of os-
cillation between the mirrors. Such variations naturally shift the mirror positions Z1 and 
Z2. Under these conditions, the so-called second adiabatic invariant, 
 
 2 dI l≡  v , (1.125) 
is conserved. 

First-Order Fermi Acceleration 
Consider a strengthening magnetic field with two slowly approaching mirrors. Assum-
ing the region of field variation is small compared to the distance between them, the 
second adiabatic invariant can be approximately written as: 

► 2 const ,L ≈v  (1.126) 

where L is the distance between the mirrors. As the distance L decreases, the parallel 
component of the velocity must increase, thereby raising the total kinetic energy of the 
particle. Upon reflection, the particle absorbs energy from the oncoming mirror and 
accelerates. This process is known as first-order Fermi acceleration. If a mirror moves 
toward the particle at a speed vZ, the particle’s parallel velocity after reflection becomes 
v + 2vZ. 

Second-Order Fermi Acceleration 
Consider charged particles moving through randomly varying magnetic fields and re-
flecting off moving magnetic mirrors moving in random directions. Through this Fermi 
mechanism, they statistically accelerate or decelerate. This process broadens the veloc-
ity distribution, allowing a fraction of fast particles to gain significant energy from en-
ergetically favorable reflections. Enrico Fermi utilized this second-order Fermi accel-
eration mechanism to explain the origin of high-energy cosmic rays.  

Magnetic Dipole and Third Adiabatic Invariant 
A magnetic dipole represents the lowest-order multipole expansion of a magnetic field. 
Its source can be, for example, a current flowing along a small circular loop. The mag-
nitude of the dipole is determined by the magnetic dipole moment pM. For a system of 
charged particles, the magnetic moment is given by the relation (see [2]): 

 ( )M
1
2 a a a

a
Q= ×p r v . (1.127) 

The sum is performed over all particles within the system. For a single particle moving 
in a circular orbit, the magnetic moment corresponds to the first adiabatic invariant of 
the particle; according to (1.102), the following holds  

 ( )
2

M
1 ,
2 2

mQ IS
B
⊥= × = =p r v v  (1.128) 

where I is the electric current flowing along the circumference of a loop with area S, 
induced by the motion of the charged particle. The volume density of the magnetic 
moment is termed magnetization and is defined as: 
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Δ M r v . (1.129) 

 

 

Fig. 1.18: Magnetic dipole. The current loop generating the dipole field  
is shown as a dashed line. 

The vector potential can be determined from the magnetic moment (see [2], chapter 
Electromagnetic Field), yielding the magnetic field:: 

 0 M
34 r

μ
π
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=

p rA , (1.130) 
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For a magnetic dipole moment oriented along the z-axis, the components are: 
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These explicit formulas enable the analysis of charged particle motion, for example, 
through numerical simulations. Given the particle's initial pitch angle and position, the 
mirror equation determines the critical field strength required for reflection along a 
given field line. If the dipole field remains stationary between reflections, both the first 
and second adiabatic invariants are conserved. Due to curvature drift, the particle also 
moves azimuthally around the dipole, performing three distinct quasi-periodic motions: 
1) Larmor gyration, 2) bounce oscillation between mirrors, and 3) azimuthal curvature 
drift. This third motion is associated with the third adiabatic invariant, which is pro-
portional to the magnetic flux through the surface bounded by the guiding center's tra-
jectory.  
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Fig. 1.19: Quasi-periodic motions of a charged particle in a magnetic dipole field. 

In the Earth’s dipole field, typical periods for these individual processes (for a particle 
energy of 1 keV on a field line at an equatorial distance of four Earth radii), see [12]: 
 

Particle 1 – gyration 2 – between mirrors 3 – drift 

Electron 1 keV 10–4 s 4 s 180 h 

Proton 1 keV 0.14 s 170 s 180 h 

The drift velocity of electrons and ions is identical; this constitutes a curvature drift, the 
value of which depends on the parallel component of the particle’s kinetic energy. 

Note: Since a dipole field decreases with the cube of the distance, the dipole mo-
ment of celestial bodies is often expressed as the product of the equatorial field 
strength and the cube of the radius, with the unit Tm3. This quantity is proportional 
to the actual dipole moment (1.127).  

Most Solar System planets possess a magnetic moment, except Mars and Venus. On 
Mars, the Mars Global Surveyor spacecraft localized crustal magnetic fields indicating 
that the planet once had a global magnetic field but subsequently lost it. On Venus, the 
surface temperature reaches approximately 460 °C, exceeding the Curie temperature at 
which magnetic signatures in rocks are erased. Consequently, it is impossible to deter-
mine Venus's past magnetic field using paleomagnetic methods. 

Planet magnetospheres are characteristically deformed by the solar wind: a bow 
shock forms on the day side, while a long magnetotail develops on the night side. Near 
the planet, the field retains an approximately dipolar character. In the polar regions, 
polar cusps – funnel-shaped structures – allow charged particles from the solar wind to 
enter the upper atmosphere. The trapped charged particles form radiation belts, where 
orbiting particles emit electromagnetic radiation (referred to as the Van Allen radiation 
belts on Earth). Mercury’s magnetosphere is particularly valuable for studying the inter-
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action between the solar wind and planetary magnetic fields; the solar wind is strongest 
at Mercury's orbit, and the interaction is minimally affected by an atmosphere, which is 
extremely thin.  

The gas and ice giants (Jupiter, Saturn, Uranus, and Neptune) possess the most ex-
tensive magnetospheres. Lacking a solid surface, their conductive liquid interiors gener-
ate exceptionally strong magnetic fields. Jupiter’s magnetosphere is unique, featuring 
a tail that extends up to 5 astronomical units, thereby reaching the orbit of Saturn. Its 
total volume is many times greater than that of the Sun and its corona combined. Jupiter 
also features intense radiation belts whose decametric and kilometric radio emissions 
serve as a standard reference source for calibrating spacecraft instruments. 

Planet Dipole moment 
(T m3) 

Equator field
(μT) 

Dipole offset
(% radius) 

Dipole-tilt angle  
(°) 

Mercury 5×1012 0.33 17 169 

Venus – – – – 

Earth 8×1015 31 7.25 11.4 

Mars – Remanent – – 

Jupiter 160×1018 430 13 9.6 

Saturn 5×1018 21 5 <1 

Uranus 0.4×1018 23 30 59 

Neptune 0.2×1018 14 55 47 
 

Electric and Magnetic Monopole 
Although magnetic monopoles have not been experimentally observed, it is instructive 
to theoretically analyze particle motion in the combined fields of electric and magnetic 
monopoles, given by the relations: 

 E
M3 30

; .
4
Q Q

r rπε
= =r rE B  (1.134) 

It is straightforward to demonstrate that during the motion of a test particle with charge 
q, the standard angular momentum is not conserved, whereas the modified vector 

 Mm qQ
r

≡ × − rN r v  (1.135) 

remains an invariant of the motion. The proof of this statement is as follows: 
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The vector N is conserved during the motion, which is confined to a conical surface 
around the N axis. The increasing magnetic field near the origin reflects the charge via 
the −μ∇B force at a minimum distance rmin. For like signs of q and QE, the particle is 
repelled, resulting in unbound motion with r ∈ (rmin, ∞). For opposite signs, the motion 
is bound within r ∈ (rmin , rmax), where the turning point rmax follows from energy 
conservation. 

 
Fig. 1.20: Electric and magnetic monopole configuration. 

Tokamaks 
In a tokamak (an acronym from the Russian TOroidnaya KAmera v MAgnitnykh 
Katushkakh), the plasma filament is confined within a toroidal geometry. The primary 
toroidal magnetic field lines follow the filament and are generated by external coils 
wound around the shell of the torus. The tokamak configuration was originally proposed 
in the 1950s in the Soviet Union by Igor Tamm and Andrei Sakharov. However, 
a purely toroidal magnetic field induces drifts that inevitably lead to particle escape. 

 
Fig. 1.21: Particle drifts in a purely toroidal geometry. 

Within a toroidal geometry, the curvature and gradient drifts cause charge separation, 
which induces a vertical electric field and subsequently triggers a rapid E×B drift that 
forces particles outward. This loss mechanism can be mitigated by twisting the mag-
netic field lines, thereby introducing an additional poloidal field component. Particle 
transport along these helical field lines connects the regions of positive and negative 
charge, effectively neutralizing the charge separation. This essential poloidal field can 
be generated through several distinct methods, such as:  
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1) Stellarator: The poloidal field is generated externally by helical coils wound 
around the vacuum vessel. 

2) Tokamak: The plasma torus acts as a transformer secondary. An induced longi-
tudinal current flows through the plasma, generating the poloidal field. 

             
Tokamak  

Secondary winding“ ” 

Primary 
winding 

I 

 
Fig. 1.22: Schematic diagram of a tokamak configuration. 

3) Multipoles: External conductors placed within or around the confinement region 
generate the poloidal field configuration. 

 
Approximate analytical expressions for fields in toroidal geometry enable estimating 
particle motion and calculating trajectories numerically. Realistic field configurations 
are typically computed using simulation codes. 

 
Fig. 1.23: Magnetic field structure inside a tokamak. 

According to Ampère law, the toroidal magnetic field strength decreases as 1/r:  

 T T0 T0 T( ) ; ( ) .RB r B B B R
r

= ≡  (1.136) 

The poloidal field varies across each magnetic surface of minor radius ρ (see figure) and 
decreases with the major radius like the toroidal field:  

 P P0 P0 P( , ) ( ) ; ( ) ( , ) .RB r B B B R
r

ρ ρ ρ ρ= ≡  (1.137) 
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The radial and vertical (z-axis) projections of the poloidal field can be determined by 
utilizing the geometric similarity of the triangles highlighted on the right of the figure:  

 P P P0( , ) cos ( ) ,r
R zB r B B
r

ρ β ρ
ρ

= =  (1.138) 

 P P P0( , ) sin ( ) .z
R R rB r B B
r

ρ β ρ
ρ
−= =  (1.139) 

It follows that 
 2 2 2 2 2 2

P P P ; ( ) .r zB B B R r zρ= + = − +  (1.140) 

Assume a particle is introduced at an angle α0 at the outer edge of the magnetic surface, 
where the total magnetic field strength reaches its minimum across the entire surface:  

 2 2
min T0 P0 ( ) RB B B

R
ρ

ρ
= +

+
. (1.141) 

The particle follows the field line toward smaller r values, where the field strength in-
creases. Reflection occurs according to the mirror equation at a critical field (1.123): 

 min
c 2

0sin
BB

α
= . (1.142) 

Reflection occurs only if the critical field is smaller than the maximum field at the inner 
edge, i.e., the particle encounters a magnetic mirror strong enough to reverse its motion: 

 2 2
c max T0 P0 ( ) RB B B B

R
ρ

ρ
< = +

−
. (1.143) 

Combining the last three equations yields the necessary condition for particle reflection: 

 2
0sin R

R
ρα
ρ

−>
+

 . (1.144) 

If this condition is not met, the particle continues along the helical field line. If met, the 
particle reflects at a turning point. Due to drifts, a characteristic banana orbit forms in 
the poloidal cross-section, named after the shape of the guiding center's trajectory.  

BminBmaxBc

B Bc max  >
without

drifts

B Bc max  < B Bc max  <

Bc Bc

with drifts

 

Fig. 1.24: Formation of a banana orbit in a tokamak cross-section. 

In addition, tokamaks utilize a vertical magnetic field generated by external coils. This 
field induces an inward radial force toward the major axis, preventing the plasma torus 
from expanding due to internal pressure.  
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The tokamak plasma is not perfectly isolated from the wall, whose inner surface 
must withstand extreme heat fluxes. This flux is directed toward a chamber region cov-
ered with heat-resistant materials (tungsten, graphite) for cooling. In older designs, 
a material limiter at the chamber bottom served as the contact point, introducing impuri-
ties and preventing product removal. Since the 1980s, a contactless divertor has been 
implemented instead. Divertor coils generate a magnetic field that creates an X-point at 
the bottom of the plasma's outer magnetic surface, guiding escaping plasma to cooled 
plates outside the active region.  

The primary heating of tokamak plasma is provided by the induced longitudinal 
plasma current. In most modern tokamaks, auxiliary plasma heating systems are also 
deployed, utilizing either neutral beam injection (NBI) or electromagnetic radiation 
tuned to suitable resonant frequencies, such as cyclotron heating or lower hybrid heating 
(LHH). Experiments have demonstrated that when the auxiliary heating power exceeds 
a certain threshold, plasma turbulence drops significantly, and particle confinement 
improves substantially. This operational regime is referred to as the High-confinement 
mode (H-mode). This phenomenon was first observed on the ASDEX tokamak in 1982, 
and today, the vast majority of large tokamaks operate routinely in the H-mode. 

The following table compares the large tokamaks WEST and JET with the giant in-
ternational experimental reactor ITER and the Czech tokamak COMPASS. Tore Supra 
was constructed at the Cadarache center in France, generating its first plasma in 1988 
and achieving a record 6.5-minute plasma sustainment in 2003. Following an extensive 
upgrade between 2010 and 2016, it operates under the name WEST (W Environment in 
Steady-state Tokamak). The JET (Joint European Torus) tokamak in Culham, England, 
operated from 1983 until its final shutdown in December 2023, setting a final world 
fusion energy record of 69 MJ. Initially managed by the JET Joint Undertaking until 
1999, its operation was subsequently overseen by the UKAEA. The Czech tokamak 
COMPASS ceased operations in 2021 to clear the way for the new COMPASS-U de-
vice. Finally, the international ITER reactor, designed to produce 500 MW of fusion 
power, is under construction in Cadarache, France, with its first plasma phase now offi-
cially rescheduled for 2034. 

COMPASS-U, under construction at the Institute of Plasma Physics of the Czech 
Academy of Sciences (IPP CAS), will feature a major radius of 0.894 m, a magnetic 
field of up to 5 T, and a  2 MA plasma current. Experimental operation is scheduled for 
approximately 2027. The original COMPASS-D tokamak was relocated to Prague in 
2006 from Culham, England, where it had been replaced by the larger MAST tokamak. 
In terms of plasma geometry, COMPASS-D was similar to the proposed ITER configu-
ration; both vacuum vessels featured a cross-section resembling the letter D. However, 
COMPASS-D was not the first Czech tokamak. It succeeded the small CASTOR (Czech 
Academy of Sciences TORus) tokamak, which was originally built at the Kurchatov 
Institute in the USSR in 1958. From 1977, it was located in Prague and served the sci-
entific and educational goals of the IPP CAS. In 1983, it underwent a major reconstruc-
tion and received a new vacuum chamber, with operations eventually terminating in 
2006. The CASTOR tokamak had a major radius of 0.4 m and a maximum magnetic 
field of 1.5 T. Following its decommissioning, it was transported to the Faculty of Nu-
clear Sciences and Physical Engineering at the Czech Technical University in Prague, 
where it was recommissioned in 2009 for educational purposes under the name Golem. 
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Tokamak WEST JET ITER Compass D 

Major radius (m) 2.5 3 6.2 0.56 

Minor radius (m) 0.5 1.25 2.0 0.23 

Plasma volume (m3) 25 155 837 0.5 

Plasma current (MA) 1.7 5÷7 15 0.4 

Electron temperature (eV) 5 000 3 000 8 800 500 

Electron density (m–3 ) 3.5×1019 4×1019 1020 1019 

Magnetic field (T) 3.7 3.4 5.3 1.15 

Confinement time (s) ~ 400 10 > 300 2 

Thermonuclear power ~ 1 kW 16 MW 500 MW – 

 
Fig. 1.25: Schematic diagram of the ITER tokamak featuring a D-shaped vacuum chamber. 

Note: Fusion research is not limited to tokamaks; numerous alternate configura-
tions explore inertial confinement fusion (laser-initiated fusion) and other innova-
tive concepts. The primary objective is to satisfy the Lawson criterion, ensuring 
that the generated fusion power exceeds the sum of plasma heating requirements 
and radiation losses. Physicist John Lawson demonstrated that the product of elec-
tron density and energy confinement time must exceed a temperature-dependent 
function: neτ > f (Т ). Evaluating the minimum of this function for the deuterium–
tritium (D-T) reaction at an optimal temperature of 25 keV (290×106 K) yields 
a minimum required value of neτ = 1.5×1020 s/m3. 
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Drifts and Currents in Plasma Filaments 
In gravitational interactions, a sphere is the typical equilibrium configuration, as seen in 
stars and massive planets. Electromagnetic interactions, however, primarily generate 
linear plasma structures – filaments often twisted into helices or more complex geome-
tries. These are sustained by self-generated magnetic fields. Later chapters demonstrate 
that only helical filaments, possessing both azimuthal and axial magnetic components, 
achieve macroscopically stable configurations. 

Consider the simplest case of an equilibrium plasma filament carrying an axial elec-
tric current, as illustrated in the figure. The associated magnetic field is strictly azi-
muthal, with its only non-zero component being Bφ. Inside the filament, the magnetic 
field strength increases with radial distance from the center, a direct consequence of 
Ampère law: a larger contours encloses a greater cross-sectional area and thus encom-
passes a larger total enclosed current. Outside the filament, the magnetic field decreases 
inversely with radius 1/r.  

 
Fig. 1.26: Plasma filament carrying a purely axial current (z-pinch configuration). 

The motion of charged particles outside the filament is straightforward, consisting of 
curvature drift and gradient B drift, both acting along the z-axis. This results in net par-
ticle drift along the length of the filament. Inside the filament, the analysis focuses on 
particle dynamics. The curl of the magnetic field B is given by:  

 0 0 C M( )μ μ ∂ × = × + = + + ∂ t
DB H M j j∇  ∇ . (1.145) 

The total current flowing through the filament is represented in the parentheses. The 
first term corresponds to the conduction current, which comprises the curvature drift 
and gradient B drift of the particles inside the filament. The second term vanishes in this 
static equilibrium case (under time-varying conditions, it would correspond to the po-
larization drift). The final term represents the magnetization current density jM = ∇×M, 
which arises from the Larmor gyration of particles that is not perfectly compensated by 
neighboring particle orbits. The relations for the individual current densities inside the 
filament can now be explicitly derived.  

Gradient B current Density 
The mean current density is expressed using the particle number density and the average 
velocity of the charge carriers as: 

.B Q nα α α
α

∇ = j v  
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The sum is performed over electrons and ions, and the angle brackets denote velocity 
averaging. Substituting the drift velocity from equation (1.114) and utilizing the cylin-
drical symmetry of the current filament yields: 
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Since the magnetic field inside the filament increases with radial distance r, the deriva-
tive satisfies ∂B/∂r > 0. The geometry of the problem dictates that the gradient B drift 
points in the negative z-direction. Averaging the perpendicular component of the kinetic 
energy, which possesses two degrees of freedom, yields:  
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Curvature Drift Current Density 
Analogous to the gradient B case, the current density arising from the curvature drift 
(1.116) is determined by:  

2 2
R e e e i i i

1 .zn m n m
rB

= +j e v v  

Evaluating the average value of the parallel kinetic energy component (where the parti-
cle possesses one degree of freedom along the magnetic field line) gives: 
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which leads to the final relation for the curvature drift current density: 
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rB rB
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Magnetization Current Density 
In a homogeneous plasma with a constant magnetic field, the net current contribution 
from the system of gyrating particles vanishes. However, if the magnetic field is inho-
mogeneous, the Larmor orbits vary spatially, and the average contribution to the current 
can be non-zero. Similarly, in a non-homogeneous plasma, the particle number density 
increases in a particular direction, and velocity averaging yields a non-zero net current. 
The magnetic moment of a single particle is given by: 
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Note: A gyrating charged particle generates a self-magnetic field that is antiparal-
lel to the background magnetic field. This property is referred to as plasma dia-
magnetism. In the coordinate system illustrated in the figure 1.26, the background 
magnetic field points along –eφ, whereas the particle’s magnetic moment points 
along +eφ. 

The total magnetization is determined by averaging over the velocity distribution: 

( )2 2
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The magnetization current density in this geometry is evaluated as: 
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Finally, it can be demonstrated that the sum of the three derived current densities yields 
the total current flowing through the plasma: 
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It follows that: 
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which represents the fundamental macroscopic magnetohydrodynamic fluid equilibrium 
condition j×B = −∇p, where the total current density appears. Microscopic particle 
drifts are thus naturally linked to macroscopic currents within a conductive continuum.  
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1. 3  Magnetohydrodynamics 

1.3.1  Minimal Model 
The Swedish physicist Hannes Alfvén first described plasma using continuum theory, 
receiving the 1970 Nobel Prize in Physics for his pioneering work in magnetohydrody-
namics (MHD). The MHD equations generalize standard hydrodynamics to a conduc-
tive fluid, or a system of multiple fluids, whose macroscopic behavior is dominantly 
influenced by a magnetic field. In this framework, the plasma is described by macro-
scopic quantities varying in time and space, such as mass density ρ(t, x), magnetic field 
B(t, x), temperature T(t, x), and the velocity field u(t, x). The velocity field is deliber-
ately denoted by the symbol u to avoid confusion with the velocities of individual parti-
cles, v. While several alternative sets of initial assumptions exist, this section focuses on 
the minimal model incorporating the simplest formulations. First, the basic continuum 
concepts necessary to understand magnetohydrodynamics are introduced. 

Basic Concepts 
Material Derivative 
The total time derivative of a vector field A(t, x) is given by:  

( )

dd ( , )
d d

.

k k l
k

l

k k k
l k

l

A A x
A t

t t x t

A A A
u A

t x t

∂ ∂
= + =

∂ ∂

∂ ∂ ∂
= + = + ⋅

∂ ∂ ∂

x

u ∇

 

The total (or material) derivative of a vector field consists of two distinct parts: 

 ( )d
dt t

∂= + ⋅
∂
AA u A∇ . (1.151) 

The first part (the local derivative) corresponds to explicit temporal changes in the 
fields, while the second part (the convective derivative) is related to the fluid flow. The 
material derivative can be written in operator form as: 

► d
dt t

∂= + ⋅
∂

u ∇ . (1.152) 

Streamline Equation 
The time derivative of a streamline element δ l caused by a spatial variation in the ve-
locity field is determined by: 

( )d δ δ ( δ ) ( ) δ ,
dt

= = + − = ⋅l u u r l u r l u∇  
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► ( )d δ δ .
dt

= ⋅l l u∇  (1.153) 

 
Fig. 1.27: Streamline element within a velocity field. 

Fluid Flow and the Continuity Equation 
The continuity equation was introduced in Selected Topics, Volume II, Section II.3.4.2. 
Since it represents a key concept in magnetohydrodynamics, its derivation is reviewed 
here. Consider the flux of an extensive (additive) quantity A that scales linearly with the 
particle number (e.g., mass, charge, energy, momentum). Conversely, intensive quanti-
ties are independent of the particle number (e.g., temperature, velocity field, electric 
field intensity). The flux of an additive quantity is described using four variables, the 
first being its volume density, defined by the relation: 

► 
0

lim .A
V

A
V

ρ
Δ →

Δ≡
Δ

 (1.154) 

Examples include mass density (kg/m3), charge density (C/m3), energy density (J/m3), 
power density (W/m3), or momentum density (kg∙m∙s–1/m3); in general, the density of an 
additive quantity has the dimension 

 [ ] [ ]
3m

A
A

ρ = . (1.155) 

The second quantity is a vector; termed the flux density of the quantity A, defined by: 

 .A Aρ≡j u  (1.156) 

Like any vector field, the flux density possesses both magnitude and direction. Its di-
rection follows the velocity field describing the fluid flow. The magnitude of the flux 
density can be determined by observing the flow through a normal surface. Over a time 
interval dt, particles traverse a distance dl = u dt toward another imaginary surface. 

 
Fig. 1.28: Flux density of an extensive quantity through a surface element. 
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The following relation applies to the flux magnitude: 

 d d d d d
d d d d d d dA A

A l A l Aj u
V t S l t S t

ρ= = = = . (1.157) 

The flux density of a quantity is therefore defined as the amount of that quantity passing 
through a normal unit area per unit time, with the dimension: 

 [ ] [ ]
2 .

m s
=A

A
j  (1.158) 

Examples include energy flux density (J∙m–2∙s–1), charge flux density (C∙m–2∙s–1), or mass 
flux density (kg∙m–2∙s–1). If the quantity A is neither created nor destroyed during the fluid 
flow, its rate of decrease within any arbitrary volume must equal the net flux of the quan-
tity out of the enclosing surface: 

 d d d
d A A

V V
V

t
ρ

∂
− = ⋅  j S . (1.159) 

The boundary of V is denoted by ∂V. Moving the time derivative inside the integral 
yields a partial derivative, since ρA(t, x) depends on space. On the right-hand side, Gauss 
theorem converts the surface integral into a volume integral:  

 d div dA
A

V V
V V

t
ρ∂

− =
∂  j . (1.160) 

Combining both integrals yields: 

 div d 0.A
A

V
V

t
ρ ∂

+ = ∂ 
 j  (1.161) 

This relation must hold for any arbitrary volume during the flow, which is possible only 
if the integrand itself vanishes identically (in principle, it could be non-zero only at 
isolated points or surfaces, generally on a set of lower dimension than the integration 
domain): 

► div 0A
At

ρ∂
+ =

∂
j . (1.162) 

The derived relation is called the continuity equation. The right-hand side vanishes if 
the quantity A is strictly conserved during the flow. If it is not conserved, the right-hand 
side is non-zero, allowing the continuity equation to be written in the general form: 

► div ,A
At

ρ∂
+ = +

∂
j S F  (1.163) 

where S  describes collision processes and F describes the influence of force fields. The 
separation of temporal and spatial variables is merely formal; the continuity equation 
can also be expressed compactly as a four-dimensional divergence: 

 0 31 2

0 1 2 3
0,j jj j

x x x x
∂ ∂∂ ∂

+ + + =
∂ ∂ ∂ ∂

 (1.164) 
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where the following four-vectors are defined: 

 0 1 2 3; ; ;A x y zj c j j j j j jρ= = = = , (1.165) 

 0 1 2 3; ; ; .x ct x x x y x z= = = =  (1.166) 

The index A has been omitted for simplicity. The speed of light c in the zero compo-
nents of the four-vectors ensures that all four components possess identical dimensions. 
In special relativity, both of these four-vectors transform in the same manner under 
Lorentz transformations, representing typical four-vectors.  

Assumptions of the Minimal Model 

1) Plasma as a Continuum 
Plasma is collision-dominated, making collisions a significant phenomenon on both 
spatial and temporal scales. The mean free paths of particles are much shorter than the 
dimensions L of the plasma under consideration, and the mean collision time for indi-
vidual particles is much shorter than the time T of observation:  

 e i n e i n, , ; , , .L Tλ λ λ τ τ τ   (1.167) 

2) Quasi-Neutrality of Plasma 
Free charge carriers are present in the plasma, but every macroscopic volume contains 
an equal number of positive and negative charges. The spatial charge density is zero:  

 0 0 ,Q Q nα αρ =  =  (1.168) 

where n is the number density (the number of particles per unit volume). In some vari-
ants of magnetohydrodynamics, this assumption is not satisfied. 

3) Single-Fluid Model 
In the first approximation, plasma can be treated as a single fluid. In this model, instead 
of the velocities of the various individual components, only the center-of-mass velocity 
u of all components and the current density j = ρQu = nQ u are utilized, where n is the 
number density: 

► 
m

m
α α

α
= 


u
u , (1.169) 

► Q nα α α=j u . (1.170) 

If the plasma consists solely of electrons and ions, ambipolar diffusion occurs; if the 
lighter electrons escape from the system, they pull the heavier ions along with them via 
the Coulomb field. The velocities of the electron and ion components are roughly bal-
anced and equal to the center-of-mass velocity: 
 e i≈ ≈u u u . (1.171) 

The slight difference in the velocities of electrons and ions determines the current den-
sity. For example, for a singly ionized plasma: ne = ni = n,  j = en(ui−ue). 



1.3  Magnetohydrodynamics 61 

 
Fig. 1.29: Direction of the current density. 

Of course, magnetohydrodynamic descriptions based on multi-fluid models also exist. 
The Lorentz force density in the single-fluid model is derived as follows: 

( ) ( )

;

;

( ) .

Q Q

Q n Q n

Q n Q n Q n Q n

α α α α

α α α α α α

α α α α α α α α α α

= + ×

= + ×

= + × = + × = ×  

F E v B

f E u B

f E u B E u B j B

 

The first term on the right vanishes due to quasi-neutrality. In the continuum limit, the 
velocity v of a single particle becomes the mean flow velocity u. In the minimal version 
of magnetohydrodynamics, the following relation for the force density is therefore used:  

► .= ×f j B  (1.172) 

4) Non-Relativistic Plasma 
The minimal MHD model requires non-relativistic velocities for all particles, i.e., 

 1.
u
c
α   (1.173) 

This implies a relatively simple form of Ohm law. In a moving plasma, the electric field 
E must be transformed from the laboratory frame to the field Ẽ in the frame moving 
with the plasma, where Ohm law j = σ Ẽ holds: 

 
2 2

( )
1 /u c

σ σ σ+ ×= = + ×
−

E u Bj E E u B  . (1.174) 

For the complex relativistic case, see Volume II, section General Transformation of the 
Electromagnetic Field, p. 229.  

5) Negligible Displacement Current 
In Maxwell equation curl H = j + ∂D/∂t, the displacement current is neglected compared 
to the current density. This holds only for low-frequency phenomena; specifically, for 
a time dependence exp[iωt], the frequency is limited by: 

/

i

t

Eωε σ

∂ ∂ 



D j

E




 

► / .ω σ ε  (1.175) 

This condition is satisfied for highly conductive plasmas or low-frequency phenomena. 
If this condition is violated, time-varying electric fields must also be taken into account. 
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Equations for Magnetic Field 
The time evolution of the magnetic field is determined from Maxwell equations sup-
plemented by Ohm law (1.174) in a moving medium: 

 

× ; 0 ;

× ; ( ) ;
0 ; ;

; / .

Q

Q

t
ρ

σ
ε

ρ μ

∂= − =
∂

= = + ×
⋅ = =
⋅ = =

BE

H j j E u B
B D E
D H B

∇

∇
∇
∇

 (1.176) 

The first equation yields the time derivative of the magnetic field; the electric field is 
substituted from Ohm law and the current density from the second Maxwell equation: 

1× × ×( × ) ×( )
σ σμ

∂  = − = − − × = − + × ∂  t
B jE u B B u B∇ ∇ ∇ ∇ ∇ . 

Rewriting the double curl using relation I.3.218 (Selected Topics, Volume I, Section 
Mathematics for Physics) yields the resulting equation: 

► 21 ×( )
σμ

∂ = + ×
∂t
B B u B∇ ∇ . (1.177) 

The equation for the ∂B/∂t can be rearranged into a form with a material derivative by 
rewriting the second term using expression I.3.219 

2

2

1 ( ) div ( ) ,

1( ) ( ) div .

t

t

σμ

σμ

∂ = + ⋅ − − ⋅
∂

∂ + ⋅ = + ⋅ −
∂

B B B u B u u B

B u B B B u B u

∇ ∇ ∇

∇ ∇ ∇
 

An alternative equation for the time evolution of the magnetic field is therefore: 

 2d 1 ( ) div .
dt σμ

= + ⋅ −B B B u B u∇ ∇  (1.178) 

According to (1.177), the magnetic field changes in two ways. The first term on the 
right-hand side represents classical diffusion – the slow penetration of the magnetic 
field into the plasma. The second term, related to plasma motion, is the frozen-in term. 
Magnetic field lines follow the plasma fluid. A rough estimation of their ratio (the mag-
netic Reynolds number) is performed by approximating vectors by their magnitudes and 
their derivatives by the inverse of the system dimension: 

► Re,M

2

1
Frozen-in term# .1 1Diffusion term

uB
L u L

B
L

σμ

σμ

= ≈ =  (1.179) 
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B B
u

Diffusion Freezing-in
 

Fig. 1.30: Diffusion and a frozen field in plasma. 

For an ideal plasma (σ → ∞), freezing dominates (#Re,M >> 1). Conversely, for slow 
plasma motions, the diffusion dominates (#Re,M << 1). The limiting cases take the form 

 
2

M M

: ×( ) ;

10 : ; .

σ

η η
σμ

∂→ ∞ = ×
∂

∂→ = ≡
∂

t

t

B u B

Bu B

∇

∇

 (1.180) 

Frozen-in Term 
Considering only the frozen-in term 

×( )
t

∂ = ×
∂
B u B∇ , 

the curl on the right is adjusted using the vector triple product – see I.3.219:  

( ) ( ) div .
t

∂ = ⋅ − ⋅ −
∂
B B u u B B u∇ ∇  

Substituting div u from the continuity equation yields: 

 

div 0 ( ) div 0

1 1div ( ) .

t t

t

ρ ρρ ρ ρ

ρ ρ
ρ ρ

∂ ∂+ =  + ⋅ + = 
∂ ∂

∂
 = − − ⋅

∂

u u u

u u

∇

∇

  

Elementary manipulations (neglecting the diffusion term) yield: 

( ) ( ) ( ) .
t t

ρ ρ
ρ ρ

∂ ∂= ⋅ − ⋅ + + ⋅
∂ ∂
B B BB u u B u∇ ∇ ∇  

Dividing the entire equation by density and rearranging the individual terms yields: 

2 2
1 1 ( ) ( ) .

t t
ρ ρ

ρ ρ ρρ ρ
 ∂ ∂− = ⋅ − ⋅ + ⋅ ∂ ∂  

B B B Bu u B u∇ ∇ ∇  

Combining the first two terms on the left-hand side, as well as the last two terms on the 
right-hand side, leads to:  
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( ) .
t ρ ρ ρ
   ∂ = ⋅ − ⋅   ∂    

B B Bu u∇ ∇  

Substituting b ≡ B/ρ the equation becomes 

( )( ) .
t

∂ + ⋅ = ⋅
∂
b u b b u∇ ∇  

Introducing the material derivative, the streamline equation (1.153) for b is obtained 

 ( )d .
dt

= ⋅b b u∇  (1.181) 

Consequently, the magnetic field follows the streamlines and is frozen into the plasma. 
The concept of freezing can also be formulated differently: The magnetic flux through 
a closed loop moving with the plasma is constant.  

Diffusion Term 
The second alternative, the diffusion term, is now considered. The coefficient ηM is 
called the magnetic diffusion coefficient. The diffusion equation can be rewritten as: 

 2
M

ˆ ˆ0 ;
t

η∂= ≡ −
∂

B  ∇ . (1.182) 

The operator ̂  is linear. The solution is sought as a superposition of Fourier modes: 

 3 i 3( , ) ( , )d ( )e d .t t t ⋅= =  k x
k kB x B x k c k  (1.183) 

Each of the Fourier modes Bk must satisfy the diffusion equation:  
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The total solution is therefore written in the form: 

 
2

M i 3( , ) (0)e e d .k tt η− ⋅=  k x
kB x c k  (1.184) 

Setting t = 0 and performing the inverse transform yields the initial value relation: 

 
( )

i 3
3

1(0) (0, ) e d
2π

− ⋅=  k x
kc B x x . (1.185) 

Relation (1.184) shows that each Fourier component exp(ik∙x) decays over time by a 
factor of exp(–ηM k2t). Thus, small-scale fluctuations (large k) decay much faster than 
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large-scale fluctuations. This behavior is characteristic of diffusion, where small ir-
regularities vanish first. 

The Green function for the diffusion equation in an unbounded domain is found by 
choosing a Dirac delta distribution localized at the point x' as the initial impulse: 

0 0 0( ) (0, ) ( ) ; (1, 1, 1).δ ′= = − =B x B x x xβ β  

The Green function can be calculated for each magnetic field component separately, as 
each satisfies the diffusion equation. Substituting the Dirac impulse into (1.185) and 
(1.184), and denoting the solution by G yields: 

( ) ( )
i 3 i0 0

3 3(0) ( )e d e
2 2

δ
π π

′− ⋅ − ⋅′= − =  k x k x
kc x x xβ β  
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β  . (1.186) 

This represents the general form of the triplet of Green functions for the diffusion equa-
tion across all three coordinate axes. The result of the integration depends on the bound-
ary conditions and the choice of coordinate system. The integration is performed for the 
simple case of an unbounded domain in the Cartesian coordinate system: 
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where the argument in the wave vector k has been completed to the power of two. In an 
unbounded domain, the final result is: 
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4 41
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Consequently, the Dirac delta localized at x' is smoothed over time in a Gaussian man-
ner. In the one-dimensional problem, this situation is illustrated in Figure 1.31. As time 
approaches zero, the Gaussian wave packet transforms back into a Dirac delta. 

Decomposing the initial condition into individual Dirac impulses and summing the 
results (with the same Green function for all three field components) yields: 

 

2

M4 3
0 3/2( ) M

1( , ) * e (0, ) d .
(4 )

tt G
t

η

πη

′−
−

′ ′= = 
x x

x
B x B B x x  (1.188) 

The field is thus the spatial convolution of the initial condition and the Green function. 
Direct substitution into the diffusion equation verifies that the relation (1.188) is its 
solution. The general derivation of the N-dimensional solution can be found in Selected 
Topics  I, Section I.3.8.4 (Green Function). 

 
Fig. 1.31: Time evolution of the Dirac impulse. 

Note 1: Alternatively, since the diffusion and Schrödinger equations share the sa-
me mathematical form, the solution can be written directly in operator form: 

2
M 0( )

0( ) e t tt η −=B B∇ . 

Substituting this into the diffusion equation verifies that the solution satisfies the 
initial condition. Following standard methods from Selected Topics I, Section 
I.3.4.5 (Spectral Theory), the spectrum of the Laplace operator ∇2 is found, and the 
spectral expansion theorem is applied: 
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Note 2: The equation for particle diffusion has the same solution: 
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 (1.189) 

Note 3: For a 1D particle source maintaining a constant number density n0 at 
the origin, the solution to the diffusion equation (proven by substitution) is 

 0( , ) 1
4
xn t x n
Dt

φ
  = −  

  
 , (1.190) 

where ϕ is an error function defined by the relation 

 
2

0

2( ) e d
x

x ξφ ξ
π

−≡  . (1.191) 

 

 Example 1.1: Find the mean position and the mean square fluctuation of the particle 
positions for the diffusion of a Dirac delta function, i.e., for the Green function (1.189) 
with a source located at the origin of the coordinates (x' = 0). 

Solution: Determining,, for example,  x  a  x2 : 
2 2 2

3 4
3/2

1( , , ) d e d d d 0 ,
(4 )

x y z
Dtx G t x x x y z

Dtπ

+ +−
′  = = = x x x  

2 2 2

2 2 3 24
3/2

1( , , ) d e d d d 2 .
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x y z
Dtx G t x x x y z Dt

Dtπ

+ +−
′  = = = x x x  

The integrals are split into individual integrations determined from relations I.3.574 to 
I.3.576. The mean position remains at the origin (where the Dirac impulse was local-
ized), and the following holds: 
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For diffusion, it is typical that the mean square fluctuations grow with time as t1/2.  
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Equation for Vector Potential 
Sometimes it is more convenient to use a vector potential satisfying the wave equation 
and the Lorentz calibration condition instead of the magnetic field directly: 

 

2
2

02 2

2

1 ,

div 0 .

c t

c t

μ

φ

∂− = −
∂

∂ + =
∂

A A j

A

∇
 (1.192) 

In magnetohydrodynamics, the Maxwell displacement current is neglected, which is 
equivalent to restricting the analysis to low-frequency phenomena, see (1.175). From 
the equation for the vector potential, only the following terms remain: 

2
0 .μ= −A j∇  

The current density from the Ohm law (1.174) is substituted: 

( )2
0 .μ σ= − + ×A E u B∇  

In MHD, the electric and magnetic fields are determined solely by the vector potential: 

; ×∂= − =
∂t
AE B A∇ . 

Substituting these into the previous relation yields the vector potential equation 

► 2

0

1 ( × ) .
μ σ

∂ = + ×
∂t
A A u A∇ ∇  (1.193) 

The vector potential equation has a convective (frozen-in) and a diffusion term. Ex-
panding the triple product on the right readily yields the material derivative form: 
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i
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t xσμ
∂

= +
∂

∇  (1.194) 

Equation for Density 
The continuity equation (1.162) serves as the equation for the time evolution of plasma 
density, written in the form: 

► div 0
t
ρ ρ∂ + =

∂
u . (1.195) 

This can be transformed into a form utilizing the material derivative: 

( ) 0k ku
t
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∂
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u
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ρ ρ ρ ∂∂ ∂+ + = 

∂ ∂ ∂
 

( ) div 0 .
t
ρ ρ ρ∂ + ⋅ + =

∂
u u∇  
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The resulting expression with the total time derivative is therefore: 

► d div 0 .
dt
ρ ρ+ =u  (1.196) 

From the last expression, it is clear that an incompressible fluid satisfies the relations: 

► const d /d 0 div 0 .tρ ρ= ⇔ = ⇔ =u  (1.197) 

A similar continuity equation also applies to number density or charge density. These 
represent the same fundamental relation, since the mass density is obtained by multi-
plying the number density by the mass of a single particle. Similarly, the charge density 
is obtained by multiplying the number density by the charge of a single particle. 

Equation for Velocity 
The velocity equation is derived in three stages: first for ideal hydrodynamics, then for 
viscous flow, and finally for a conductive fluid with magnetic and gravitational fields. 
In all cases, both a conservative form (expressed as a continuity equation) and a form 
utilizing the material derivative are established. The results are compatible with the 
velocity averaging of the Boltzmann equation in statistical physics. 

1) Ideal Hydrodynamics 
For an object of mass m, the Newton equation of motion applies: 

d
d

m
t

=v F . 

For a flowing medium, the force density is introduced as: 

 
0

lim .
V VΔ →

Δ≡
Δ

Ff  (1.198) 

In terms of densities, the Newton equation of motion takes the form (the velocity v of 
a single particle becomes the fluid flow velocity u): 

 d
dt

ρ =u f . (1.199) 

Expanding the material derivative yields the equation: 

 ( ) .
t

ρ ρ∂ + ⋅ =
∂
u u u f∇  (1.200) 

The force density varies depending on the specific processes. It may correspond to the 
Lorentz force density j×B, or to the pressure force in the case of acoustic waves in 
gases. Typically, the force points toward the minimum of potential energy: 

 PW= −F ∇ , (1.201) 
or in terms of densities: 
 Pw= −f ∇ . (1.202) 

The pressure energy is defined as Wp = ∫ p dV, making the pressure energy density 
wp = p. The density of the force caused by pressure is then given by: 
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 p= −f ∇ . (1.203) 

The equation of motion (1.200) with the pressure force density therefore takes the form: 

 ( ) .p
t

ρ ρ∂ + ⋅ = −
∂
u u u∇ ∇  (1.204) 

This is the desired equation for the time evolution of the velocity field: 

► ( )d , or .
d

p p
t t

ρ ρ ρ∂= − + ⋅ = −
∂

u u u u∇ ∇ ∇  (1.205) 

This equation can be rewritten in a conservative form, i.e., as a continuity equation for 
momentum. The time evolution of the momentum density is given by:  

( ) .k
k k

u
u u

t t t
ρρ ρ ∂∂ ∂= +

∂ ∂ ∂
 

The time derivative of the density from the continuity equation (1.195) and the time 
derivative of the velocity from the equation of motion (1.205) are substituted: 

( ) ( ) ( ) .k l l k l l k ku u u u u p
t

ρ ρ ρ∂ = − ∂ − ∂ −∂
∂

 

Moving all terms to the left-hand side and simplifying yields: 

( )

( )

( )
( ) ( ) 0

( ) 0

( ) 0 .

l k
k k l

l l k

k l k
l k

k kl k l
l

u u pu u u
t x x x

pu u u
t x x

u p u u
t x

ρ
ρ ρ

ρ ρ

ρ δ ρ

∂ ∂∂ ∂+ + + = 
∂ ∂ ∂ ∂

∂ ∂ ∂+ + = 
∂ ∂ ∂

∂ ∂+ + =
∂ ∂

 

The momentum conservation law is thus obtained. The expression in parentheses repre-
sents the momentum flux (pressure tensor). Since momentum is a vector, its flux is 
a second-order tensor, whose symmetry ensures angular momentum conservation. The 
pressure tensor consists of a scalar part (isotropic normal pressure) and a tensor part 
related to the fluid flow. This law can be written in component form as: 

► ( )(P) (P)( ) 0 ;k kl k lkl kl
l

u T T p u u
t x

ρ δ ρ∂ ∂+ = ≡ +
∂ ∂

, (1.206) 

or in invariant form as: 

► P P( ) 0 ; p
t

ρ ρ∂ + ⋅ = ≡ + ⊗
∂

u T T u u
  

∇ 1 . (1.207) 

The superscript (P) or subscript P denotes pressure; later, the viscosity tensor and 
Maxwell stress tensor will be added.  
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2) Viscous Fluid 
Viscous fluids are characterized by non-zero velocity gradients. For example, a fluid 
flowing between two parallel plates has zero velocity at the walls and a maximum value 
in between, making the perpendicular spatial derivative ∂ux/∂y non-zero. Viscous mo-
mentum losses are therefore described using the viscosity tensor: 

( / )kl kl i jV f u x= ∂ ∂ . 

 
Fig. 1.32: Flow of a viscous fluid between two plates. 

In the simplest approximation, the viscosity tensor is assumed to be linear in the veloc-
ity derivatives, alternatively, this corresponds to a first-order Taylor expansion in the 
velocity derivatives. It must be a symmetric second-order tensor to conserve angular 
momentum. Under these assumptions, its most general form is:  

divk l n k l
kl kl kl

l k n l k

u u u u u
V a b a b

x x x x x
δ δ

   ∂ ∂ ∂ ∂ ∂
= + + = + +      ∂ ∂ ∂ ∂ ∂   

u . 

This symmetric tensor is obtained by summing the derivatives in parentheses and all 
diagonal elements (the velocity divergence). In mathematics and physics, it is highly 
convenient to work with traceless tensors. Therefore, a portion of the second (scalar) 
term is combined with the first to ensure a zero trace: 

 2 div div
3

k l
kl kl kl

l k

u u
V

x x
η δ ζδ
 ∂ ∂

= + − +  ∂ ∂ 
u u . (1.208) 

The trace of the tensor part in parentheses is identical to zero: 

2 2div div div 3 div 0.
3 3

k k
kk

k k

u u
x x

δ
 ∂ ∂  + − = + − ⋅ ⋅ =    ∂ ∂   

u u u u  

The coefficients η and ζ are termed the shear and bulk viscosities, respectively. The 
conservative form of the law of conservation of momentum then takes the form  

 (P) (P)( ) 0 ;k kl k l klkl kl
l

u T T p u u V
t x

ρ δ ρ∂ ∂+ = ≡ + −
∂ ∂

. (1.209) 

The invariant form of this relation is 

 P P( ) 0 ; p
t

ρ ρ∂ + ⋅ = ≡ + ⊗ −
∂

u T T u u V
   

∇ 1 . (1.210) 
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A minus sign is introduced for the viscosity tensor because it represents losses within 
the momentum flux. Under this convention, both viscosity coefficients remain positive 
under normal physical conditions. The equation of motion is now derived by substitut-
ing both tensors into relation (1.209) and performing all required differentiations:  

2( ) div div 0
3

k l
k kl k l kl kl

l l k

u u
u p u u

t x x x
ρ δ ρ η δ ζδ

  ∂ ∂∂ ∂
 + + − + − − =  ∂ ∂ ∂ ∂   

u u . 

Following a straightforward calculation, the equation of motion is established: 

► ( ) 2 ( /3) div )p
t

ρ ρ η ζ η∂ + ⋅ = − + + +
∂
u u u u u∇ ∇ ∇ ∇( . (1.211) 

This is the famous Navier-Stokes equation for a viscous fluid. If the fluid is incom-
pressible (i.e. liquid, div u = 0), the equation of motion reduces to a simple form:  

► ( ) 2ρ ρ η∂ + ⋅ = − +
∂

p
t
u u u u∇ ∇ ∇ , (1.212) 

where the fluid behavior can be described solely by the shear viscosity coefficient η.  

3) Conductive Fluid 
In magnetohydrodynamics, the Lorentz force density is introduced on the right-hand 
side of equation (1.211): 

 ( ) 2 ( /3) div )p
t

ρ ρ η ζ η∂ + ⋅ = − + + + + ×
∂
u u u u u j B∇ ∇ ∇ ∇( . (1.213) 

To derive the conservative form, only the Lorentz force density requires modification, 
as the conservative forms of all other terms are already established: 

( ) ( ) ( )rot rot ( )k l m m kl m l no n o mk k l B H Bε ε ε× = × = = ∂ =j B H B H  

( ) ( ) o m k
l k m l no n o m kn mo ko mn m m m

n k m

H H H
H B B B B

x x x
ε ε δ δ δ δ ∂ ∂ ∂

= − ∂ = − + = − + =
∂ ∂ ∂

 

( ) .
2

m
k m k

k m m

B
H B H

x x x
∂∂ ⋅ ∂ = − + − ∂ ∂ ∂ 

H B  

The last term vanishes due to div B = 0, and the summation indices are swapped in the 
middle term: 

( ) ( )
2 2k l kl k lk

k l l
H B H B

x x x
δ∂ ⋅ ∂ ∂ ⋅   × = − + = − −   ∂ ∂ ∂   

H B H Bj B . 

The expression in square brackets represents the Maxwell stress tensor for the magnetic 
field. Similar to the pressure tensor, it consists of a scalar and a tensor component. 
Transferring this term to the left-hand side of the equation of motion yields the relation:  

► ( )(P) (M)( ) 0k kl kl
l

u T T
t x

ρ∂ ∂+ + =
∂ ∂

. (1.214) 

The individual tensors possess the components: 
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► 

(P)
P

(M)
M

, ;

, ;
2 2

2 div div .
3

kl k l klkl

kl k lkl

k l
kl kl kl

l k

T p u u V p

T H B

u u
V

x x

δ ρ ρ

δ

η δ ζδ

≡ + − ≡ + ⊗ −

⋅ ⋅≡ − ≡ − ⊗

 ∂ ∂
≡ + − +  ∂ ∂ 

T u u V

H B H BT H B

u u

 



1

1  (1.215) 

The scalar component of the Maxwell stress tensor is frequently termed magnetic pres-
sure and corresponds to the energy density of the magnetic field: 

► 
2

M .
2 2

Bp
μ

⋅= =H B  (1.216) 

Note 1: The magnetic field present within sunspots is partly responsible for their 
lower local temperature, since the total internal pressure is determined by both the 
magnetic and hydrodynamic components. 

2
out in out in/2p p nkT B nkTμ=  = + . 

Note 2: The Lorentz force consists of two distinct components: 

 M M
1 ( )p
μ

× = − ⋅ = − + ⋅j B T B B
 
∇ ∇ ∇ . (1.217) 

The first term represents the magnetic pressure gradient, while the second is re-
lated to field line curvature. This force drives the plasma to either straighten the 
field lines or, if they are closed, force them into a circular geometry. 

MHD Equations Closure 
Velocity-space averaging of the Boltzmann equation leads to the continuity, velocity, 
energy, and heat flux equations. This infinite system of partial differential equations 
must be truncated at some stage by an algebraic relation. In this model, the system is 
closed at the pressure equation by assuming that the pressure satisfies an algebraic rela-
tion p = p(ρ), such as a polytropic relation. Finally, the resulting set of MHD equations 
is written in conservative form: 

21 ×( )
σμ

∂ = + ×
∂t
B B u B∇ ∇ , 

► div 0
t
ρ ρ∂ + =

∂
u , (1.218) 

( )(P) (M)( ) 0 ,k kl kl
l

u T T
t x

ρ∂ ∂+ + =
∂ ∂

 

( ) .p p ρ=  

Explicit form utilizing the material time derivatives yields: 
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2d 1 ( ) div
dt σμ

= + ⋅ −B B B u B u∇ ∇ , 

► d div 0
dt
ρ ρ+ =u , (1.219) 

2
M

d 1 ( ) ( /3) div )
d

p p
t

ρ η ζ η
μ

= − − + ⋅ + + +u B B u u∇ ∇ ∇ ∇ ∇( , 

( ) .p p ρ=  

Various alternative formulations exist; for example, considering separate continuity and 
momentum equations for electrons and ions, and closing the system after the energy 
equation using an algebraic heat conduction relation. The equations can also be gener-
alized to include a dominant electric field influence. Common closures for the MHD 
system include: 

Incompressible Fluid Closure 
The mass density is assumed to be constant (ρ = const). The total time derivative of the 
density therefore vanishes: 
 / ( ) 0tρ ρ∂ ∂ + ⋅ =u ∇  (1.220) 

and the continuity equation implies that div u = 0. 

Polytropic Closure 
A polytropic relation between pressure and density is assumed: 

 .p K γρ=  (1.221) 

After rearrangement, it follows that: 

( ) ( ) ( )d 0 0 .
d k

k
p p u p

t t x
γ γ γρ ρ ρ− − −∂ ∂=  + =

∂ ∂
 

Following straightforward manipulation, expanding both products and substituting the 
time derivative of the density from the continuity equation yields: 

 ( ) div 0 .p p p
t

γ∂ + ⋅ + =
∂

u u∇  (1.222) 

CGL Closure 
This closure of magnetohydrodynamics accounts for the anisotropic behavior of plasma. 
It is named after its authors, Geoffrey Chew, Marvin Goldberger, and Francis Low, who 
as early as 1956 considered the pressure profile in the form 

 2( ) .k l
kl kl kl

B B
p p p p p

B
δ δ⊥ ⊥→ = + −  (1.223) 
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Hartmann Solution 
In classical hydrodynamics, the behavior of an incompressible viscous fluid between 
horizontal plates is well established. A pressure difference drives a laminar flow gov-
erned by Poiseuille law, formulated by Jean Louis Marie Poiseuille. The velocity fol-
lows a parabolic profile – vanishing at the plates and reaching its maximum value in the 
center. Boundary effects at the edges of the plates are neglected.  

 
Fig. 1.33: Fluid flow between two flat parallel plates. 

If the fluid is electrically conductive, a similar solution can be derived from the MHD 
equations, which were first formulated by Danish engineer Julian Hartmann in 1937. 
The fundamental system of magnetohydrodynamic equations is written as: 

 

[ ]

2

2

,

div 0 ,
×( )

1 × .

ρ ρ η
μ

σμ

=
 ∂ + ⋅ = − + + × ∂  

∂ = + ×
∂

p
t

t

u
u Bu u u B

B B u B

∇∇ ∇ ∇

∇ ∇

 (1.224) 

The first relation represents the continuity equation for an incompressible fluid; the 
second is the equation of motion containing, in order on the right-hand side, the pressure 
force, the viscous force, and the Lorentz force. The final relation is the induction equa-
tion for the magnetic field, comprising a diffusion term and a frozen-in term.  

Note 1: The equation of state cannot be utilized to close the system for an incom-
pressible fluid because pressure is not a function of density. Instead, pressure de-
creases linearly in the flow direction while the density remains strictly constant. 
The system is closed by assuming a constant pressure gradient.  

The coordinate system is chosen according to the figure to exploit the symmetry of the 
problem. Assuming a steady state, all temporal derivatives in (1.224) vanish. Fluid flow 
occurs exclusively parallel to the plates, meaning the velocity field possesses only the 
ux(y) component. At the walls (y = ±a), the velocity vanishes, reaching its maximum in 
the center. A non-zero magnetic field with components Bx(y) and By(y) is assumed. 
From div B = 0, it follows that By must be constant. Pressure decreases along the flow 
direction and may depend on y. The solution is sought in the form: 

 [ ] 0( ),0,0 ; ( ), , 0 ; ( , )u y B y B p p x y = = = u B . (1.225) 
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The transverse field B0 impedes the motion of the conductive fluid, while the field B(y) 
is induced during this motion. Substituting these fields into the system (1.224) yields: 

 

2 0
2

d d0 ,
dd

d0 ,
d

Bp u B
x yy

p B B
y y

η
μ

μ

∂= − + +
∂

∂= − −
∂

 (1.226) 

2

02
1 d d0 .

dd
B uB

yyσμ
= +  

Analogous to the Poiseuille law, a linear pressure drop ∂p/∂x = const. is assumed, which 
represents the only physically consistent behavior. The first and third equations then 
form a coupled system for the velocity and magnetic field, while the pressure profile is 
determined subsequently from the second equation. For u and B, the system reduces to: 

2 0
2

2

02

d d const ,
dd

1 d d 0 .
dd

Bu B
yy

B uB
yy

η
μ

σμ

+ =

+ =

 

Differentiating the first equation with respect to y allows for the elimination of the second 
derivatives of the magnetic field from the equations:  

23
0

3 2 2
d 1 d 10 ; kde , tj.

dd
Bu u

yy D D
σ

η
− = ≡  

The first integration yields: 
2

12 2
d 1 .
d

u u C
y D

− =  

This linear differential equation with a right-hand side has a general solution composed 
of a homogeneous solution and a constant particular integral:  

2
H P 2 3 1( ) ( ) ( ) cosh sinh .   = + = + −      

y yu y u y u y C C C D
D D

 

Using a homogeneous solution basis of cosh and sinh functions, the integration con-
stants are determined from the boundary conditions u(±a) = 0 and u(0) = u0, yielding: 

► 0 2
0

cosh cosh
( ) ; .

cosh 1

η
σ

   −   
   = ≡

  − 
 

a y
D Du y u D

a B
D

 (1.227) 

The magnetic field can be calculated from either the first or third equation in (1.226). 
The integration constants are determined from the continuity of the tangential H com-
ponents at the interface, B1t/μ1 = B2t/μ2, from which follows B(±a) = 0. The result is: 
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► 0 2
0

sinh sinh
( ) ; .

cosh 1

ημ σ η
σ

   −   
   = ≡

  − 
 

y y a
D a DB y u D

a B
D

 (1.228) 

The resulting velocity and magnetic field profiles are illustrated in Figure 1.34. The 
magnetic field flattens the velocity profile in the central region and causes a rapid ve-
locity decrease near the plates. A constant transverse field component (By) thus induces 
a magnetic field component oriented in the flow direction.  

 
Fig. 1.34: Velocity and magnetic field profiles for the Hartmann solution. 

The positions of the maximum and minimum of the magnetic profile can be obtained by 
differentiating the equation (1.228) 

 1,2 arcosh sinh .  = ±     

D ay D
a D

 (1.229) 

Weak Fields 
For weak magnetic fields (a/D << 1), expanding the hyperbolic functions to first order 
yields the well-known Poiseuille parabolic profile; the magnetic field exerts negligible 
influence on the fluid flow: 

 
2

0 1 yu u
a

  ≈  −  
   

. (1.230) 

Strong Fields 
For strong magnetic fields (a/D >> 1), the regions y > 0 and y < 0 must be analyzed 
separately. Consequently, only the positive exponential term is retained, yielding: 

 0 1 exp .
y a

u u
D

  − 
≈ −  

   
 (1.231) 

In this regime, the velocity field decreases exponentially near the walls. The character-
istic length D determines the thickness of the boundary layer. A dimensionless quantity, 
termed the Hartmann number #Ha, is introduced by the relation: 

 Ha 0# a B a
D

σ
η

≡ = . (1.232) 

The ratio of magnetic and viscous force equals to the square of the Hartmann number: 

 
2 2 2

20 0 0 0
Ha2 2 #

/ /
jB E B u B B a

u u a u a
σ σ σ

η ηη η
≈ ≈ = =

Δ
. (1.233) 
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Waves of Finite Amplitude 
The nonlinear MHD equations are very complex. Linearization yields only infinitesimal 
amplitude waves, omitting many important solutions. In this section, it is demonstrated 
that special solutions satisfy the ordinary wave equation, allowing for traveling waves 
of arbitrary shape and amplitude. Consider the system for an incompressible, non-vis-
cous, perfectly conductive fluid (η = ζ = 1/σ = 0): 

 
[ ]

1( ) ( × ) ;

× ;

ρ ρ
μ

∂ + ⋅ = − + ×
∂

∂ = ×
∂

p
t

t

u u u B B

B u B

∇ ∇ ∇

∇
 (1.234) 

div 0 ;
div 0 .

=
=

u
B

 

These represent the equation for the velocity field (the equation of motion incorporating 
the pressure and Lorentz forces) and the induction equation for the magnetic field with a 
convective (frozen-in term). Supplementary equations include the incompressibility 
equations and Gauss law for the magnetic field. 

Assume now that all quantities vary only in one direction. Let the z-axis of the coor-
dinate system be chosen in this direction. A solution is then sought in the form: 

 ( , ) ; ( , ) ; ( , ) .t z t z p p t z= = =u u B B  (1.235) 

From the supplementary divergence conditions in (1.234), it immediately follows that: 

0 0( ) ; ( )z zu u t B B t= = . 

To find a solution in the form of a traveling wave packet that is localized in space, the 
plasma velocity must vanish at infinity, requiring u0 = 0. In the given geometry, it fol-
lows that: 

0( , ,0), ( , , ), (0,0, / ).x y x yu u B B B z= = → ∂ ∂u B ∇  

The more complex terms in the first two equations of (1.234) are expanded as follows:  
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The expansions of the individual quantities differ along the z-axis and within the (x, y) 
plane. The governing equations yield: 
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Parallel Direction (along the z-axis) 
2 2

00 ; 0 .
2

x y BB B
p

z tμ

  ∂+∂  = + =
∂ ∂  

 

The first equation implies that the total pressure is independent of z; a constant field 
component Bz = B0 can be added to the right-hand side. The second equation demon-
strates that B0 is a space-time constant. For the total pressure, the relation is: 

2
( )

2
p tΠ Π

μ
≡ + =B . 

Perpendicular Direction (in the xy-plane) 
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1 ;
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B
t z

B
t z

μ ρ
∂ ∂=
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∂ ∂=
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u B

B u
 (1.236) 

In the perpendicular direction, the system remains strictly linear even without requiring 
linearization. Furthermore, both equations are trivially satisfied along the z-axis, where 
all quantities are constant. They can thus be regarded as the fundamental system for 
waves propagating in both directions. Eliminating variables yields the wave equations 
for both the velocity and magnetic fields (differentiating one equation with respect to 
time and substituting the temporal derivative from the other suffices). The result is:  
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 (1.237) 

► 0
A .

B

μ ρ
≡v  (1.238) 

This wave equation features a characteristic propagation velocity equal to the Alfvén 
velocity. The nonlinear MHD system for an ideally conductive, incompressible fluid 
without viscosity yields a general wave solution of arbitrary amplitude. Notably, the 
Alfvén velocity can be determined directly from the equality between kinetic and mag-
netic energy densities: 

2 2
A

A2 2
B Bρ

μ μρ
≈  =

v v . 

The plasma reaches the Alfvén speed when its entire magnetic energy is converted into 
kinetic energy, as observed during the reconnection of magnetic field lines. Several 
typical plasma wave modes also propagate at this speed. 
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Helicity 
Typical helical structures are often observed in plasma filaments. They are found in 
both laboratory and interstellar plasmas, in pinch plasmas and in cometary tails. In 
mathematics, the term “helicity” is used to describe fields with similar structures. 

Helicity and Beltrami Condition 
The helicity density of a vector field V is defined as 

► ( , ) curl ( × )≡ ⋅ = ⋅t x V V V V∇ . (1.239) 

The total helicity is defined as the integral 

► 3( ) ( , )d
V

K t t=  x x . (1.240) 

Helicity is a scalar quantity characterizing the helical nature of field lines. It vanishes 
for all fields satisfying the irrotational condition (∇ × V = 0) and also for all plane vor-
tices with circular streamlines. Fields with a helical structure have a helicity propor-
tional to sin β, where β is the pitch angle of the helix. For plasma filaments described in  
MHD theory, the magnetic field helicity density can be significant; it is defined for the 
vector potential A, the electric field intensity E, and the velocity field u: 

 

( × ) ,

( × ) ,

( × ) .

= ⋅ = ⋅
∂= ⋅ = − ⋅
∂

= ⋅ = ⋅

A

E

u

t

A A A B
BE E E

u u u

∇

∇

∇ ω







 (1.241) 

The quantity ω ≡ ∇ × u is called the vorticity. Fields satisfying the so-called Beltrami 
condition are considered, where the curl of the field is proportional to the field itself:  

► × , or ( × ) 0α= × =V V V V∇ ∇ . (1.242) 

These Betrami fields are named after the Italian mathematician Eugenio Beltrami. The 
proportionality coefficient α may vary in time and space; however, it is treated here as a 
constant. A Beltrami field is 1) source-free, 2) helical, and 3) satisfies Helmholtz equa-
tion. The absence of a source (div V = 0) follows from applying the divergence operator 
to the condition. The helicity nature for a nonzero field is apparent from the definition: 

 2( × ) .α α≡ ⋅ = ⋅ = VV V V V∇  (1.243) 

By applying the curl operator to condition (1.242), we find that Beltrami fields satisfy 
Helmholtz equation (this is a non-equivalent transformation; the reverse may not hold) 
► 2 2 0 .α+ =V V∇  (1.244) 

In this case, the vector V is an eigenvector of the Laplace operator in the corresponding 
geometry. A typical mathematical example of Beltrami fields are the ABC flow: 

 ( cos sin , cos sin , cos sin ) .A y B z B z C x C x A y= + + +V  (1.245) 

For ABC fields, curl V = V and ∇2 V = −V. These flows are important in chaos theory. 
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In plasma physics, force-free configurations are often considered, in which the cur-
rent density points in the direction of the magnetic field (j || B, so-called Birkeland cur-
rents). In this case, the Lorentz force density j×B is zero. This configuration possesses 
the lowest possible energy, and a dissipative plasma always gradually approaches this 
state. The magnetic field in a force-free configuration satisfies the Beltrami condition, 
as can be demonstrated using the Ampère law: 

 ( ) 0 .  ×  × × =j B j B B B B B  ∇ ∇  (1.246) 

The magnetic field in a force-free configuration is therefore always helical. 

Conservation of Magnetic Helicity 
Integral magnetic helicity is conserved under the following assumptions: 
 

1. Infinite plasma conductivity (ideal plasma). Thus, only the frozen-in term domi-
nates in the equation for the time evolution of the magnetic field  

 ( )
t

∂ = × ×
∂
B u B∇ . (1.247) 

 In the limit of infinite conductivity, the Ohm law (1.174) takes the form: 
 = − ×E u B . (1.248) 

2. Incompressibility of the plasma. The magnetic field satisfies div B = 0. Due to 
freezing, the velocity field is required to satisfy the same equation, i.e., 

 div 0=u . (1.249) 

3. The normal component of the magnetic field at the surface is zero, implying closed 
magnetic field lines. At the surface of the system, the relation holds 

 0⋅ =B n , (1.250) 

 where n is the normal vector to the surface. For this assumption to hold, the entire 
magnetic tube must be considered as the system, or the system must be very exten-
sive. 

 
The integral helicity for the vector potential of the magnetic field is defined as 

 3( )d dK V= ⋅ × = ⋅ A A A B x∇ . (1.251) 

The total time derivative yields the expression 

3 ,
d ( ) ( )( ) d
d V

K
t t

∂ = ⋅ + ⋅ ⋅ ∂  A B u A B x∇  

The first term is differentiated as a product; and the second term is transformed into the 
form of a divergence (using the incompressibility condition div u = 0) 

[ ]3 3d d div ( ) d .
d

∂ ∂ = ⋅ + ⋅ + ⋅ ∂ ∂  
V V

K
t t t

A BB A x u A B x  

Using the Gauss theorem for the last term yields: 
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 ( )( )3 3d d d d .
d V V S V

K S
t t t =∂

∂ ∂   = ⋅ + ⋅ + ⋅ ⋅   ∂ ∂     
A BB x A x A B u n  (1.252) 

First, the middle term of the equation is simplified. For the time evolution of the mag-
netic field, the frozen-in term is substituted and simplified using the identity A·(∇×B) = 
= B· (∇×A) − div (A×B), which can be found in Selected Topics I, Equation I.3.120:  

 

( )

( ) ( )

3 3

3 3

d curl d

div d curl d

V V

V V

t
∂⋅ = ⋅ × =
∂

= − × × + × ⋅ =  

 

 

BA x A u B x

A u B x u B A x
  

( ) ( ) ( )3 3div d d
V V

= − ⋅ − ⋅ + × ⋅ =   A B u A u B x u B B x  

( ) ( )

( )( ) ( )( )

( )( )

3div d

d

d .

V

S

S

S

S

= − ⋅ − ⋅ =  

= − ⋅ ⋅ − ⋅ ⋅ =  

= − ⋅ ⋅







A B u A u B x

A B u n A u B n

A B u n

 

The second term in the penultimate line vanishes because the normal component B·n is 
zero at the boundary by assumption (3). The remaining non-zero term cancels out with 
the last term in the equation, leaving: 

 3d d
d V

K
t t

∂= ⋅
∂
A B x . (1.253) 

The time derivative of the vector potential follows from the electric field equation: 

 
t

φ ∂= − −
∂
AE ∇  (1.254) 

and then substitution it into the equation: (1.253) yields: 

 

( )

( )

( )

3

3

d d
d

( ) div d

d 0 .

V

V

S

K
t

S

φ

φ

φ

= − ⋅ + ∇ ⋅ =

= − − × ⋅ + =  

= − ⋅ =







E B B x

u B B B x

B n

 (1.255) 

Under the assumptions mentioned above, the integral helicity is therefore conserved. 
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State with Minimum Magnetic Energy 
Consider a magnetic tube filled with a perfectly conducting plasma, where the surface 
normal component of the magnetic field is zero. Diffusion is negligible, so the magnetic 
helicity K is conserved. The magnetic energy extremum is sought under the constraint 
of helicity conservation. Using the method of Lagrange multipliers, the necessary con-
dition for extremality is: 

Mδ ( ) 0W Kλ+ =   

2
3

0
δ d 0

2
B λ
μ

 
+ ⋅ =   

 
 A B x  

3

0

1 δ δ d 0 .λ λ δ
μ

 
⋅ + ⋅ + ⋅ = 

 
 B B A B A B x  

The variation of the field δB is related to the variation of the magnetic potential δA. 
Since B = ∇×A, the relation δB = ∇×δA holds (derivatives and variations commute): 

3

0

1 ( δ ) δ ( δ ) d 0 .λ λ
μ

 
⋅ × + ⋅ + ⋅ × = 

 
 B A A B A A x∇ ∇  

The terms involving curl (∇×) are converted to divergence using the identity (Selected 
Topics I, Eq. I3.120) A·(∇× B) = B·(∇×A) − div(A×B):  

( ) ( ) 3

0 0

1 1div δ ( ) δ δ div δ ( ) δ d 0.λ λ λ
μ μ

 
− × + × ⋅ + ⋅ − × + × ⋅ = 
 
 B A B A A B A A A A x∇ ∇  

Using the Gauss theorem, divergence integrals are converted into surface integrals over 
the magnetic tube by substituting ∇×A = B: 

3

0 0

1 1δ d 2 δ d 0
V V

λ λ
μ μ∂

      
− + × ⋅ + × + ⋅ =      

         
 B A A S B B A x∇ . 

The variation of the vector potential must be zero at the boundary of the region, and 
therefore the first integral vanishes: 

3

0

1 2 δ d 0
V

λ
μ

  
× + ⋅ =  

   
 B B A x∇ . 

Since this result holds for any region and the variations of the vector potential compo-
nents δAk are independent, the integrand itself must be zero (“almost everywhere”): 

0

1 2 0λ
μ

× + =B B∇ . 

From this, the necessary condition for the extremality of the magnetic energy follows: 
► .α× =B B∇  (1.256) 

In the state of minimum energy, under the condition of magnetic helicity conservation, 
the magnetic field is therefore a Beltrami field. The current density points in the direc-
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tion of the field; this represents a force-free configuration in which currents flow along 
the magnetic field lines (so-called Birkeland currents). The state of minimum magnetic 
energy is necessarily helical. The magnetic field satisfies the Helmholtz equation, which 
is obtained by applying a curl operation to the equation (1.256): 

► ( )2 2 0 .α+ =B∇  (1.257) 

However, not all solutions to equation (1.257) solve the original equation (1.256) since 
differentiation increased its order. The Helmholtz equation (1.257) is therefore no 
longer a necessary condition for energy extremality. If plasma has finite conductivity, 
energy dissipation and magnetic reconnection occur. The plasma strives for a force-free 
state with minimum magnetic energy, but helicity changes during these processes.  

Dissipation of Magnetic Helicity 
The details in this subsection may be skipped without loss of continuity. If the system 
has closed magnetic field lines (zero normal component of the magnetic field at the sur-
face), the only ways to alter the field’s helicity are through dissipative processes and 
field line reconnection. Performing the step-by-step derivation given above with the 
diffusion term included yields the simple relation: 

 3d 1 d
d V

K
t σ

= − ⋅ j B x . (1.258) 

The energy of the magnetic field is given by the relation 

 2 3
M

1 d
2 V

W B
μ

=  x . (1.259) 

The time derivative of the energy is given by Joule dissipation 

 2 3Md 1 d
d V

W j
t σ

= −  x . (1.260) 

For further calculation, the Schwarz inequality (I.3.165) in the L2 space is utilized: 

3 2 3 2 3d d d .j B≤ ⋅  ⋅ ≤  j B j B j B x x x  

This immediately yields the estimate 

 
1/2

M
M

dd 2
d d

WK W
t t

μ
σ

 
≤   
 

. (1.261) 

The relation is further refined using two additional dimensional estimates. The ratio of 
magnetic energy to helicity is inversely proportional to the dimensions of the system:  

 
2 2

M

0

( /2 ) /2 1~ ~
2

W B V B
K AB V BL B L

μ μ
μ

Δ = 
Δ ⋅ M ~

2
K

W
Lμ

. (1.262) 

The second estimate is the characteristic magnetic field diffusion time (resistive time): 
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 2 2 2
R R

1 1/ / /t B B L Lτ τ σμ
σμ σ μ

∂ ∂ =  B B  ∇ . (1.263) 

The estimate (1.261) can now be rewritten in the standard form: 

1/21/21/2 2 2

2 R

2
2 2 22

K KK K K
t L L t tL t

μ
σ μ μ τσμ

   Δ = =        Δ Δ ΔΔ     
  

and for the relative change in helicity, the order-of-magnitude estimate is 

► 
1/2

R
.K t

K τ
 Δ Δ<  
 

 (1.264) 

For rapid processes (Δt << τR), the change in helicity ΔK is negligible. For example, 
solar coronal eruptions with a reconnection time Δt ~ 1,000 s, linear dimensions 
L ~ 5,000 km, and a magnetic diffusion coefficient ηM ~ 10–6 km2s–1 yield a characteris-
tic resistive time τR ~ 1013 s and a relative change in helicity ΔK/K < 10–5. The opposite 
situation occurs in tokamak plasma. The resistive time is on the order of seconds, and 
the residence time is in the tens of seconds. The change in helicity is significant here. 

Fluid Dynamo 
A very important aspect of magnetohydrodynamics is the generation of magnetic fields 
within the interiors of the Sun, stars, and planets. Current fluid dynamo theory does not 
explain the initial origin of these fields, but it successfully describes their maintenance, 
amplification, and periodic switching between dipolar and azimuthal components. 

Cowling Anti-Dynamo Theorem 
In 1934, the English astronomer Thomas George Cowling demonstrated that a station-
ary, axially symmetric magnetic field cannot be generated by an axially symmetric 
plasma flow. Consider a simple axially symmetric field as illustrated in the figure. 

 
Fig. 1.35: Schematic representation of the anti-dynamo theorem. 

The electric current generating the field flows within a current tube along a neutral line, 
where the magnetic field curl is nonzero while the field itself vanishes. The neutral line 
is shown by a dashed line in the figure. The current density along this neutral line is 
integrated using the Ohm law (1.174): 
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( )d d
γ γ

σ⋅ = + × ⋅ j l E u B l  . 

Since the magnetic field vanishes along the neutral line, the second term of the integral 
is identical to zero. Converting the first term to a surface integral via the Stokes theorem 
and simplifying using the Maxwell equations, stationarity implies that this term van-
ishes as well: 

( )d d d 0.
S S tγ

σ σ ∂ ⋅ = ⋅ = − ⋅ = ∂ 
×  

Bj l E S S ∇  

This contradicts the assumption that a stationary, axially symmetric field is generated by 
a nonzero current along the neutral line. Consequently, field generation must be more 
complex, requiring a continuous transfer between the dipole and azimuthal components. 

Parker Fluid Dynamo Model 
The fluid dynamo theory was developed by Eugene Parker, with key contributions from 
Yakov Zeldovich and Henry Moffatt. Differential rotation stretches initially dipolar 
field lines azimuthally in regions where rotation is faster (e.g., near the solar equator), 
thereby increasing their length. This mechanism is called the Omega effect (named after 
the symbol Ω for angular frequency and the characteristic shape of the field lines), 
which transforms the dipole component into an azimuthal one. On the Sun, this occurs 
near the tachocline – the radiative-convective transition region located ~220,000 km 
below the surface – where a magnetic field line takes about 8 months to loop the Sun. 
On Earth, a similar phenomenon takes place within the viscous conductive medium at 
the core-mantle boundary. 

 
Fig. 1.36: Spatial mechanism of the solar dynamo. 

The second significant phenomenon is the alpha effect. In this process, the magnetic 
tube is deflected by the Coriolis force, causing it to deform and twist back into a dipole 
component. This phenomenon is named after the shape of the deflected field line, which 
resembles the Greek letter α. These combined processes enable the mutual transforma-
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tion of both field components and the long-term maintenance of the magnetic field by a 
fluid dynamo. One component is always gradually amplified at the expense of the other, 
and then vice versa, causing the magnetic dipole to reverse regularly. For the Sun, the 
full magnetic cycle (the time required for the magnetic north pole to return to its origi-
nal position) lasts 22 years. During the dipole reversal period, the field exhibits signifi-
cantly higher multipole moments (quadrupole and octupole), resembling a highly dis-
torted sphere where multiple regions of emerging and receding magnetic field lines 
alternate across the surface. 

Deriving the omega and alpha effects requires both differential rotation and macro-
turbulent fluctuations in the magnetic and velocity fields. Both fields are decomposed 
into a component averaged over short-term fluctuations and a fluctuating component: 

 δ ; δ .=   + =   +u u u B B B  (1.265) 

The mean values of the fluctuation components are clearly zero: 

 δ 0 ; δ 0 .  =   =u B  (1.266) 

Substituting decomposition (1.265) into the field equation ((1.177) yields: 

 [ ] [ ] ( ) ( )2δ 1 δ curl δ δ
t σμ

∂   +
=   + +   + ×   +  ∂

B B
B B u u B B∇ . (1.267) 

By averaging this equation, the terms linear in the fluctuations disappear, and we thus 
obtain the equation for the mean value of the magnetic field: 

► [ ]21 curl curl δ δ .
t σμ

∂  =   +  ×   + ×
∂
B B u B u B∇  (1.268) 

If we now subtract the equation for the mean values (1.268) from (1.267), we obtain the 
equation for the fluctuations of the magnetic field 

► ( ) ( ) [ ]21δ δ curl δ δ δ δ δ δ .
t σμ

∂ = +  × + ×   + × −  × 
∂

B B u B u B u B u B∇  (1.269) 

We have thus obtained equations for both the time evolution of the mean field value and 
the time evolution of the fluctuation component. The first term on the right-hand side of 
equation (1.268) describes standard field diffusion; the second term is responsible for 
the Ω effect; and the third term is responsible for the α effect, which originates from 
fluctuations in the velocity and magnetic fields.  

Omega Effect 
The second term of equation (1.268) is essential for the Ω effect: 

► [ ]curl .
t

∂  =  ×  
∂
B u B  (1.270) 

The mean magnetic field is frozen into the mean velocity field, meaning it follows the 
macroscopic plasma motion. If a body rotates at a constant angular velocity, the dipole 
field remains unchanged. However, the Sun undergoes differential rotation; the equato-
rial angular velocity is approximately one-third greater than at the poles, generating 
a strong azimuthal magnetic field component. Notably, solar differential rotation is also 
non-zero in the radial direction near the tachocline. 



88 Plasma Theory 

 
Fig. 1.37: Schematic of the omega effect driven by differential rotation. 

Alpha Effect 
The third term of equation (1.268) governs the α effect: 

► curl ; δ δ .
t

∂  = ≡ ×
∂
B u Bε ε  (1.271) 

The α effect transforms the azimuthal magnetic field component back into a dipole 
component, driven entirely by velocity and magnetic field fluctuations. Statistically, the 
expression ε ≡  δu×δB  represents the correlation function between these fluctuating 
components. A vanishing value would imply a total lack of correlation, which does not 
hold for a turbulent conductive fluid. This correlation function is highly complex and 
typically requires numerical resolution of the magnetic field fluctuation equation 
(1.269). This equation demonstrates that the field fluctuation is directly proportional to 
its mean value; thus, for a slowly varying field, the correlation function takes the form: 

 k kl l k lm l mB Bε α β=   + ∂   +   (1.272) 

The coefficients α and β depend on the statistical properties of the turbulent fluctua-
tions. For isotropic turbulence, the correlation function simplifies to  

 k k klm l mB Bε α β ε=   + ∂   +   (1.273) 

Substituting this into the equation (1.271) yields the relation 

► curl
t

α β∂  =   − Δ  +
∂
B B B   (1.274) 

The first term on the right-hand side describes the α effect – a positive feedback mecha-
nism where the temporal variation of the mean field is proportional to the field itself, 
allowing a macroscopic order to emerge from turbulent fluctuations. The effect is 
named after the coefficient α. The second term (β < 0) represents turbulent diffusion. 
Since the mean field  B  is an axial vector, α must be a pseudoscalar quantity that 
changes sign under a coordinate system inversion. A straightforward measure of this 
mirror symmetry loss is the kinetic helicity density. If the kinetic helicity is non-zero – 
for instance, due to the action of the Coriolis force – the magnetic field automatically 
becomes helical, developing a growing perpendicular component. In helical fields, 
a portion of the field represents a Beltrami field, where curl  B  ~  B , and thus 
∂ B /∂t~  B . This feedback amplifies any statistical transverse component until satu-
ration occurs. Consequently, three conditions are essential for the α effect: 
, 
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1) The plasma possesses a finite, non-zero resistivity, as only then is magnetic 
helicity not strictly conserved, allowing the fields to become helical. 

2) The velocity fluctuations are helical, ensuring the pseudoscalar nature of the 
coefficient α. 

3) Positive feedback must occur, meaning small perturbations must grow, and 
linear perturbation analysis must indicate a plasma instability. For stellar 
plasma, this condition is satisfied.  

In the Sun, the most critical region for the α effect is the tachocline at the bottom of the 
convective zone, where downflows reverse into upflows, resulting in large and pre-
dominantly helical fluctuations in the velocity field. 
 Example 1.2: Consider a circularly polarized wave generated in the plasma propa-
gating along the z-axis (locally, this can also represent the azimuthal direction): 

( )0 0δ cos( ), sin( ), 0u kz t u kz tω ω= − −u . 

The result of such a perturbation is a nonzero vorticity field: 
δ curl δ δk= = −u uω . 

The considered velocity field fluctuation is a Beltrami field and has a helicity density 
2
0δ δ ku= ⋅ = −u ω . 

Such a localized fluid flow immediately leads to the deformation of the magnetic field 
into a helical structure.   

The curl of the mean magnetic field is proportional to the mean current density; there-
fore, the newly emerging field develops a component in the direction of the flowing 
current. As a result of these fluctuations, the magnetic field acquires a component par-
allel to the current density, making the newly emerging and amplifying part of the field 
necessarily helical (a Beltrami field). This process creates a field component perpen-
dicular to the original background field. If the velocity fluctuations are periodic, as in 
the case of a circularly polarized wave, the direction of the induced current also varies 
periodically, causing the magnetic field to form a twisted loop Chyba! Nenalezen 
zdroj odkazů.:  

 
Fig. 1.38: Twisting of a magnetic flux loop driven by helical fluctuations. 

Finally, the α effect alone is sufficient to flip both the toroidal component into the pol-
oidal configuration and vice versa. A dynamo model based solely on the α effect is 
referred to as an αα model. A much more effective mechanism, however, is the previ-
ously described Parker or αΩ model. 
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 Example 1.3: An estimation of the correlation function for a plasma with a high mag-
netic Reynolds number. Such a situation occurs both on the Sun and in fusion plasmas. 
The details in this example may be skipped without loss of continuity. 

Solution: In equation (1.269) for magnetic field fluctuations, the third term dominates 
on the right-hand side, since magnetic fluctuations are primarily caused by fluctuations 
in the velocity field. The first term is negligible given the assumption of a high magnetic 
Reynolds number, and terms involving the second powers of the fluctuations are of 
a higher order. Therefore, in our approximation, the field fluctuation is given by: 

( )

0

δ curl δ

δ ( ) ( )d ,
t

k klm mno l n o

t

B u t B t tε ε δ

∂ ≈  ×   ∂

′ ′ ′≈ ∂

B u B

 

where the fluctuation has been integrated over time and the vector triple product has 
been expanded. Obvious spatial dependencies are omitted from the notation. Expanding 
the vector triple product yields: 

0 0
δ ( ) ( )d ( ) ( )d

t t

k n k n n n kB u t B t t u t B t tδ δ′ ′ ′ ′ ′ ′≈ ∂ − ∂  . 

In the next step, the derivatives of the product are performed, assuming that the plasma 
behaves as an incompressible fluid (the divergences of both fields are zero): 

, ,
0 0

δ δ ( ) ( )d δ ( ) ( )d
t t

k k n n n k nB u t B t t u t B t t′ ′ ′ ′ ′ ′≈ −  . 

Partial derivatives are written in shorthand as a subscript after a comma. The correlation 
function ε ≡  δu×δB , which is responsible for the α effect, can now be calculated: 

, ,
0 0

δ δ

δ ( ) δ ( ) ( ) d δ ( ) δ ( ) ( )d .

i ijk j k

t t

ijk j k n n ijk j n k n

u B

u t u t B t t u t u t B t t

ε ε

ε ε

≡ =

′ ′ ′ ′ ′ ′= − 
 

The result expressed as follows: 
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0 0

,

( , ) ( ) d ( , ) ( )d ;

( , ) δ ( ) δ ( ) ,

( , ) δ ( ) δ ( ) .

t t

i in n ikn k n
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ikn ijk j n

t t B t t t t B t t

t t u t u t

t t u t u t

ε α η

α ε
η ε

′ ′ ′ ′ ′ ′= −

′ ′≡

′ ′≡

 

 (1.275) 

The correlation coefficients can be assumed to be a function of time separation, i.e., 

 
( , ) ( ) ,
( , ) ( ).

α α
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They rapidly converge to zero in the past. The slowly varying mean value of the field 
and its derivative can then be factored out of the integral (1.275): 
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 (1.277) 

In this approximation, the magnetic field fluctuation is therefore proportional to the 
mean value of the field itself and its derivatives. The proportionality coefficients are 
given by integrals over the fluctuations of the velocity field. If, for simplicity, the 
plasma is assumed to be isotropic (though not always true), the following relations hold: 
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 (1.278) 

Under these simplifying assumptions, the correlation function ε ≡  δu×δB  is given by 

 α η= −B Jε  (1.279) 

and indeed has a component proportional to the mean value of the field. 
 

In general, field component determination requires computationally intensive numerical 
simulations of the alpha-omega governing equations. The figure shows results of such 
Earth’s dynamo simulations from a supercomputing center in San Diego. 

 
Fig. 1.39: Computer simulation of a fluid dynamo inside the Earth. The shades distinguish be-
tween incoming and outgoing magnetic field lines. On the left is a predominantly dipole field; on 
the right is the state during a pole reversal, when the Earth has several north and south poles. 
San Diego Supercomputer Center, 1999. Gary Glatzmaier, Paul Roberts. 
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Reconnection of Magnetic Field Lines 
In nature, magnetic fields from different sources commonly interact, forming complex 
network structures. For example, a compass needle features both closed field lines and 
open lines that emanate from its poles. These lines connect directly to the Earth mag-
netic field lines, causing the compass needle to align toward the magnetic north. 

During this interaction, magnetic field lines frequently break and reconnect – a proc-
ess known as magnetic reconnection. Through this mechanism, a magnetic field transi-
tions, often rapidly, to a lower-energy state by altering the topology of its field lines. 
The field lines rearrange into a different, energetically more favorable configuration, 
and the released magnetic energy heats the surrounding plasma. Magnetic reconnection 
typically occurs in regions where magnetic field lines point in opposite directions. This 
scenario takes place, for instance, within the magnetic loops of the solar corona, at the 
dayside boundary of the Earth magnetosphere, or within the Earth magnetotail. 

No satisfactory analytical model describes reconnection across all scales; most bal-
ance inflow and outflow, leaving details to numerical simulations. Ideal MHD, assum-
ing infinite conductivity, cannot describe reconnection. In ideal environments, the in-
duction equation contains only the convective term, perfectly freezing the plasma to the 
magnetic field. For an incompressible fluid div u = 0, corresponding to div B = 0, plas-
ma flow across field lines is impossible, dissipation is absent, magnetic flux and helicity 
are conserved, and particles remain trapped on their original field lines. Any topological 
change is strictly forbidden. 

To describe the reconnection of magnetic field lines within fluid models, it is there-
fore necessary to employ resistive magnetohydrodynamics, which accounts for a finite 
plasma resistivity. The energy accumulated in the magnetic field can only be released 
via topological transitions if the plasma possesses a finite resistivity. 

In resistive magnetohydrodynamics, the resistive time constant (1.263) – derived by 
dimensional analysis from the diffusion equation – plays a crucial role. This quantity 
represents the characteristic time constant of magnetic diffusion driven by the finite 
plasma resistivity.  

Most macroscopic motions in a magnetized plasma are characterized by the Alfvén 
speed (1.237). The time required for a perturbation to propagate through the plasma at 
this speed is termed the Alfvén time. Both characteristic time scales are given by: 
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. (1.280) 

Experiments indicate that the typical reconnection time scale lies between these two 
values and is approximately equal to their geometric mean: 

 REC R Aτ τ τ= . (1.281) 

An important plasma characteristic is the Lundquist number #Lu (sometimes denoted by 
S), defined as the ratio of the resistive time to the Alfvén time: 
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The Lundquist number equals the magnetic Reynolds number if the flow velocity is 
replaced by the Alfvén velocity. For various plasmas, the following values hold [16]:  
 

Plasma L  (m) Rτ  (s) Aτ  (s) #Lu 

Arc 10–1 10–3 10–3 1 

Tokamak 1 1 10–8  108 

Earth’s core 106 1012 105 107 

Sunspot 107 1014 105 109 

Solar corona 109 1018 106 1012 

 
Except for low-temperature arc plasmas, the Lundquist number is very high; for fusion 
and astrophysical plasmas, the convective term dominates the induction equation. Ideal 
MHD thus applies to most of the plasma volume. Reconnection regions, where diffusion 
dominates, are limited to narrow zones of weak or zero field. Within these diffusion 
regions, resistive MHD equations must be used and matched at boundaries to the exter-
nal ideal MHD. Typically, the energy continuity equation is included, as energy transfer 
is highly significant. 

Spontaneous 2D Reconnection in Magnetic Layer 
 

 
Fig. 1.40: Principle of magnetic field line reconnection. 

The simplest possible configuration is illustrated in the figure. In the perpendicular 
direction (along the y-axis), the magnetic field gradually weakens to zero at y = 0, where 
the field reverses its direction and begins to grow again. In this region of zero magnetic 
field, a strong electric current must flow, as the magnetic field curl is non-zero. In the 
(xz) plane, a so-called neutral layer forms, with the current density directed along the z-
axis. The Lorentz force j×B acts on the plasma, compressing it toward the neutral layer. 
In a plasma with zero resistivity, a static equilibrium is established between the magni-
tude of the Lorentz force and the plasma pressure gradient, and all macroscopic motion 
ceases. 

However, if the plasma possesses a finite resistivity, the magnetic field lines are no 
longer frozen into the fluid, allowing the plasma to drift across the field lines. The ve-
locity of this motion is given by the first term of the general drift equation(1.110): 
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curl

B B Bσ σ μ
× × ×= ≈ =E B j B B Bu . (1.283) 

The relative motion of the plasma and the magnetic field lines within a medium with a 
finite resistivity causes them to break and reconnect to alternative field lines. The re-
leased magnetic energy subsequently heats the plasma via the Joule effect. Depending 
on the geometry of the field lines, the specific point at which the reconnection takes 
place is termed an X-point. Frequently, a multitude of such points develop within the 
neutral layer, and so-called magnetic islands (plasmoids) form between them, at the 
centers of which O-points are located: 

 
Fig. 1.41: X-points and O-points formed during field line reconnection. 

The dashed line indicates the separatrix, a curve separating distinct magnetic field to-
pologies. In the upper region, the magnetic field lines point in one direction, whereas in 
the lower region, they point in the opposite direction. Magnetic islands have formed in 
the vicinity of the neutral layer. 

To evaluate the reconnection rate, a dimensionless quantity termed the reconnection 
index (or Mach–Alfvén number) is utilized. The reconnection index is defined as the 
ratio of the velocity of the plasma entering the reconnection region to the Alfvén veloc-
ity at which the plasma is spontaneously expelled from this region. For spontaneous 2D 
reconnection, the system yields: 
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For spontaneous 2D reconnection, the reconnection index corresponds to the inverse of 
the Lundquist number. For both fusion and astrophysical plasmas, this index is ex-
tremely small (uin << uout), meaning that the reconnection process proceeds very slowly. 
It will be demonstrated in Section 1.3.3 that a neutral zero-field layer forms spontane-
ously within a sufficiently wide plasma filament. On opposite sides of this layer, the 
magnetic field possesses opposite polarities, triggering spontaneous 2D reconnection. 

Driven 2D Reconnection (Sweet–Parker Model) 
Field line reconnection does not always occur spontaneously. In the previous scenario, 
a neutral layer (or current sheet) formed within the plasma, and fluid motion was driven 
solely by relaxation processes.  
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Near the neutral layer, a significant resistivity increase frequently occurs due to 
poorly understood mechanisms. This area is termed the diffusion region, where plasma 
transport is driven by magnetic diffusion. Along the field lines, plasma flows freely out 
of this region at the Alfvén velocity, pushed by the magnetic pressure gradient. Typical 
examples include solar corona processes and subsequent flares, which represent macro-
scopic manifestations of the released magnetic energy. 

A simple model of driven reconnection was proposed independently by the English 
astronomer Peter Alan Sweet in 1958 and by the American astrophysicist Eugene Parker 
in 1957. The model assumes that plasma regions with oppositely oriented magnetic field 
lines are forced by magnetic diffusion into a macroscopic diffusion region toward the 
neutral layer at an inflow speed uin. In this narrow region, magnetic field line reconnec-
tion takes place. At the lateral boundaries, plasma is expelled out of the diffusion region 
at an outflow speed uout, often forming high-velocity plasma jets. The Sweet–Parker 
model assumes that the dimensions of the region satisfy Δ >> δ, meaning the diffusion 
region is highly elongated but extremely thin. The electric current flows within the x-z 
plane along the z-axis. 

x

y B

B

Diffusion regionδ
u

Δ

in
uoutuout

 
Fig. 1.42: Schematic diagram of the diffusion region. 

The Sweet–Parker model is based on three fundamental assumptions: 
 
1) The inflowing plasma follows the diffusing magnetic field lines, meaning the plasma 

velocity is governed by the resistive time scale τR, see (1.263): 
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2) The outflowing plasma moves freely under the influence of the magnetic pressure 
gradient, thereby attaining the Alfvén velocity: 
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3) The relation between the inflow and outflow velocities is governed by mass 
conservation (the continuity equation expressed in the form uS = const) 

 in outu uΔ δ= . (1.287) 

Finally, the driven reconnection index, which equals the Mach–Alfvén number, can be 
determined. Starting from the continuity equation (1.287)) and relation (1.285) for uin:  
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Taking the square root yields: 
► dr Lu# 1/ # .≈  (1.288) 

 
Fig. 1.43: MHD simulation of magnetic reconnection incorporating a diffusion region. 

The grayscale indicates current density. Simulation by Joachim Birn.  

Fast 2D Reconnection (Petschek Model) 
The driven reconnection index exceeds the spontaneous one, meaning driven reconnec-
tion proceeds at a faster rate. However, certain transient phenomena, such as coronal 
mass ejections, occur more rapidly than the Sweet–Parker model predicts. Reconnection 
is considered rapid if its index is ≥ 0.1. A model derived by Harry Petschek in 1964 is 
frequently utilized; here, reconnection is localized within a tiny region (Δ ≈ δ) due to a 
tearing instability driven by MHD waves. A shock wave forms near the diffusion re-
gion, significantly accelerating the process. Inflow and outflow velocities differ mini-
mally in this mechanism, and the reconnection index is given by:  

► P
Lu

1# .
ln(# )

≈  (1.289) 

The Petschek model is highly effective for fast reconnection. Its primary limitation is 
that it does not address the physical formation of the localized enhanced resistivity re-
gion, making it internally inconsistent. It fails completely for plasma with a homogene-
ous resistivity profile. Furthermore, the resistivity governed by the Spitzer relation 
represents merely an approximation valid for small electric field values; during rapid 
reconnection, strong electric fields and anomalous resistivity profiles develop. The 
model occasionally fails even in astrophysical plasmas where the diffusion region is not 
spatially small. Despite these shortcomings, it represents the first model based on a 
tearing instability that accurately captures the fundamental physical mechanism.  

Fast 2D Reconnection with the Hall Effect 
For diffusion regions smaller than the ion Larmor radius, the Hall effect (the generation 
of electric and magnetic fields perpendicular to the flowing current) must be incorpo-
rated into the framework. The generalized Ohm law takes the form: 

 ( ) ( )e 2
0 p

p
Qn t
σ σσ

ε ω
∂= + × − × − −
∂

jj E u B j B ∇ . (1.290) 

The middle term involving j×B corresponds to the Hall effect, which significantly influ-
ences the field topology at spatial scales smaller than the characteristic periodicity of 
ion motion given by the Larmor radius, or the ion inertial scale: 
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At these micro-scales, electrons decouple from ions, enabling the formation of a Hall 
current. Under a finite resistivity, this configuration triggers rapid Petschek-type recon-
nection, as demonstrated by Michael Shay in 1999. If the Hall effect is considered, a 
collisional plasma is no longer required for reconnection to occur. This analogue of the 
Petschek model can be derived purely kinematically and without collisions, making it 
internally consistent. The resulting MHD waves belong to the group of whistler waves, 
and their frequency is proportional to the square of the wave vector:  

 2~ kω . (1.293) 

Small-scale waves reach high phase velocities, which they transfer to the plasma: 
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The Hall-type reconnection index is independent of the Lundquist number and is ap-
proximately equal to 0.1: 

► H# 0,1.≈  (1.295) 

A prominent example of Hall-type reconnection occurs within the Earth magnetic tail. 
The thickness of the current sheet is normally ~5,000 km. During geomagnetic storms, 
it thins drastically to ~200 km, which corresponds to the local ion Larmor radius. At 
that moment, rapid Hall-type reconnection occurs violently. 

Turbulent 2D Reconnection (GS95 Model) 
Reconnection processes can be further accelerated or influenced by the presence of 
waves and turbulence within the plasma. For example, in 1995, the turbulent GS95 
model (named after Peter Goldreich and Seshadri Sridhar) was developed, wherein the 
reconnection index corresponds exactly to:  

► 1/4
GS Lu# # .≈  (1.296) 

Reconnection within this framework proceeds exceptionally rapidly. The diffusion re-
gion is fractal, with structures repeating down to the ion Larmor radius. Within this 
zone, numerous magnetic islands form a state referred to as magnetic foam. Turbulent 
reconnection accelerates cosmic-ray particles via the Fermi mechanism, and magnetic 
mirrors develop in stronger field regions. The resulting dynamic islands can also trans-
fer energy to charged particles. Furthermore, turbulent reconnection influences star 
formation by effectively weakening the primordial field. If the field lines were strictly 
frozen, the gravitational contraction of a protostellar nebula would generate an unrealis-
tically strong stellar magnetic field. The GS95 model was extended in 1999 by Alexan-
der Lazarian and Ethan Vishniac into a stochastic reconnection model based on random 
field fluctuations in fully ionized, non-viscous plasma, where a growing α effect gener-
ates novel configurations. 
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Fig. 1.44: Regions of magnetic field line reconnection  

obtained from the author’s PIC simulations. 

Three-Dimensional Reconnection and other Open Questions 
If the magnetic field possesses a significant component perpendicular to the neutral 
layer, the process is classified as 3D reconnection. This scenario can resemble the 
structure illustrated in Figure 1.45; unlike in the idealized diagram, however, the fan of 
field lines in a realistic configuration may be further twisted into a helical spiral within 
the (xy) plane. The physical mechanisms governing 3D reconnection are currently the 
subject of intensive ongoing research, though many aspects remain unresolved. 

Two-dimensional models describing reconnection are predominantly stationary; 
however, in many physical scenarios, reconnection exhibits an eruptive, transient char-
acter that these models cannot capture. Various other kinetic phenomena, such as elec-
tron-ion decoupling, anomalous resistivity, or the direct acceleration of charged parti-
cles, can also exert a significant influence on the topology changes of magnetic field 
lines. Furthermore, magnetic field line reconnection can occur in collisionless plasmas. 
The description of such collisionless processes is not based on fluid magnetohydrody-
namics (which is inherently collision-dominated) but on statistical and kinetic plasma 
models. A complete, universally applicable description of reconnection is not currently 
available; it is highly probable that reconnection is driven by a variety of distinct 
mechanisms, most of which are investigated primarily via numerical simulations. 

For macroscopic diffusion regions, the Sweet–Parker model operates successfully 
and was generalized to asymmetric configurations in 2007 (Paul Cassak, Michael Shay). 
For spatial scales smaller than the ion Larmor radius, the Hall effect must be incorpo-
rated, which entails catastrophic onset behavior and rapid Petschek-type reconnection 
with a reconnection index of ~0.1. A number of fundamental questions remain open: Is 
the rapid reconnection index universally equal to 0.1? What is the underlying physical 
reason? Can a strictly stationary reconnection state exist, or is it invariably an eruptive 
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phenomenon? How do macroscopic astrophysical phenomena (such as solar flares, 
magnetic storms, and coronal mass ejections) emerge from microscopic reconnection 
events? What is the exact role of turbulence in modulating the reconnection rate? How 
does three-dimensional reconnection progress in complex fields? 

Finally, the foundational understanding of magnetic reconnection dates back to 
1946, when the Australian astronomer Ronald Gordon Giovanelli proposed that X-
shaped magnetic field null points could serve as the primary source of plasma heating 
and particle acceleration. The term magnetic reconnection was formally introduced by 
James Dungey, who discovered in 1953 that a change in the topology of magnetic field 
lines is possible exclusively in a plasma with a finite resistivity. In 1961, Dungey pro-
posed that magnetic reconnection represents the key mechanism responsible for the 
transport of solar wind energy into the Earth magnetosphere. Previously, it was widely 
assumed that magnetic reconnection was also responsible for heating the solar corona. 
Today, it is well established that while micro-reconnection events do occur throughout 
the corona, the primary mechanism of coronal heating is the dissipation of magneto-
acoustic waves. 

 
Fig. 1.45: Three-dimensional reconnection configuration of magnetic field lines. 
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Equilibrium in Plasma 
In a steady state, where the plasma is in static equilibrium, the right-hand side of the 
equation of motion (1.213) vanishes: 
► 0p− + × =j B∇ . (1.297) 

Viscous processes exert no influence in static equilibrium. Under these conditions, the 
fluid pressure gradient exactly balances the Lorentz force density. Taking the scalar 
product of the equilibrium equation (1.297) with either the current density or the mag-
netic field yields: 
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Since the pressure gradient is orthogonal to surfaces of constant pressure, electric cur-
rents in equilibrium flow exclusively along isobaric surfaces. The same topology applies 
to the magnetic field lines. Consequently, current tubes are geometrically identical to 
magnetic flux tubes, even though the vectors j and B are generally not collinear. 

 
Fig. 1.46: Magnetic field and current density configurations in an equilibrium plasma. 

Magnetic Surface 
Assume there exists a scalar function ψ(x) such that the surface of the magnetic flux 
tube is given by the equation 
 ( ) constψ =x . (1.299) 

The gradient of this function is normal to the magnetic tube surface, satisfying: 

 0ψ⋅ =B ∇ . (1.300) 

In cylindrical coordinates (r, φ, z), the magnetic field can be expressed via the vector 
potential through the relations: 

 1 1 1; ; ( )z r z r
r z

AA A A AB B B rA
r z z r r r r

ϕ
ϕ ϕϕ ϕ

∂∂ ∂ ∂ ∂∂= − = − = −
∂ ∂ ∂ ∂ ∂ ∂

. (1.301) 

The condition (1.300) can be satisfied in cylindrical coordinates for various geometric 
symmetries by utilizing the following formulations:  
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Translation symmetry (∂/∂z = 0): 

 ( , ) ( , )zr A rψ ϕ ϕ= . (1.302) 

Axisymmetry (∂/∂φ = 0): 

 ( , ) ( , )r z rA r zϕψ = . (1.303) 

Helical symmetry with pitch α: 

 ( , ) ( , ) ( , ) .zr z A r z rA r zϕψ ϕ α ϕ α α ϕ α− = − + −  (1.304) 

The function defining the surface of the magnetic flux tube is determined by appropriate 
combinations of the vector potential components under the specified spatial symmetries. 

Equilibrium in Axisymmetry 
Assuming axisymmetry, where all variables are independent of the toroidal angle φ (see 
Fig. 1.47), the magnetic surface shape function is determined from relation (1.303): 

 ( , ) ( , )r z rA r zϕψ = .  

The radial and axial components of the magnetic field follow from (1.301): 
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The toroidal component is derived from the Ampère law: 
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where I(ψ) represents the poloidal electric current flowing through a circular area 
bounded by the magnetic surface (see Figure 1.47): 

 
Fig. 1.47: Axisymmetric equilibrium configuration in a plasma. 

The radial equilibrium condition (1.297) for this specific symmetry is derived by substi-
tuting the current density from the corresponding Maxwell equation: 
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Substituting the magnetic field components from relations (1.305) and (1.306) allows 
the spatial derivatives of pressure and current to be expressed as derivatives of a com-
posite function: ∂f(ψ)/∂r = (∂f/∂ψ) (∂ψ/∂r). Following straightforward algebraic ma-
nipulations, the governing equation for ψ is established: 
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 (1.307) 

This is the Grad–Shafranov equation for axisymmetric plasma equilibrium, first derived 
in 1958 by Harold Grad and Hanan Rubin at New York University and, independently, 
in 1959 by Vitaly Dmitrievich Shafranov in the Soviet Union. The Shafranov work was 
not published in the West until 1966.  

Current Filament (Pinch) 
Current filaments, which form pinches, are among the most common structures ob-
served in plasmas. In the simplest configuration, the electric current flows axially, gen-
erating an azimuthal magnetic field that exerts a compressing Lorentz force on the fila-
ment. In static equilibrium, the plasma pressure gradient expanding the fluid is exactly 
balanced by this compressive Lorentz force. Such a structure is termed a z-pinch, where 
the letter z denotes that the current flows along the cylinder z-axis. 

B 

j
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B 

j

z-pinch Helical pinch θ-pinch  
Fig. 1.48: Various types of current filaments in a plasma. 

Section 1.5.2 demonstrates that this equilibrium is unstable, causing the pinch to col-
lapse rapidly. However, twisting the magnetic field lines into a rope configuration 
achieves relative stability. In this regime, both current density and magnetic field have 
axial and azimuthal components: the axial current generates the azimuthal field, while 
the azimuthal current generates the axial field, forming a helical pinch. A well-known 
alternative is the θ-pinch, where current flows azimuthally along the surface, producing 
an axial magnetic field. Another setup is the toroidal pinch within tokamaks – essen-



1.3  Magnetohydrodynamics 103 

tially a linear pinch twisted into a toroid, where it is standard practice to utilize the 
terms toroidal and poloidal instead of axial and azimuthal fields. 

Bennett Equilibrium 
The equilibrium of a z-pinch is analyzed here assuming a homogeneously distributed 
electric current and negligible radiation losses. The equilibrium conditions for a z-pinch 
under these assumptions were first derived by Willard Harrison Bennett in 1934. First, 
the azimuthal magnetic field B(r) within a pinch of radius R is determined from the 
Ampère law expressed in cylindrical coordinates: 
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The first term describes the magnetic field inside the pinch, whereas the second term 
diverges at the center, requiring the integration constant to be set to C = 0. Outside the 
pinch, the current density vanishes, causing the first term to disappear as well. Matching 
both solutions at the pinch boundary and substituting j = I/πR2 yields: 
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The equilibrium equation (1.297) is then utilized to calculate the pressure profile: 
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The integration is performed inside the pinch using the internal magnetic field solution. 
The physical significance of the constant p0 is straightforward, representing the central 
pressure. The pressure must decrease toward the surface, where it vanishes, satisfying 
the boundary condition p(R) = 0. From this condition, p0 and the general solution are 
determined: 
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This is the well-known Bennett solution featuring a parabolic pressure profile. The 
central pressure is directly proportional to the square of the total current. Substituting 
the electron and ion pressures from the ideal gas equation of state yields: 

 ( )0 e B e i B i e B e i /p n k T n k T n k T T Z= + ≈ + . (1.310) 
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Subsequently substituting the particle number densities nα = Nα/V = Nα/πR2l yields the 
relation between the temperature of the central region and the total flowing current: 
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+ = ≡ =   (1.311) 

The quantity e is the number of electrons per unit length along the axis. The achieved 
temperature is therefore proportional to the square of the total current.  

Force-Free Helical Pinch Configuration and Reverse Pinch 
Assuming the helical pinch eventually reaches a minimum magnetic energy state, the 
field satisfies the Beltrami condition ∇×B = αB. In cylindrical geometry, the radial 
magnetic field component is zero, and both the azimuthal and axial components depend 
exclusively on r. Beltrami condition in cylindrical coordinates yields: 
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Substituting the field component  Bφ from the second equation into the third yields: 
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This represents  the Bessel equation, which possesses the solution 

► 0 0

0 1

( ) ( ) ,
( ) ( ) .

zB r B J r
B r B J rϕ

α
α

=
=

 (1.314) 

 
Fig. 1.49: Profiles of the Bessel functions J0 and J1. 

The functions J0 and J1 are Bessel functions of the first kind; in cylindrical coordinates, 
they replace the Cartesian cosine and sine. Just as the derivative of the cosine is minus 
the sine, the derivative of J0 equals minus J1. The function J0 changes sign at an argu-
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ment of ~2.4. If the pinch radius is sufficiently large, the direction of Bz necessarily 
reverses for r > 2.4/α, forming a reverse pinch. At the radius: 

 2,4a
α

=  (1.315) 

a neutral layer forms, on opposite sides of which the field points in opposite directions. 
This geometry is highly conducive to magnetic field line reconnection and the develop-
ment of the tearing instability. 

 
Fig. 1.50: Lightning channel representing the most common natural plasma filament.  

Source: Ing. Jaromír Jindra, Czech Astronomical Society. 
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Brief History of Pinch Research 

1790 The Dutch scientist Martin van Marun discharged 
100 Leyden jars through a wire, causing it to ex-
plode. This represents the first documented, though 
unexplained, pinch phenomenon. 

1905 The Australian scientists James Arthur Pollock and 
Samuel Barraclough observed a crushed hollow 
lightning rod (photo on the right) near Sydney after 
a strike, correctly attributing the deformation to 
magnetic field pressure. 

1934 Willard Harrison Bennett derived the pressure profile 
for a stationary z-pinch assuming a constant current 
density. 

1946 George Thompson and Moses Blackman of Imperial 
College London patented a fusion device based on 
a toroidal pinch. 

1946 George Thompson and Peter Thonemann conducted 
extensive experiments with the toroidal pinch. 

1954 Martin David Kruskal and Martin Schwarzschild 
developed the initial theory of pinch instabilities, 
specifically addressing tearing and kink modes. 

1956 Rendel Sebastian Pease and Stanislav Iosivovich 
Braginsky discovered a solution involving electro-
magnetic collapse, where radiative energy losses 
cause the pinch to contract uncontrollably toward the 
axis. 

1957 The first large toroidal device, ZETA, featuring 
a diameter of 3 meters and a current of 900,000 A, 
was constructed in Harwell, England. 

1958 The first fusion neutrons were detected in the 
SCYLLA toroidal pinch device at Los Alamos. 

 

 
Plasma filament instabilities are discussed in detail in Section 1.5.2. 
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Current Sheet 
A current sheet (or plasma wall) represents a two-dimensional analog of a current fila-
ment. An electric current flowing through a surface generates a magnetic field on both 
sides, which subsequently exerts a magnetic pressure on the sheet. 

 
Fig. 1.52: General configuration of a plasma wall. 

Applying the Ampère law in its integral form to the contour illustrated in the figure 
yields a straightforward relation: 

0 0d 2
γ

μ μ⋅ =  =  I Bl IB l  

 0
1
2

B iμ= , (1.316) 

where i is the electric current per unit of transverse length. Current sheets are extremely 
thin relative to their width, differing by many orders of magnitude. The largest within 
the Solar System is the heliospheric current sheet – a rippled zero-field region around 
the Sun known as the Parker surface. Its near-Earth thickness is approximately 
1,000 km, with opposite magnetic polarities on either side. 

 
Fig. 1.53: Parker surface geometry near the Sun. 
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Planets pass alternately above and below the Parker surface, causing periodic reversals 
in the observed polarity of the solar magnetic field. Another prominent current sheet 
forms within the Earth magnetotail. Near these current sheets – where the magnetic field 
is oppositely oriented on either side – magnetic field line reconnection frequently oc-
curs, promoting the development of the tearing instability.  

Electrical Double Layer 
A double layer (DL) represents a localized electric potential jump within a plasma. DLs 
occur frequently wherever electrons and ions exhibit counter-streaming motion. This 
relative macroscopic transport can trigger a two-stream instability, leading to a spatial 
potential jump Δϕ. The phenomenon is analogous to open-channel water flow, where 
hydraulic jumps or height discontinuities spontaneously form on the surface. Similarly, 
electrostatic potential steps develop spontaneously in a plasma with an electric potential 
gradient. Such double layers can also arise from random fluctuations in ion number 
density or from the parallel transport of charged particles along magnetic field lines.  

Alternatively, an electric double layer can form at the interface between two plasma 
regions possessing different temperatures or electron number densities. Due to the local 
temperature or density gradient, electrons begin to diffuse preferentially into the adja-
cent region, generating a localized negative charge. This separation induces an electric 
field along with an associated potential step. No net electric current flows continuously 
through such equilibrium double layers. 

The physical basis for the formation of an electric double layer is invariably the 
relative motion of electrons with respect to the background plasma, which locally dis-
rupts quasi-neutrality and generates both an electric field and a spatial potential step. 

The double-layer parameter, defined as the ratio of potential energy difference to the 
electron thermal energy, is utilized to evaluate the significance of the structure: 

► DL
B e

# e
k T

φΔ≡ . (1.317) 

Double layers forming at the interface between regions with different temperatures 
typically possess a parameter value of approximately unity. In contrast, those generated 
by large potential gradients are highly pronounced, with #DL > 1. For these strong dou-
ble layers, particles are divided into four distinct groups (Figure 1.54): 

1) ions accelerated by the potential drop, 
2) electrons accelerated by the potential rise,  
3) ions trapped on the low-potential side,  
4) electrons trapped on the high-potential side. 

The number density profiles n of these four particle types are shown in Fig. 1.54b; 
where negative particle number densities are plotted as dotted lines, and positive ones as 
solid lines. The corresponding total charge density ρQ is shown in Fig. 1.54d. This re-
sults in a net positive charge layer on the high-potential side and a net negative charge 
layer on the low-potential side, a configuration that gives the double layer its name. 
Before and after the potential step, the space charge vanishes, and the positive and 
negative charges exactly neutralize each other. The internal electric field E of the double 
layer (Fig. 1.54c), is localized strictly between the two charged layers and corresponds 
to the negative spatial derivative of the potential. Double layers can exist as long-term 
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stable structures where the potential step establishes the four particle populations, whose 
collective electric field in turn self-consistently sustains the potential step.  

 
Fig. 1.54: Schematic structure of an electric double layer. 

Double layers accelerate charged particles, acting as natural accelerators within both 
laboratory and space plasmas. Due to the macroscopic separation of positive and nega-
tive charges, these structures also function as natural capacitors. he electrostatic energy 
stored within these regions is transformed directly into the kinetic energy of the acceler-
ated particles. The power dissipated across the double layer corresponds to the product 
of the potential drop and the net electric current traversing the structure: 
 P Iφ= Δ . (1.318) 

Relativistic electrons can be generated within the double layer if the energy associated 
with the potential difference exceeds the rest energy of an electron; that is, if the rela-
tivistic double-layer parameter, defined by the relation: 

► DLR 2
e

# e
m c

φΔ≡  (1.319) 

exceeds unity, #DLR > 1. 
 

Double layers typically form thin, warped sheets of varying spatial geometries. The 
characteristic thickness of a double layer is governed by the localized disruption of 
plasma quasi-neutrality, which cannot exceed a scale of several Debye lengths. 

Even the thickest double layers exhibit a thickness of merely approximately ten De-
bye lengths. This spatial scale corresponds to millimeters in laboratory plasmas, centi-
meters in the planetary ionosphere, tens of meters within the interplanetary medium, and 
tens of kilometers within the intergalactic medium. 

Double layers drift through the background plasma, rapidly thicken and break up, or 
gradually dissipate via standard diffusion processes. Conventional double layers orient 
perpendicularly to the magnetic field lines along which particles undergo transport, 
resulting in a parallel electric field. However, oblique double layers are also observed. 
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Within double layers, electrons and ions can accelerate to high velocities, converting 
the circuit magnetic energy into particle kinetic energy. Double layers develop wherever 
strong electric currents traverse a plasma. They exist within planetary magnetospheres; 
for instance, at distances of several Earth radii, energetic ions are generated in double 
layers along magnetic field lines. The potential drop in this region ranges between 10²–
10⁴ V. Double layers likely develop within current-carrying solar filaments, where the 
potential drop is estimated up to 10⁹–10¹¹ V, accelerating protons to kinetic energies of 
several tens of gigaelectronvolts. If double layers form within plasma filaments near 
active galactic nuclei, the potential drop can reach 10¹⁷ V, with the released power on 
the order of 10³⁷ W. 

Ion thrusters represent a compelling practical application. In 2003, Christine Charles 
and Rod Boswell at the Australian National University developed an ion engine where a 
stable double layer forms at the interface between the high-density source plasma and 
the low-density plasma within the magnetic expansion nozzle. This double layer accel-
erates ions to high kinetic energies, significantly increasing the net thrust and boosting 
the overall efficiency of interplanetary spaceflight.  

Double Layer Formed by Electron Density Variation 
Assume that, driven by turbulent fluctuations, the electron density undergoes a spatial 
variation. A simple one-dimensional stationary solution is sought, neglecting magnetic 
fields and electron pressure gradients. The continuity equation then yields:  

( )e e 0n u
x

∂ =
∂

. 

Since x represents the unique independent variable, this relation simplifies to: 

e
e e e econst
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The electron current density remains constant, and the electron velocity within the per-
turbed density region adjusts dynamically to satisfy the continuity equation. For a 
steady state, the electron equation of motion reduces to: 

e e e e en m u u n eE
x

∂ = −
∂

. 

From this equation of motion, the electric field arising from the spatial variation in 
electron velocity can be determined: 

2
e e
2

m u
E

x e
∂= −
∂

. 

Substituting the velocity expression from (1.320) yields the following relation for the 
resulting electric field: 
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An electron density variation thus generates a localized electric field. This field van-
ishes in uniform regions and remains non-zero only where a density gradient exists. The 
relation between the electric field and electrostatic potential yields: 

 
2

e e
3 2

e
( ) .

2 ( )
m j

x
e n x

φ =  (1.322) 

 
Fig. 1.55: Double layer pair formed by an electron number density well. 

Where the electron density varies, the electric potential shifts accordingly, forming an 
electric double layer structure. A localized decrease in density thus leads directly to the 
generation of a double layer. This specific solution was derived by the Swedish physi-
cists Hannes Alfvén and Per Carlqvist in 1968. 

Solution for Potential Inside Two-Stream Maintained Double Layer 
The electrostatic potential inside the double layer decreases from ϕDL to zero. A com-
prehensive calculation requires all four particle populations: the accelerated electron and 
ion streams, alongside trapped thermal electrons and ions. In this derivation, only 
streaming populations are considered, neglecting thermal kinetic effects. An electron 
stream traveling at constant velocity enters from the low-potential side, while an ion 
stream enters from the high-potential side. Both undergo acceleration across the double 
layer. The governing equations comprise the energy conservation law, the continuity 
equation, and the Poisson equation for the potential.  
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The energy conservation constant is evaluated at the boundary where the particles enter 
the double layer. Substituting particle densities from the continuity equation (1.324) and 
velocities from the energy conservation relation (1.323) into the Poisson equation 
(1.325) yields the final differential equation for the potential:  
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This ordinary second-order differential equation for ϕ(x) can be solved analytically via 
elliptic integrals, though it is usually solved numerically. The integration constants are 
determined uniquely by the boundary conditions: at both edges of the double layer, the 
electric field vanishes (implying a zero potential gradient), whereas the potential itself 
equals zero at one boundary and ϕDL at the other. This yields the Child–Langmuir law 
relating the total current density j, the layer thickness d, and the potential drop ϕDL: 

 2 3/2 e
DL e i

i e

2; 0,20724 1 ; .
m ejd A A j j j
m m

φ
 
 = ≈ + = +
 
 

 (1.327) 

In the general case, the population of trapped thermal particles must also be accounted 
for, with their density following the Boltzmann distribution assuming a non-zero tem-
perature. Consequently, two additional terms are introduced to the right-hand side of the 
Poisson equation: 

[ ]0 Bexp / ; e, in n Q k Tα α α αφ α= − = . 

Brief History of Double-Layer Research 

1929 Irving Langmuir detects double layers within laboratory plasmas. 

1958 Hannes Alfvén proposes that the electrons responsible for the aurora are 
accelerated toward Earth by double layers in the magnetosphere. 

1967 Hannes Alfvén and Per Carlqvist propose a theory of solar flares wherein 
double layers play a key role. 

1987 The Swedish Viking satellite in a polar orbit detects prominent double layers 
in the Earth magnetosphere using electric field sensors mounted on 40-meter 
booms. 

1992 Noah Hershkowitz discovers multiple double layers featuring a stepped 
potential profile in laboratory plasmas. 

2003 Christine Charles and Rod Boswell develop a spacecraft ion thruster utiliz-
ing a double layer to accelerate ions, with ESA conducting laboratory verifi-
cation in 2005. 
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Fig. 1.56: ESA ion engine. 

The European Space Agency ion propulsion system is designed for interplanetary 
flights. The plasma, generated by radio-frequency heating, is confined by magnetic field 
coils. A stable double layer forms at the chamber outlet, accelerating the ions to high 
kinetic energies. This mechanism generates the necessary thrust for this novel thruster. 

Shock Waves 
Regions often form in plasma where certain parameters – such as velocity, density, 
temperature, or magnetic field – change abruptly. Such regions are called shock waves; 
some of which can travel through the plasma. A typical example is the shock wave 
generated by the interaction of the solar wind with Earth magnetosphere. On the sun-
ward side, a bow shock forms, similar to the shock wave created ahead of a ship moving 
across the sea. Shock waves also develop where the flow transitions from supersonic to 
subsonic and are characteristic features of both laboratory and astrophysical plasmas. 
Particles can be significantly accelerated across shock waves. The double layer dis-
cussed in the previous section is a special case of a shock wave. 

In classical hydrodynamics, shock waves were studied by the Scottish engineer Wil-
liam John Macquorn Rankine and the French engineer Pierre Henri Hugoniot. The con-
ditions that individual quantities must satisfy across a shock wave are called the 
Rankine–Hugoniot conditions. Suppose that for some extensive quantity A, the continu-
ity equation takes the form: 

 div 0 ,A
At

ρ∂
+ =

∂
j  (1.328) 

Using a procedure similar to that for Maxwell equations (Selected Topics, Volume II, 
Section II.2.1.7), the condition holding in the rest frame of the shock wave is found: 
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The square brackets denote the jump in a quantity across the boundary, analogous to 
a definite integral. Subscripts indicate states on either side of the shock, and n is the nor-
mal vector. Mass and momentum conservation immediately yield: 

► [ ] 2
1 0 ,ρ ⋅ =u n  (1.330) 
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For energy, the situation is more complex; the energy flux is given by: 

 2
E

1
2

e u pρ= + + + ×j u u u E H . (1.332) 

The individual terms represent, in order: the internal energy flux, the kinetic energy flux 
(directed bulk motion), the work done by pressure, and the Poynting vector expressing 
the electromagnetic energy flux. The corresponding jump condition across the shock 
wave takes the form: 
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For a polytropic plasma, the internal energy is expressed via pressure: 

 Bp nk T= , (1.334) 

 B2 2
f fe nk T p= = . (1.335) 

Denoting the number of degrees of freedom of a particle by f, the adiabatic exponent is 

 2f
f

γ += , (1.336) 

from which f is calculated and substituted into the energy equation, yielding: 
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For discontinuous solutions, ideal magnetohydrodynamics is utilized (diffusion terms 
determine a finite shock wave thickness), substituting for E: 

 = − ×E u B . (1.338) 

Consequently, the relation is directly obtained: 
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These conditions must be combined with the continuity of the normal magnetic field 
component (div B = 0) and the tangential electric field component (curl E = −∂B/∂t). 
Recall that in ideal MHD, E = −u×B:  

► [ ]2
1 0 ,⋅ =B n  (1.340) 

► [ ]2
1( ) 0 .× × =n u B  (1.341) 

Relations (1.330) to (1.341) are known as the Rankine–Hugoniot conditions.  

 Example 1.4: Traveling shock wave. Assume a shock wave formed by a parallel 
magnetic field jump moving through a plasma at rest at velocity V: 

 
Fig. 1.57: Moving shock wave. 

In front of the wavefront, the plasma velocity is zero; behind the wave, the plasma 
moves at a velocity u. Determine this velocity u from the magnetic field values on both 
sides of the shock wave. 
Solution: In the rest frame of the shock wave, the magnetic field remains unchanged for 
non-relativistic velocities according to transformation (II.3.83) (see Selected Topics, 
Volume II). In this frame, the jump condition then implies that: 

 1 2( ) ( )B u V B V− = − . (1.342) 

This directly yields the speed u of the medium behind the shock wave: 
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1.4  Linear Waves in Plasma 

1.4.1  Basic Concepts 
Superposition of Plane Waves 
Linear wave analysis was previously introduced in the Electromagnetic waves section 
of Selected Topics, Volume II. Here, the essential facts are briefly summarized. If the 
governing partial differential equations are linear, solutions can be directly constructed 
as a superposition of Fourier modes: 

 3
,( , ) d ;t ωψ ψ=  kx k  (1.344) 

 i i ( )
, e ( , ) e ta aϕ ω

ωψ ω ⋅ −= = k x
k k . (1.345) 

The complex wave function ψ is a symbolic representation of any wave where only the 
real part holds physical significance; ψω,k is the corresponding Fourier mode, a is its 
amplitude, and φ represents its phase. The superposition (1.344) represents a standard 
Fourier transform, physically describing the construction of the resulting solution from 
individual plane waves. The four-component set (ω, k) is termed the wave four-vector, 
consisting of the angular frequency ω and the wave vector k: 

► 
t
ϕω ∂= −

∂
, (1.346) 

► ϕ ϕ∂= =
∂

k
x

∇ . (1.347) 

The minus sign in front of the angular frequency ensures both that the wave vector 
points in the direction of the wavefront propagation velocity (a surface of constant 
phase) and that the four-vector transforms correctly under the Lorentz transformation. 
Further details are available within the Electromagnetic waves section of Selected Top-
ics, Volume II. For a plane wave, the following fundamental relations hold: 

 2
T
πω = , (1.348) 

 2k π
λ

= , (1.349) 

where T represents the wave period and λ is its wavelength. The integration of modes is 
performed exclusively over k-space, since the components of the wave four-vector are 
interdependent. This functional dependence can be expressed via the dispersion relation 

 ( , ) 0φ ω =k  (1.350) 
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In many scenarios, the dispersion relation can be used to determine either ω = ω(k) or 
k = k(ω). Individual modes then propagate at a characteristic phase velocity: 

► f f 2; .
k k k k
ω ω ω= = =kv kv  (1.351) 

There are no relativistic restrictions on the phase velocity; it can – and in specific media 
must – exceed the speed of light in vacuum. As a whole, a wave superposition, such as a 
wave packet, propagates at the group velocity: 

► g , ,
x y zk k k

ω ω ω ω ∂ ∂ ∂ ∂= =   ∂ ∂ ∂ ∂ 
v

k
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In spherical coordinates (k, θ, φ), the corresponding relation takes the form of a gradient 
operator evaluated in k-space: 

 g
1 1, ,

sink k k
ω ω ω

θ θ ϕ
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Because a superposition of plane waves can carry information, the group velocity is 
strictly subluminal. 

For a linear system of equations, the superposition principle holds, and individual 
modes (1.345) can be substituted directly into the governing equations. Spatial and 
temporal differential operations reduce to straightforward algebraic transformations: 

Expression Example 
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i→ + k∇  if f= + k∇  

div i→ ⋅k  div i= ⋅V k V  

curl i→ ×k  curl i= ×V k V  

2 2k→ −∇  2 2f k f= −∇  

This conversion transforms the partial differential equations into an algebraic system, 
equivalent to performing a Fourier transform. If possible, the system order is reduced at 
either the differential or algebraic level. Since the resulting system contains no right-
hand sides, a non-zero solution requires a vanishing determinant of the matrix. This 
condition yields the dispersion relation between ω and k, determining both phase and 
group velocities. This procedure was explored within Selected Topics, Volume II for 
electromagnetic waves in vacuum, anisotropic, and conductive media. Finally, a return 
to the original equations determines the spatial orientations of individual vectors, such 
as the electric, magnetic, or fluid velocity fields. 
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 Example 1.5: Klein–Gordon Equation 
The Klein–Gordon equation is the relativistic equation for a free particle with zero spin:  

 
2 2 2

2 2 2
2 2 2
1 0 ; m c
c t

μ ψ μ
 ∂− − = ≡  ∂  
∇ . (1.354) 

This is a wave equation containing a constant term that reduces to the non-relativistic 
Schrödinger equation in the appropriate limit. Further details are available in Selected 
Topics, Volume II, Section I.2.7.3 (Klein–Gordon Equation). The equation is strictly 
linear, and its solution is interpreted as a superposition of plane waves. Performing 
a Fourier transform on the Klein–Gordon equation according to the established rules 
yields the dispersion relation: 

 2 2 2 2 2 .c k cω μ= +  (1.355) 

The phase and group velocities are determined using the standard analytical procedure: 
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Clearly, the group velocity remains subluminal, whereas the phase velocity is super-
luminal and carries no physical information. The two velocities satisfy the simple rela-
tion: vf vg = c2. Both velocities depend on the wavelength, indicating physical disper-
sion. Only for a massless particle (μ = 0) are both velocities equal to the speed of light 
in vacuum. A particle with zero rest mass and its associated wave packet cannot propa-
gate at any other velocity. Plasma waves analyzed in Section 1.4.3 will exhibit similar 
behavior. 

 

Nonlinear System of Equations 
Nonlinear models pose a significant challenge because they generally lack universal 
solution methods. Linearization helps overcome this, although it discards many intrinsic 
nonlinear properties. A linear approximation is justified exclusively for small-amplitude 
waves, interpreted as small perturbations of a known, preferably stationary, solution. 
However, linearization often represents the unique approach to analyzing the system. 
Using methods from theoretical mechanics, solution stability can be investigated based 
on the behavior of these small perturbations. Linearization involves two consecutive 
steps. First, a stationary solution is established. In a homogeneous, unbounded medium, 
this is typically a constant spatial profile; in bounded media (such as a cylindrical fila-
ment), its structure is more complex. Second, the wave is treated as a small perturbation. 
This implies that relative perturbations behave as a small dimensionless parameter, 
allowing powers higher than the first order to be neglected. Practically, the perturbed 
solution is substituted into the original equations, and all higher-order terms are 
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dropped. This yields a linear system for the perturbations, solvable via standard proce-
dures. Before addressing magnetohydrodynamics, these steps are illustrated using ordi-
nary sound waves in gases. 1.4.2  Sound Waves in Gases 
For a nonlinear system of equations, a procedure based on linearization can be em-
ployed, which is analogous to the stability analysis of systems of ordinary differential 
equations [1]. Here, the behavior of small perturbations is examined, which may be 
damped (stability), grow exponentially (instability), or exhibit a wave-like character. 
The fundamental steps for solving a nonlinear system using the linearization method 
(also termed the perturbation method or the method of small perturbations) are summa-
rized as follows: 

 

1. Determining a preferably stationary solution. 
2. Linearization utilizing small perturbations. 
3. Elimination of variables (if necessary). 
4. Fourier transform. 
5. Algebraic elimination of remaining variables. 
6. Deriving the dispersion relation (system determinant vanishes). 
7. Investigating solution stability. 
8. Calculating phase and group velocities. 
9. Determining relative directions between vectors. 

 
For linear systems, the procedure begins directly with step 3. For nonlinear systems, 
the entire sequence must be followed, as demonstrated below using sound waves propa-
gating in a homogeneous, isotropic gas. 

Static Medium 
The following system of equations is considered as the starting point: 
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The first relation is the continuity equation for the density ρ, the second is the equation 
of motion for the velocity field u, and the system is closed by a polytropic equation of 
state (where the pressure p depends on density via a power law, a behavior highly typi-
cal for both gases and plasmas). The system contains five unknowns (ρ, u, p) and is 
inherently nonlinear due to the products of the unknown functions. The complete ana-
lytical procedure (steps 1 through 9) is performed as follows: 
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1. Steady-State Solution: For example, a stationary gas in a closed domain yields: 

0 0 0, 0 , .p pρ ρ= = =u  

2. Linearization: A small perturbation to the steady-state solution is assumed: 

0 0δ , δ , δ .p p pρ ρ ρ= + = = +u u  

Substituting this perturbation into the system (1.358) yields: 

( )

0 0

0 0

0

( δ ) div ( δ ) (δ ) 0 ,

(δ )( δ ) δ (δ ) ( δ ) ,

δ ( )δ ; .

t

p p
t

pp

ρ ρ ρ ρ

ρ ρ ρ

α ρ ρ α
ρ

∂  + + + = ∂
∂+ + ⋅ = − +

∂
∂= ≡
∂

u

u u u∇ ∇  

Only first-order terms are retained, neglecting higher-order perturbations. Since the 
derivatives of constants vanish, the linearized system reduces to: 

 

0

0

0

( δ ) div (δ ) 0 ,

( δ ) (δ ) ,

δ ( ) δ .

t

p
t

p

ρ ρ

ρ

α ρ ρ

∂  + = ∂
∂ = −

∂
=

u

u ∇  (1.359) 

3. Elimination of Variables: The system (1.359) is linear with respect to δρ, δu, and 
δp. In principle, the pressure perturbation δp can be eliminated immediately by sub-
stitution from the last equation. However, this step can also be performed later. 

4. Fourier Transform: The system is converted into an algebraic form using the 
Fourier transform. Since the system is already linear, this step is equivalent to as-
suming a plane-wave solution, yielding: 

 
0

0

i δ i ( δ ) 0 ,

i δ i δ ,

δ δ .

p

p

ω ρ ρ
ωρ

α ρ

− + ⋅ =

− = −

=

k u
u k  (1.360) 

5. Elimination of Variables: The resulting system contains five unknowns, which 
would require calculating the determinant of a 5×5 matrix. Using the last equation, 
the pressure perturbation is eliminated: 

0

0

δ ( δ ) 0 ,

δ δ 0 .

ω ρ ρ
α ρ ωρ

− + ⋅ =

− =

k u
k u

 

This leaves four equations (one scalar and one vector) for four unknowns δρ and 
δu, reducing the problem to a 4×4 determinant. From the second (vector) equation, 
the velocity perturbation can be expressed and substituted into the first equation: 

2 2( ) δ 0 .kω α ρ− + =  
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This yields a single equation for the unknown δρ, though completely eliminating 
variables is not always possible.  

6. Dispersion Relation: The condition for a non-zero solution requires the expression 
in parentheses before δρ to vanish (it represents the determinant of a 1×1 matrix): 

 2 2
0( ) 0 .kω α ρ− + =  (1.361) 

The dispersion relation is solved for ω. Substituting the definition of α yields: 

 .p kω
ρ

∂=
∂

 (1.362) 

7. Stability of the Solution: The dispersion relation is purely real; a real wave vector 
k corresponds to a real angular frequency ω, meaning the solutions are strictly 
wave-like. The system exhibits neither damping nor instability. 

8. Phase and Group Velocities: Since the resulting dispersion relation is linear, the 
phase and group velocities are identical, and sound propagates at the velocity: 

 s
pc

k
ω

ρ
∂= =
∂

. (1.363) 

Specifically for polytropic processes, p = Kργ (m0 is the mass of a single atom): 

 B
s

0

k Tpc
m

γ γ
ρ

= = . (1.364) 

9. Vector Relationships: The second equation (1.360) demonstrates that the velocity 
perturbation aligns with the direction of wave propagation (along the wave vector 
k), confirming that this is a longitudinal wave. 

Using the speed of sound, the dispersion relation for sound waves can be written as: 

► s s; .pc k cω γ
ρ

= ≡  (1.365) 

Moving Medium 
A non-zero velocity is now assumed in the steady-state solution (corresponding to 
sound propagation in a moving medium), seeking a solution of the form: 

 
0

0

0

δ ,

δ ,
δ .p p p

ρ ρ ρ= +

= +
= +

u u u  (1.366) 

How does this affect the system? The calculation proceeds identically, but the 
convective term in the equation of motion now also contributes to the linearized 
equations. A straightforward calculation yields the dispersion relation: 

 ( )2 2
0 0( ) 0 ; pkω α ρ α

ρ
∂− ⋅ − = ≡
∂

k u  (1.367) 
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and from it the observed angular frequency 

 0
s 0 s 0 s

s
cos 1 cos

u
c k c k ku c k

c
ω ϕ ϕ

 
= + ⋅ = + = +  

 
k u . (1.368) 

The angle between the wave vector k and the medium velocity u0 is denoted as φ. 
Defining the sound frequency in a stationary medium as ω0 = csk yields the relation: 

► 0
0

s
1 cos

u
c

ω ω ϕ
 

= +  
 

, (1.369) 

which represents the Doppler formula for the frequency shift due to the motion of the 
wave source. For moving fluids, the dispersion relation therefore features the 
combination: 
 Ω = ω − k·u0. (1.370) 

Jeans Criterion 
Waves are now described in a cloud of gas and dust governed by a gravitational field 
(a nebula). Specifically, the conditions under which a sound wave becomes unstable are 
investigated, causing a portion of the nebula to collapse and form a globule – a dense 
region serving as the precursor to a future star. 

The following table compares the quantities describing electrostatic and gravita-
tional fields. The correct coefficient for the Laplace–Poisson equation for gravitational 
potential can be obtained by comparing the potential energy relations in the first row. 
 

Quantity Electrostatic field Gravitational field 

Potential of a point source E
04

Q
r

φ
πε

=  G
MG
r

φ = −  

Potential energy E EV qφ=  G GV mφ=  

Equation for the potential 2
E

0

Qρ
φ

ε
= −∇  2

G 4 MGφ π ρ=∇  

Force from energy EV= −F ∇  GV= −F ∇  

Force from potential Eq φ= −F ∇  Gm φ= −F ∇  

Force density EQρ φ= −f ∇  GMρ φ= −f ∇  

As a starting point, the system (1.358) supplemented by the gravitational force density 
and the equation for the gravitational potential is considered:  

 
( )

2

/ div 0 ,

/ ,

4 ,

( ) .

t

t p

G

p p

ρ ρ

ρ ρ ρ φ

φ π ρ

ρ

∂ ∂ + =

∂ ∂ + ⋅ = − −

=

=

u

u u u∇ ∇ ∇

∇
 (1.371) 
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Since this is a purely gravitational problem without electric fields, there is no risk of 
confusing densities or potentials, so the subscript G is omitted. This yields a total of six 
equations for six unknowns ρ, u, ϕ, and p. The solution is sought in the perturbed form: 

0 0 0δ , δ , δ , δ .p p pρ ρ ρ φ φ φ= + = = + = +u u  

The zero-order quantities must satisfy the equation Δϕ0 = 4πGρ0, which implies that 
∇ϕ0 ≠ 0. However, this contradicts the steady-state solution of the equation of motion 
for p0 = const. This inconsistency arises from replacing a finite nebula with an infinite 
space filled with matter of constant density, pressure, and temperature. In the large-scale 
nebula approximation, boundary effects can be neglected while still enforcing ∇ϕ0 ≠ 0 
in the perturbation analysis. This “inconsistency” was already present in Jeans original 
solution. Using a similar procedure, the dispersion relation for sound waves influenced 
by a gravitational field is obtained: 

 2 2 2 2
s 0 s4 ; pc k G cω π ρ

ρ
∂= − ≡
∂

. (1.372) 

Unlike the original relation (1.365), an additional term appears on the right-hand side. 
The solution for the angular frequency ω is straightforward: 

 2 2
s 04 .c k Gω π ρ= ± −  (1.373) 

At first glance, the angular frequency need not be a real quantity. For  

 2 2
s 04c k Gπ ρ<  (1.374) 

the angular frequency is purely imaginary, ω = ±i b, and the terms  
ie et b tω =   

appear in a plane wave. Certain perturbations can grow exponentially, causing instabil-
ity. In such environments, stars form from originally small perturbations that grow to 
macroscopic sizes. Condition (1.374) is examined below in more detail: 

2
2
s 02

B
s

0 0 0

4 4

.

c G

k T
c

G G m

π π ρ
λ

π πλ γ
ρ ρ

< 

> =

 

Here, m0 represents the mass of a single atom or molecule. Perturbations with wave-
lengths exceeding a certain threshold are gravitationally unstable. For stars to form, the 
nebula must be larger than this critical size. This statement is known as the Jeans crite-
rion, derived in 1902: 

► B

0 0
.k T

L
G m
π γ

ρ
>  (1.375) 

The dispersion relation (1.373) straightforwardly yields the phase and group velocities 
of perturbations. In an ionized medium with magnetic fields, star formation can occur 
even without satisfying the Jeans criterion. 
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If the Jeans criterion is satisfied and a spherical object forms within the nebula, its 
equilibrium conditions must then be determined. The gravitational force acting on a 
given layer inside the protostar is given by:  

grav 2
1F

R
 . 

The pressure force on this layer is proportional to the pressure p ~ ργ and surface S ~ R2: 

2 3 2
pressure 3 2

1~ ~ ~γ γ
γρ −

−F R R R
R

 . 

Both forces decrease as the star expands, establishing equilibrium when they balance. 
Their rates of decrease are identical for the coefficient:  

4 .
3

γ =  

Two cases are considered. First, for γ > 4/3, the pressure curve is steeper than the 
gravitational curve. If the star experiences a fluctuation that increases its size, the 
gravitational force prevails, causing it to contract. Conversely, if the star decreases in 
size, the pressure force prevails and forces it to expand back to its original size. The star 
is stable, and size fluctuations do not threaten its existence. 

For γ < 4/3, the situation is reversed. If the star fluctuates toward a larger size, the 
pressure force prevails and forces the star to expand continuously. The star becomes 
unstable and will, at the very least, eject its outer envelope. If the star shrinks, gravity 
prevails and forces it to collapse.  

F γ < 4/3
Gravitation steeper
Star unstable

Fpressure

R

F γ > 4/3
Pressure steeper 
Star stable

Fgrav

R0 R r0+δR r0– δ

Fgrav

Fpressure

RR0 R r0+δR r0– δ  
Fig. 1.58: Equilibrium of a polytropic star. 

 
Note: The material of white dwarfs has a polytropic index close to 4/3, which var-
ies slightly with the star's mass. At approximately 1.4 solar masses, the polytropic 
index is exactly 4/3; for higher masses, the white dwarf becomes unstable. This 
threshold is known as the Chandrasekhar limit.  
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1.4.3  Plasma Oscillations and Waves 
A plasma medium can transmit numerous wave types in response to various external 
stimuli. In this section, the simplest plasma oscillations and waves occurring in the 
absence of a magnetic field are examined. The restoring force is driven solely by the 
electric field, enabling periodic motion. An initial perturbation causes the electron and 
ion fluids to oscillate at two characteristic frequencies while generating a global electric 
field. Because the electron fluid oscillates at significantly higher frequencies than the 
ion fluid, a single-fluid model is inadequate; instead, a two-fluid model must be 
employed. Viscous terms are neglected. For this wave type, the Maxwell equation 
curl E = 0 applies (an electric field wave is possible even with a zero magnetic field), 
implying that k × δE = 0. Consequently, δE | | k holds, and the wave is longitudinal. 

Derivation of the Dispersion Relation 
The following is taken as the starting system of equations: 

 

e
e e
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i i i i i i i i
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( ) ,
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n
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∂
+ =

∂
∂

+ =
∂

∂
+ ⋅ = − −
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∂

+ ⋅ = − +
∂
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u u u E

u
u u E

∇ ∇
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 (1.376) 
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1 ( ) ,
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.

Zen en
t

p n k T C n

p n k T C n

γ

γ

ε
∂ = − −
∂

= =

= =

E u u

 

These comprise the continuity equations for electrons and ions, the equations of motion 
including pressure and electric field terms, the equation for the electric field, and the 
polytropic equations of state. The electric field equation is derived from Maxwell 
equation ∇× H = j + ∂D/∂t , where the magnetic field is zero and the current density is 
given by relation (1.170). A Z-times ionized plasma is assumed. These equations are 
linearized by perturbing the steady-state solution: 

 
e e0 e i i0 i e e i i

e e0 e i i0 i

δ ; δ ; δ ; δ ;

δ ; δ ; δ .

n n n n n n

p p p p p p

= + = + = =

= = + = +

u u u u
E E

 (1.377) 

Substituting into the original equations and dropping higher-order terms yields: 
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e
e0 e

i
i0 i
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k T
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m
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The next step is straightforward. The number of equations is reduced by substituting the 
last two into the remaining ones, followed by a Fourier transform: 

e e0 e

i i0 i

δ ( δ ) 0 ,

δ ( δ ) 0 ,

n n

n n

ω

ω

− + ⋅ =

− + ⋅ =

k u

k u
 

2
e e0 e e e e e0

2
i i0 i i i i i0

i δ i δ δ ,

i δ i δ δ ,

m n m c n en

m n m c n Zen

ω

ω
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u k E

u k E
 

i0 i e0 e
0

i δ ( δ δ ) .e Zn nω
ε

= −E u u  

This system contains 11 algebraic equations for the unknowns δne, δni, δue, δui, δE. To 
reduce the system, δue and δui are expressed from the third and fourth equations and 
substituted into the rest. Next, δE is expressed from the last equation and substituted 
into the remaining two, yielding: 

2 2 2 2 2 2 2 2 2 2 2 2
pe pi e pe e e pe i i

2 2 2 2 2 2 2 2 2 2 2 2
pi e e pe pi i pi i i

( )( ) δ δ 0 ,

1 δ ( )( ) δ 0 ,

c k c k n Z c k n

c k n c k c k n
Z

ω ω ω ω ω ω

ω ω ω ω ω ω

   − − − − + =   
   + − − − − =    

 

These combinations are denoted as the sound speed (for electrons, this is a formal desig-
nation; the ear cannot hear electron-carried sound) and the plasma frequency: 

 i B i2 2e B e
e i

e i
; ,

k Tk T
c c

m m
γγ

≡ ≡  (1.378) 
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2 2 2

e0 i02 2
pe pi

e 0 i 0
; ,

n e n Z e
m m

ω ω
ε ε

≡ ≡  (1.379) 

For the resulting system to have a nonzero solution, its determinant must vanish:  

2 2 2 2 2 2 2 2 2
pe pi e pe e 2 2 2 2 4

pe pi e i2 2 2 2 2 2 2 2 2
pe pi i pi i

( )( )
0 .

( )( )

c k c k
c c k

c k c k

ω ω ω ω ω
ω ω

ω ω ω ω ω

  − − − − ×   − =  × − − − −   

 

Rearranging the terms (via Mathematica or MATLAB) yields the dispersion relation: 

2 2 2 2 2 2
pe pi pe pi

2 2 2 2 2 2 2 2 2 2
pe e pi i pe pi

( )( )
0

( )( )c k c k

ω ω ω ω ω ω

ω ω ω ω ω ω

  − − − ×   = 
  × − − − − −  

. 

This relation has two main branches: the first is independent of the wave vector (plasma 
oscillations, discussed below), while the second depends on it (plasma waves, see page 
128, and ion waves, see page 129): 

► 2 2 2 2 2 2
pe pi pe pi( )( ) 0ω ω ω ω ω ω − − − =  , (1.380) 

► 2 2 2 2 2 2 2 2 2 2
pe e pi i pe pi( )( ) 0c k c kω ω ω ω ω ω − − − − − =  . (1.381) 

Plasma Oscillations 
Expanding equation (1.380) yields a non-zero solution: 

2 2 2
pe piω ω ω= + . 

The square of the electron plasma frequency is three orders of magnitude higher than 
that of the ions. The second term on the right-hand side represents a negligible ion mass 
correction and is usually ignored. Using quasi-neutrality (ni0 = ne0/Z) yields: 

2 2 2
pi i02 2 2 2 2 2e 0 e

pe pi pe pe pe2 2
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1 1 1
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► 2 2 e
pe

i
1

Zm
m

ω ω
 

= +  
 

. (1.382) 

If the ions possessed infinite mass, the oscillations would occur exactly at the electron 
plasma frequency, leaving the ions completely stationary. The physics can be under-
stood as an electron fluid oscillating against a fixed ion background. The second term in 
parentheses provides a small correction for the finite ion mass. This frequency repre-
sents one of the most critical plasma characteristics; a plasma frequently responds to 
external stimuli with oscillations or waves at this frequency, which typically lies within 
the radio frequency range. 
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Plasma Waves 
The second branch (1.381) of the dispersion relation is now considered. The inequality 
me << m i is applied through the limit m i → ∞. In doing so, the high-frequency compo-
nent of the waves is analyzed, where the ions cannot respond quickly enough and effec-
tively behave as if they possessed infinite mass. This limiting process yields: 

2 2
pi i0 ; 0 .cω → →  

The dispersion relation (1.381) reduces directly to the relation:  

2 2 2 2
pe e 0ω ω− − =c k , 

which yields the dispersion relation for plasma waves: 

► 2 2 2 2 2 2 2
pe e pe e; resp. .c k c kω ω ω ω= + = +  (1.383) 
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Fig. 1.59: Dispersion relation for plasma oscillations and waves. 

Long-Wave Limit (small k) 
The second term in the dispersion relation is negligible, corresponding to oscillations at 
the electron plasma frequency: 

peω ω= . 

Short-Wave Limit (large k) 
The first term in the dispersion relation is negligible, and the relation becomes linear: 

ec kω = . 
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The slope of the dispersion curve represents the electron “speed of sound” (approxi-
mately the electron thermal velocity). Real sound is carried by heavy particles (ions and 
neutrals) and exhibits a much lower frequency. 
 

Note 1: Plasma waves are the most typical high-frequency waves in plasma, usu-
ally falling within the radio frequency range. The dispersion relation (1.383) ad-
mits solutions exclusively for 

 peω ω> . (1.384) 

At lower frequencies, the wave does not propagate. This behavior is evident di-
rectly from both the dispersion relation and the accompanying figure; for frequen-
cies below the plasma frequency, the relation yields a complex solution, meaning 
the wave is evanescent. 
Note 2: The distinction between small and large k depends on which of the two 
terms in expression (1.383) dominates. Since ωp2/c2k2 = λ2/4π2γ λD2, the small-k 
limit corresponds to the long-wavelength region (λ >>λD), while the large-k limit to 
the short-wavelength region (λ << λD), where λD is the Debye length. 
Note 3: The second term in the dispersion relation (1.383) arises from the thermal 
motion of electrons. Without thermal motion, waves would not propagate, and only 
localized oscillations would occur. 
Note 4: The dispersion relation (1.383) straightforwardly yields both the phase and 
group velocities: 
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∂= = + = = +
∂
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Consequently, the phase and group velocities satisfy the following relations: 

 2
f e g e f g e; ; .c c c> < =v v v v  (1.386) 

Note 5: In the presence of a magnetic field, the high-frequency branch transitions 
into a more complex set of electromagnetic plasma waves. Conversely, the low-
frequency branch described in the next section transitions into a complex of mag-
netoacoustic waves. 

Ion Waves 
The inequality  me << m i is now applied through the limit me → 0. Electrons with zero 
mass effectively become a background negative charge cloud. Ions retain a finite, albeit 
large, mass and oscillate at very low frequencies against the electron background. This 
limiting process implies: 

2 2
pe e; .ω → ∞ → ∞c  

Retaining the dominant terms in the dispersion relation (1.381) yields: 

2 2 2 2 2 2 2 2 2
pe e pi pe pi( )( ) 0ic k c kω ω ω ω ω− − − − − = . 
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This relation is solved straightforwardly for ω: 
2 2
pi pe2 2 2 2

pi i 2 2 2
pe e

c k
c k

ω ω
ω ω

ω
= + −

+
 

and after a simple rearrangement, it follows that: 
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11
1 /
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 
 = − +
 + 

 . (1.387) 

The relation can also optionally be rewritten using the Debye length (discussed in Sec-
tion 1.6.4, p. 231). A simple relation holds between the sound speed (1.378), the plasma 
frequency (1.379), and the Debye length: 

2 2 2
p/cα α α αω γ λ= . 

Using this expression, the dispersion relation for ion waves is sometimes expressed as: 
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. (1.388) 

Long-Wave Limit (small k ) 
In the long-wave limit, the dispersion relation (1.387) can be approximated as: 
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Using the definitions of the sound speed (1.378), the plasma frequency (1.379), and 
quasi-neutrality ni0 = ne0/Z yields: 
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These solutions represent sound waves propagating at the velocity: 
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Short-Wave Limit (large k) 
In the short-wave limit, only a single term remains in the dispersion relation (1.387) 

2 2 2
i i; resp. .c k c kω ω≈ =  

These again correspond to sound waves propagating at the velocity: 

s ic c= . 

Low-frequency solutions are sound waves exhibiting weak dispersion. 

Other Factors 
Motion of the Medium 
Plasma oscillations and waves are influenced by numerous other factors. If the medium 
in which the wave propagates moves at a velocity u0, the dispersion relation (1.381) 
becomes: 

2 2 2 2 2 2 2 2 2 2
0 pe e 0 pi i pe pi( ) ( ) 0ω ω ω ω ω ω   − ⋅ − − ⋅ − ⋅ − − − =   c k c kk u k u . 

This relation naturally incorporates the Doppler frequency shift. 

Collisions 
Collisions introduce a friction term on the right-hand side of the equation of motion, 
which is proportional to velocity and the collision frequency ν. Since electron plasma 
oscillations are strictly longitudinal, collision effects can be estimated in one dimension 
while neglecting other terms, such as pressure: 
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Applying perturbations and the Fourier transform yields the dispersion relation. In the 
absence of the collision term, it takes the form: 

2
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e 0

;ω ω ω
ε

= ≡
n e
m

. 

This approach provides an efficient method for deriving the plasma frequency. With the 
collision term included, forcing the determinant to zero yields: 

2
2 2 2

pe pei 0 i
2 2
ν νω ων ω ω ω  + − =  = − ± −  

 
. 

Collisions cause the damping of plasma oscillations with a damping coefficient δ = ν/2. 
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Magnetic Field 
A magnetic field deeply alters wave behavior. The high-frequency branch transitions 
into the complex of anisotropic electromagnetic waves (Sec. 1.4.5), while the low-fre-
quency branch becomes a complex of anisotropic magnetoacoustic waves (Sec. 1.4.4). 1.4.4  Magnetoacoustic Waves 
In this section, low-frequency waves driven by ion motion in the presence of a magnetic 
field are examined. The magnetic field introduces a completely new property – anisot-
ropy. Other factors influencing wave behavior include the electric charge of the ions and 
the conductivity of the medium.  

Derivation of the Dispersion Relation 
As our starting point, classical single-fluid magnetohydrodynamics is considered: 
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 (1.389) 

The diffusion term in the magnetic field equation is responsible for the damping of 
magnetoacoustic waves. For a highly conductive plasma (σ → ∞), this term can be ne-
glected, rendering the waves undamped. Retaining this term in the governing system 
would yield complex solutions for both the frequency and the wave vector, causing the 
plane wave to damp exponentially. The entire governing system is algebraically closed 
by the equation of state. 

The analytical procedure continues analogously to the previous cases by perturbing 
the steady-state solution: 

 0 0 0δ ; δ ; δ ; δ .p p pρ ρ ρ= + = = + = +u u B B B  (1.390) 

Substituting the perturbed solution (1.390) into the system (1.389), neglecting higher-
order terms, and assuming a plane-wave solution yields the linearized algebraic system: 
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This is a homogeneous system of eight equations (two scalar and two vector). By suc-
cessively eliminating variables, the system can be reduced to a single equation for ve-
locity (the second equation). First, δp is substituted from the last equation, then δρ from 
the first equation, and finally δB from the third equation (simplifying the vector triple 
product). This yields a coupled system of equations for the velocity field perturbations: 

 δ⋅ =M u 0 . (1.392) 

The components of the symmetric matrix M are given by:  

( )(A) (A)2 2 2 2
A A A s( ) ( )( )kl kl k l k lkM k k c k kω δ = − ⋅ + ⋅ + − + k v k v lv v v . 

This matrix can also be expressed in the invariant form: 

[ ] ( )2 2 2 2
A A A A A s( ) ( ) .cω = − ⋅ + ⋅ ⊗ + ⊗ − + ⊗ M k v 1 k v k v v k k k


v  

The quantity vA is termed the Alfvén velocity and is defined as:  

 0
A

0 0μ ρ
≡

Bv . (1.393) 

To derive the dispersion relation, a convenient coordinate system can be chosen. The z-
axis is aligned with the direction of the magnetic field B0 (and thus the Alfvén velocity). 
The coordinate system is then rotated around this axis so that the wave vector k lies 
within the (x, z) plane. In this coordinate system, B0 = (0,0,B0), vA = (0,0,vA), and the 
wave vector is k = (k sin α, 0, k cos α ). The angle between the vectors B0 and k is α. 

 
Fig. 1.60: Choice of the coordinate system. 

For this choice, the matrix M takes a simple form:  
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Since a non-zero solution to the system (1.392) is sought, the determinant of matrix M 
must vanish. This condition yields the dispersion relation for magnetoacoustic waves, 
expressed in a form independent of the chosen coordinate system:  

 ( ) ( )2 22 4 2 2 2 2 2 2
A A s s A 0( )k c c kω ω ω   − ⋅ ⋅ − + + ⋅ =      

k v k vv . (1.394) 
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The Alfvén velocity vector points along the background magnetic field B0. It is immedi-
ately apparent that magnetoacoustic waves are far more complex than ordinary sound 
waves. When the expression in the first square bracket vanishes, the Alfvén wave (A) 
mode is established. When the expression in the second set of brackets vanishes, it 
yields an easily solvable bicubic equation for the angular frequency. Its solution pro-
vides two additional magnetoacoustic wave modes: the slow wave (S) and the fast wave 
(F). The dispersion relations for these individual modes are given by (where α is the 
angle between the wave vector and the magnetic field or the Alfvén velocity):  
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 (1.395) 

Notably, in some literature, all three magnetoacoustic wave modes introduced here are 
collectively referred to as Alfvén waves. In a classical sound wave, the energy density 
transfers between the thermal (pressure, p) and ordered (kinetic, ρv2/2) energy compo-
nents. In a magnetoacoustic wave, the energy density of the magnetic field (magnetic 
pressure, pM = B2/2μ0) acts as an additional equivalent component. Equating the kinetic 
energy density to the magnetic pressure yields the Alfvén velocity: 
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Wavefronts of Magnetoacoustic Waves 
The dispersion relations (1.395) straightforwardly determine the phase velocities for the 
individual modes: 
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 (1.396) 

These velocities are evaluated along the magnetic field B0 (α = 0) and perpendicular to 
it (α = π/2). The results are summarized in the following table: 

Mode A S F  

α = 0 Av  A smin{ , }cv  A smax{ , }cv  (1.397) 

α = π/2 0 0 2 2
A sc+v  (1.398) 

Along the background magnetic field, the phase velocity of the Alfvén wave equals the 
Alfvén velocity; the slow wave propagates at the lower of the two fundamental veloci-
ties (the sound speed and the Alfvén velocity), while the fast wave propagates at the 
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higher velocity. Perpendicular to the initial magnetic field, only the fast wave exhibits a 
non-zero propagation velocity; the slow and Alfvén waves have zero velocities. 

This behavior is clearly illustrated in the polar diagram showing the phase velocity 
of all three modes as a function of the magnetic field. Such a diagram represents the 
shapes of the individual wavefronts. As the magnetic field decreases, the wavefronts of 
the Alfvén wave and the slow magnetoacoustic wave shrink, and the fast magneto-
acoustic wavefront reduces to an ordinary sound wavefront. The magnetic field thus 
introduces a strong anisotropy into sound propagation. The behavior of wavefronts at 
various magnetic field intensities was visualized via Wolfram MATHEMATICA. The 
figures illustrate the wavefront shapes, or the polar diagram of the phase velocity, for 
various magnetic field strengths. In the presence of dust within the plasma, additional 
and more complex wavefronts structures emerge. 

 
Fig. 1.61: The top panel illustrates the situation for a weak field vA < cs), where the fast wave (F) 
represents a normal sound wave. In the lower-left panel, the effects of magnetic and thermal 
pressures are balanced vA = cs). In the lower-right panel, the magnetic field dominates vA > cs). 

Directions of Vectors in Magnetoacoustic Waves 
To examine the directions of individual perturbations for a specific mode, the corre-
sponding dispersion relation is substituted into the original linearized system (1.391), 
keeping the coordinate system unchanged. This allows the determination of the direc-
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tions of the individual vectors from (1.391). Magnetoacoustic waves represent a mixture 
of longitudinal and transverse waves. From the equation ∂B/∂t = curl (u×B), it follows 
that –ωδB = k×(δu×B0). The magnetic field perturbation is always perpendicular to the 
direction of wave propagation. Three critical scenarios are analyzed below.  

Alfvén Wave 
The Alfvén mode yields the simplest of the three dispersion relations. The system of 
equations (1.391) shows that the plasma oscillates perpendicular to both the magnetic 
field and the direction of propagation, classifying it as a transverse wave. The magnetic 
field perturbation is perpendicular to the initial magnetic field, causing the magnetic 
field lines to ripple. If the field is aligned with the z-axis, the dispersion relation takes 
the form ω = vAk cosα = vAkz, and the group velocity equals v = (0, 0, vA). In an Alfvén 
wave, energy propagates exclusively along the magnetic field B0 at the Alfvén velocity. 

B = B + B0 δB0

δr

k

δB

α

x

y

z
 

Fig. 1.62: relative vector directions within an Alfvén wave. 

Compressional Wave 
In a fast magnetoacoustic wave propagating perpendicular to the magnetic field (k⊥B0), 
the perturbation is parallel to the initial field. This creates a wave of denser and sparser 
magnetic field lines, known as a compressional wave. The plasma oscillates along the 
direction of wave propagation k (perpendicular to field B0), making it a longitudinal 
wave. The wave behavior closely resembles “ordinary” sound; however, the role of the 
elastic medium is played by both the hydrostatic pressure p and the magnetic pressure 
pM = B2/2μ0. The wave velocity is determined by both effects, yielding vf =(cs

2+vA
2)1/2. 

This mode is occasionally called the compressional Alfvén longitudinal wave. 

B = B + B0 δ

B0

δr kδB x

y

z  
Fig. 1.63: Relative vector directions within an compressional wave. 

Classical Sound Wave 
Along B0, either a fast or slow wave propagates at the sound speed cs (depending on the 
field strength). The plasma oscillates along the propagation direction and remains unaf-
fected by the magnetic field, whose perturbation vanishes. 
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B = B0

B0

δr k x

y

z
 

Fig. 1.64: Relative vector directions within a classical sound wave. 1.4.5  Electromagnetic Waves 
Electromagnetic waves propagating through plasma interact primarily with electrons, as 
the heavier ions cannot respond quickly enough to high-frequency processes. For an 
electromagnetic wave, the following relations hold: 

 
div 0 δ ,

curl δ δ .
t

=  ⊥

∂= −  ⊥
∂

B B k

BE B E
 (1.399) 

A constant magnetic field B0 causes anisotropy in wave propagation. Perpendicular to 
the field, the plasma exhibits ordinary and extraordinary waves, similar to birefringent 
crystals. Along the field, however, these waves appear as a mixture of left- and right-
handed modes. Plasma phenomena also include whistlers – low-frequency signals last-
ing several seconds that arise from lightning and propagate along Earth magnetic field 
lines. Understanding the material response to high-frequency waves and calculating 
plasma permittivity remain of major interest. 

 

Fig. 1.65: Interaction of an electromagnetic wave with a plasma,  
where a wide variety of modes can be excited. 

Dispersion Relations of the Electromagnetic Complex 
As governing equations, the electron continuity equation, the electron equation of mo-
tion, and the Maxwell equations are selected. Due to the high frequency of these proc-
esses, Maxwell displacement current cannot be neglected. Throughout this analysis, the 
limit mi → ∞ and p → 0 is considered; that is, for electromagnetic wave propagation 
through plasma, ion motion and thermal processes are neglected, restricting the frame-
work to a cold electron plasma: 
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Linearization is performed: 

 e 0 e e e 0δ , δ , δ , δn n n= + = = + =u u B B B E E  (1.401) 

and the Fourier transform (1.400) is applied using the standard procedure. Since number 
density perturbations vanish throughout, the continuity equation can be omitted. The 
current density from the last equation is substituted into the remaining equations: 
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The standard notation is introduced 
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for the speed of light, the plasma frequency, and the cyclotron frequency, and the unit 
vector along the magnetic field is defined as: 
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0
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e . (1.404) 

Variables are eliminated from system (1.402); from the second equation, δB is substi-
tuted into the remaining equations:  
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The velocity field perturbation is then expressed from the second equation and substi-
tuted it into the first (simplifying the vector triple products). This yields a separate 
equation for the electric field perturbation: 
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The same coordinate system as before is chosen: the z-axis points along the field 
B0 = (0, 0, B0), and the vector k lies in the (x, z) plane, such that k = (k sin α, 0, k cos α): 

 

Fig. 1.66: Choice of the coordinate system. 

In this coordinate system, the equation for the electric field perturbation takes the form: 
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For a non-trivial solution, the determinant of matrix ME must vanish, yielding: 
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(1.406) 

For electromagnetic waves, the refractive index, given by the relation 

 
f /
c c ckN

kω ω
= = =
v

. (1.407) 

is essential. It is therefore often advantageous to solve the dispersion relation for ck or 
ck/ω. The resulting refractive index becomes a function of the angular frequency: 

 ( )( ) ckN ωω
ω

≡ . (1.408) 
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The refractive index also depends on the number density (via the plasma frequency) and 
the magnetic field (via the cyclotron frequency). Of particular interest are limiting 
situations where the refractive index becomes infinite (resonance) or zero (cutoff, repre-
senting the frequency below or above which a wave ceases to propagate): 

 fResonance: ( 0) ;→ ∞ →N v  (1.409) 

 fCut-off: 0 ( ) .→ → ∞N v  (1.410) 

Parallel Propagation: R and L Waves  
Along the field (α = 0), the dispersion relation reduces to a relatively simple expression: 
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 (1.411) 

The solution for ω yields three fundamental modes. The first, obtained by setting the 
left parenthesis to zero, corresponds to electron plasma oscillations. No ion mass cor-
rection appears because the ions are considered infinitely massive. Setting the right 
parenthesis to zero yields the remaining two modes: the R and L waves.  

R and L Waves 
The dispersion relation is obtained from the condition: 
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, 

which allows to isolate the combination ω2 − c2k2. From this relation c2k2 is determined. 
Solving the dispersion relation for k in this way is straightforward procedure: 
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The refractive index is then given by: 
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Substituting c2k2 from the dispersion relation (1.412) into the linearized electric field 
equation (1.405) yields: 

 δ i δ ; δ 0 .= ± =y x zE E E  (1.414) 

The imaginary unit denotes a mutual phase shift of π/2 between the components Ex and 
Ey (analogous to the superposition of two phase-shifted orthogonal oscillations). These 
represent right- and left-handed circularly polarized waves, known as the R wave 
(Right) and L wave (Left). The electric field perturbation is perpendicular to the back-
ground magnetic field (δE⊥B0). For a wave δEx = A exp(ikz–iωt), the real part of the 
time component equals Re(δEx) ~ A cos ωt, and according to the equation (1.414), 
Re(δEy) ~ ±A sin ωt. The direction of rotation corresponds to the following figure: 
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Fig. 1.67: Right-handed (R) and left-handed (L) circularly polarized wave topologies. 

The handedness is determined by the rotation of the electric field vector when viewed 
along the magnetic field B0. Now the resonance and cutoff frequencies are determined: 

Cyclotron Resonance. The condition N → ∞ occurs only for the R wave at: 

 c .ω ω=  (1.415) 

The wave is absorbed at the Larmor frequency of the electrons. The L wave does not 
resonate with the electrons, as its electric field vector rotates opposite to the natural 
electron gyromotion around the magnetic field lines. 

Cutoff Frequencies. The condition N → 0 corresponds to wave reflection, defining the 
boundary of wave propagation. This occurs at the left and right cutoff frequencies: 

 2 2
R,L c c p

1 1 4
2 2

ω ω ω ω ω= ≡ ± + + . (1.416) 

Only the positive root before the discriminant is retained to ensure a positive frequency. 
This choice accounts for all physically consistent combinations without losing solutions. 
Figure 1.68 illustrates the propagation regions for R and L waves. 

Perpendicular Propagation: O and X Waves 
For α = π/2 , the dispersion relation (1.406) reduces to: 
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(1.417) 

Ordinary Wave (O) 
Setting the first parenthesis to zero yields the ordinary wave (O wave), whose disper-
sion relation resembles that of unmagnetized plasma waves:  

► 2 2 2 2
p .c kω ω= +  (1.418) 

The refractive index of the ordinary wave is given by: 
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Since the refractive index is frequency-dependent, different frequencies propagate at 
different velocities. Various plasma diagnostic methods are based on relation (1.419), 
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such as schlieren photography, which visualizes transverse gradients of the refractive 
index. In experimental physics, a simplified relation (valid for ω >> ωp) obtained from 
the first term of the Taylor expansion is frequently utilized: 
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Equations (1.418) or (1.419) represent the fundamental dispersion relation for electro-
magnetic wave propagation through plasma. The angular frequency and wave vector are 
real for ω > ωp. For ω < ωp , the wave vector becomes complex, meaning the wave is 
evanescent and ceases to propagate. Instead, it drives electron oscillations and under-
goes reflection. The propagation regions for the O wave are illustrated in Figure 1.68. 

Resonance. For the ordinary wave, no resonances occur (N → ∞); the refractive index 
remains finite throughout the entire frequency spectrum. 

Cutoff. The cutoff frequency (N → 0) equals the electron plasma frequency, ωp. 

• The propagation of an ordinary wave is unaffected by the magnetic field; the 
wave propagates as if the field were absent. 

• An ordinary wave features an electric field perturbation parallel to the back-
ground magnetic field (δE || B0). 

• For frequencies exceeding the plasma frequency, the plasma is transparent to 
electromagnetic waves. 

Extraordinary Wave (X) 
Setting the second parenthesis in (1.417) to zero yields the dispersion relation for the 
extraordinary wave (X wave): 

 ( ) ( ) ( )2 2 2 2 2 2 2 2 2 2
p p c 0c k c kω ω ω ω ω ω− − − − − = . (1.421) 

Expressing the combination ω2−c2k2 allows us to determine c2k2 and, subsequently, the 
refractive index of the extraordinary wave: 
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Standard limiting cases occur for: 

f( 0)N → ∞ → v   
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► 2 2
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Deriving the cutoff frequencies (1.424) through direct calculation is algebraically tedi-
ous, as it involves nested square roots. It is more advantageous to prove, via direct sub-
stitution, that a highly useful identity holds between the refractive indices (formulas can 
be simplified during the proof by denoting ωp/ω=P, ωc/ω=C): 
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which implies NX = when NR = 0 or NL = 0, corresponding to the left and right cutoff 
frequencies.  
Resonance (Upper Hybrid). Resonance occurs at the upper hybrid frequency ωh, 
where the wave group velocity vanishes (vg = 0) and the magnetic field perturbation 
disappears. Under these conditions, the oscillations become purely electrostatic electron 
oscillations at the upper hybrid frequency. This generalizes the plasma oscillations in-
duced by an electromagnetic wave. In addition to the Coulomb force, the Lorentz force 
(associated with Larmor gyromotion around B0) acts as a restoring force; consequently, 
the frequency is higher than in pure, unmagnetized plasma oscillations. At a non-zero 
electron temperature (accounting for the pressure term), these oscillations begin to 
propagate as waves. 

Cutoffs (Left and Right). The propagation boundaries of the X wave are determined by 
the right and left cutoff frequencies ω R,L. The extraordinary wave propagates within the 
intervals ω ∈ (ωL, ωh)∪(ωR, ∞). The corresponding regions are illustrated in Fig. 1.68. 

• The X wave is evanescent within the intervals (0, ωL)∪(ωh, ωR). 

• The X wave is heavily influenced by the background magnetic field B0. 

• In the X wave, the electric field perturbation is perpendicular to the background 
magnetic field: δE ⊥  B0. The electrons oscillate along the electric field while si-
multaneously gyrating around the magnetic field lines. 

 
In the case of an arbitrary wave propagation direction relative to the magnetic field B0, 
electromagnetic wave propagation is described by the general dispersion relation 
(1.406). At resonance frequencies, the electromagnetic wave is absorbed, leading to 
localized plasma heating. Such auxiliary heating by electromagnetic waves of suitable 
frequencies is utilized in various devices, including tokamaks. Because ion motion has 
not yet been incorporated into this framework, the ion cyclotron resonance for the 
L wave and the lower hybrid resonance for the X wave have not been derived here.  
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Fig. 1.68. Dispersion relations for L, R, O, and X waves. Propagation is limited to light gray bands. 

Dispersion relations of electromagnetic waves for a cold electron plasma are illustrated 
in Figure 1.69. The curves are plotted for ωc = 2.5 ωp. Neither ion nor thermal proc-
esses are considered in these plots; accounting for them would yield more complex 
dispersion relations. In the upper plot, resonances are easily identifiable where the cor-
responding branch of the dispersion relation approaches infinity (the refractive index di-
verges). The only electromagnetic wave mode capable of propagating at ultra-low fre-
quencies is the R wave, commonly known as a whistler. The lower plot shows that the 
refractive index exceeds unity for the R wave in the region ω < ωc and for the X wave 
in the interval ω ∈ (ωp, ωh). The plots were generated in Wolfram Mathematica. 
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Fig. 1.69: Dispersion relations for electromagnetic waves and cold electron plasma. 

Stix Coefficients and the CMA Diagram 
The general dispersion relation ϕ(ω, k) = 0 is solved either for the frequency ω or the 
wave vector k. Frequently, it is also useful to determine the refractive index N ≡ ck/ω 
directly from it. This approach offers clear advantages: the refractive index is dimen-
sionless, rendering the dispersion relation independent of units, while the resonance and 
cutoff frequencies correspond directly to the limits N → ∞ and N → 0. The following 
notation is frequently utilized for the squares of the refractive indices: 

► 

2 2 2 2
p p2 2

R L
c c

2
p2 2

O X2

/ /
1 ; 1 ;

1 / 1 + /

21 ; .

R N L N

RLP N X N
R L

ω ω ω ω
ω ω ω ω

ω

ω

≡ = − ≡ = −
−

≡ = − ≡ =
+

 (1.426) 
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The last expression represents a rewritten form of relation (1.425). For a multi-fluid 
plasma, the sum is taken over all species components (where ωcα = ωce = −eB/m). 
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ω ω
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 (1.427) 

Symmetric and antisymmetric combinations of NR and NL are introduced as follows: 

 
1
2
1
2

( ) ;

( ) .

S R L

D R L

≡ +

≡ −
 (1.428) 

The quantity X can then be written as:  

 /X RL S=  . (1.429) 

The coefficients S, D, P, and X are known as Stix coefficients, named after the Ameri-
can plasma physicist Thomas Howard Stix, who introduced them in 1962. In the previ-
ous section graphs, the vertical axis represents the reciprocal of the corresponding Stix 
coefficient, which is proportional to the square of the phase velocity. The general dis-
persion relation (1.406) can be solved for the refractive index:  

► 
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 (1.430) 

The resulting expression is known as the Appleton–Hartree formula, named after the 
English physicist Edward Victor Appleton and the English mathematician and physicist 
Douglas Reyner Hartree. Independently, the German radio engineer Hans Karl Lassen 
derived this relation, though his research remained largely unknown in English-speak-
ing countries. For a wave propagating parallel to an external magnetic field, the disper-
sion relation branches (via a ± sign in the denominator) into the R and L modes, 
whereas for perpendicular propagation, it splits into the O and X modes. 

Considering a two-fluid plasma (electrons and ions) yields two additional resonance 
frequencies: the ion cyclotron resonance for the L wave (where the ion Larmor gyro-
motion shares the same sense of rotation as the electric field perturbation in the L wave) 
and the lower hybrid resonance for the X wave. The wavefront geometries are illus-
trated in the polar phase velocity diagram known as the CMA diagram, while all reso-
nance and cutoff frequencies are summarized in the subsequent tables. 
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Fig. 1.70: CMA Diagram. The wavefront shapes (polar phase velocity diagrams) are mapped on the 
CMA diagram, named after the initials of its authors (Phillips Charles Clemmow, Terence Richard 
Mullaly, 1955; William Phelps Allis, 1959). The axes represent the background magnetic field and 
plasma density. The wavefronts change abruptly at boundaries where the refractive index of the 
various modes (L, R, O, X) vanishes or diverges. This diagram corresponds to a cold two-fluid 
electron-ion plasma. Note that in the right half (ω < ωpe), the ordinary wave (O) is absent. The 
whistler region, where exclusively the R wave propagates, is bounded on the left by ω < ωpe and 
on the bottom by ω < ωce. 
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Resonance frequencies 

NL → ∞ Cyclotron ion resonance 0
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ω ω= =  
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e
| |ω ω= =

eB
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NO → ∞ – – 
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h pe ceω ω ω ω= = +  

NX → ∞ 
Lower hybrid resonance d ci ce| |ω ω ω ω= =  

Cutoff frequencies 

NL = 0 L waves 2 2
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1 1| | 4
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NR = 0 R waves 2 2
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1 1| | 4
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2

e
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e 0
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ε
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L waves 2 2
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1 1| | 4
2 2

ω ω ω ω ω= = − + +  
NX = 0 

R waves 2 2
R ce ce pe

1 1| | 4
2 2

ω ω ω ω ω= = + + +  

Summary of resonance and cutoff frequencies (assuming ωce  ωci, ωpe  ωpi). 

Faraday Rotation 
Consider a linearly polarized wave propagating through a cold plasma along the direc-
tion of the magnetic field. Such a wave can be constructed by superimposing right- and 
left-handed circularly polarized waves of equal amplitude. In the geometry adopted here 
(where the magnetic field aligns with the z-axis), the circularly polarized waves satisfy: 
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E e e

E e e
 (1.431) 

The component Ey follows from relation (1.414), which can be verified by separating Ex 
and Ey. The propagation of a linearly polarized wave along the magnetic field is ana-
lyzed as a superposition of circularly polarized modes: 

 ( ) ( ) ( )L R L Ri i i ii0
L R

1 e e e i e e
2 2

ω−  = + = + − −  
k z k z k z k zt

x y
EE E E e e . (1.432) 
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If the wave vectors kR and kL were identical, the y-components would cancel, yielding 
a linearly polarized wave in the (x, z) plane. In a plasma, however, the wave vectors of 
the left- and right-handed waves differ slightly, leading to a continuous rotation of the 
polarization plane. This phenomenon is known as Faraday rotation, discovered by the 
prominent English physicist and chemist Michael Faraday in 1845.  

 
Fig. 1.71: Spatial mechanism of Faraday rotation. 

For the wave vectors given by (1.412), the relation yields::  
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In the high-frequency limit c p,ω ω ω , the expression can be approximated as:  
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Substituting (1.433) into (1.432) yields:  

 ( ) ( ) ( )i ( ) i i i i0
R L

1 e e e i e e
2 2

ω− + Δ − Δ + Δ − Δ = + = + − −  
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x yE k z k zE e e . 
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Consequently, the difference between the two wave vectors rotates the polarization 
plane by an angle per unit distance dz: 

d
d

k
z
ϕ = Δ . 

Integration over the total distance d yields: 
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0 e 02 2
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1 ( ) ( )d
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de n z B z z
cm

ϕ ϕ
ε ω

= +  . (1.434) 

For a constant number density and magnetic field, the simple relation is established: 

► 
3

e 02 2
0 e

1
2

e n B d
cm

ϕ
ε ω

Δ = . (1.435) 

In astronomy, pulsars (discovered in 1967) are typical sources of highly polarized radio 
emissions. Measuring the pulsar polarization angle for a known frequency and initial 
polarization plane yields the integrated product of the electron number density and the 
longitudinal galactic magnetic field along the line of sight to Earth. 

A similar phenomenon occurs in transparent dielectrics (including liquids) within 
a strong magnetic field, where the following empirical relation holds: 

► 0B dϕΔ = V , (1.436) 

where V is the Verdet constant, whose value depends on the specific material properties. 
A positive value indicates counterclockwise rotation when viewed along the magnetic 
field direction, whereas a negative value indicates clockwise rotation. Terbium gallium 
garnet (TGG) crystals, widely used in magneto-optical components, such as optical 
isolators, exhibit a Verdet constant reaching V ~ −40 rad T–1m–1.  

Whistlers 
Whistlers are generated as secondary effects of lightning in the lower atmosphere and 
also occur within magnetospheric plasma. These electromagnetic waves, with frequen-
cies ranging from 300 Hz to 30 kHz, propagate energy approximately along Earth 
magnetic field lines. Whistlers were discovered by the German physicist Heinrich Bark-
hausen in 1919 and described in detail in 1953 by the British-French physicist and elec-
trical engineer Lewelyn Robert Owen Storey. They represent a modification of R wav-
es, featuring a non-zero angle between the Earth field and the propagation direction. 
The dispersion relation for whistlers resembles that of R waves and can be derived from 
the Appleton–Hartree formula (1.430) for small angles (sin α ≈ 0): 
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 (1.437) 

Since ω << ωc for most whistlers, neglecting the unity term in the denominator yields 
a simpler approximation: 
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http://en.wikipedia.org/wiki/Metre�
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For ultra-low frequencies, the square of the frequency on the left-hand side can also be 
neglected, yielding an even simpler approximation for low-frequency whistlers: 

 
2 2

c2
p

( , ) cosc kkω α ω α
ω

≅  . (1.439) 

Phase and Group Velocity 
Phase and group velocities are determined below (where α is the deviation of k from the 
magnetic field, and β is the deviation of the group velocity from the field):  

 
The phase velocity is given by the relation: 
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The group velocity components are derived from the gradient in k-space using spherical 
coordinates: 
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Differentiation yields the individual components: 
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 (1.442) 

The geometric decomposition in the figure indicates that the α-component points oppo-
site to the direction of the increasing angle α and is thus negative. This component is 
much smaller than the completely dominant component along the k direction. The final 
equation (1.442) confirms that vg lies strictly within the (ez, k) plane.  

The energy propagation velocity is evaluated as a function of frequency by substi-
tuting the wave vector from the dispersion relation (1.439) into equations (1.442): 
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ωω α ω α ω
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= = −v v  (1.443) 
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Both velocity components are proportional to ω1/2. Given the small propagation angle, 
vgα << vgk. The whistler propagates from the lightning strike location along Earth mag-
netic field lines. Higher frequencies travel faster, reaching the observer sooner. The 
whistler lasts several seconds as lower frequencies gradually arrive. Because of these 
low frequencies, electric field variations can be converted directly into audio signals. 
Whistlers propagate from pole to pole and can undergo multiple reflections. During 
storms, they likely accelerate electrons to relativistic speeds.  

 
Fig. 1.73: Whistler spectrum exhibiting a gradually decreasing frequency. Source: NASA, 2001. 

Maximum Deviation of Whistler Propagation from the Magnetic Field 
The geometric relation from the figure satisfies: 

g

g
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αα β− = −
v
v

    or 

1tg( ) tg
2
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Substituting (1.442) into the first relation yields the second. From this, the deviation 
angle β of the group velocity from the background magnetic field is determined: 
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2
sin cos sin 2arctg arctg .

3 cos 21 cos
α α αβ

αα
   = =   + + 

 

To find the maximum value of β, the derivative with respect to α is set equal to zero, 
which yields cos 2α = −1/3, sin 2α = (8/9)1/2  

► 3/2
max arctg 2 19 29 'β − = = °  . (1.444) 

The maximum deviation of low-frequency whistler propagation from the direction of 
Earth magnetic field is 19°29′ (the Storey angle). At this maximum deviation, the direc-
tion of wave propagation corresponds to α = 54°44′ (2α =109°28′ ). 

Permittivity Tensor for Electromagnetic Waves in Plasma 
At high frequencies and in the presence of a magnetic field, plasma behaves fundamen-
tally differently from an isotropic conductive medium. Therefore, the permittivity tensor 
for a cold electron plasma with a background field B0 is determined by evaluating the 
electric displacement field in response to a high-frequency wave: 
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0 0 e e 0 eδ δ δ δ δ δ δ .
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enε ε ε
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= + = − = +D E P E x E u  (1.445) 

To relate the position coordinates to the velocity field, the corresponding plane Fourier 
component is integrated. The velocity field perturbation is derived from the electron 
equation of motion, using the linearized form after the Fourier transform (1.402): 
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Writing the equation in components yields the electron velocity field perturbation: 
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The velocity equation takes a simple matrix form: 
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iδ δ ;e
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c

c

1 i / 0
i / 1 0 .

0 0 1

ω ω
ω ω

 
 ≡ − 
 
 

M  

To determine the velocity field perturbation, it suffices to find the inverse of matrix M. 
According to (1.445), the perturbation of the electric displacement field then becomes: 
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The resulting permittivity tensor is given by: 
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The final step is to determine the inverse of matrix M. This is possible via any standard 
approach – such as cofactor expansion, Gaussian elimination, or spectral decomposition 
(the matrix is Hermitian with real eigenvalues 1, 1– ωc/ω, 1+ ωc/ω). This yields: 
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Substituting this expression into (1.447) results in the permittivity tensor: 

► 0

i 0
i 0
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S D
D S
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The permittivity tensor is explicitly anisotropic, featuring non-zero off-diagonal ele-
ments, while the diagonal element corresponding to the magnetic field direction (P) 
differs from those in the other directions (S). Furthermore, the permittivity tensor is 
complex; multiplication by the imaginary unit introduces a phase shift between the 
electric displacement perturbation δD, which contains the plasma response, and the 
initial electric field perturbation δE. 
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Fig. 1.74: Operational principle of schlieren photography. 
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Electromagnetic wave propagation through plasma is also utilized in various imaging 
techniques, among the most prominent being schlieren photography. A collimated 
beam, typically a laser, serves as the light source. The laser beam propagates through 
the plasma as an ordinary wave (O wave) with a refractive index given by (1.420). 
A transverse plasma density gradient causes spatial variations in the refractive index, 
deflecting the beam from its initial path. A knife-edge S positioned at the focal point F 
(Figure 1.74) blocks the undeflected light, allowing only the deflected rays to be imaged 
on a screen (film or CCD). The resulting photograph visualizes the transverse plasma 
density gradients. The term “schlieren” originates from the German word Schlieren 
(meaning streaks or smudges). This method applies to any optical inhomogeneities that 
alter the refractive index, including turbulence and shock waves in ordinary gases. 

A schlieren photograph does not visualize the plasma itself, but rather regions fea-
turing a non-zero refractive index (or density) gradient, thereby highlighting the 
boundaries of all plasma structures. 

 
Fig. 1.75: Schlieren image of an exploding carbon filament (diameter 120 μm, length 7 mm) 

with an exposure time of 3 ns. Courtesy of Pavel Kubeš et al., FEE, CTU. 
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1.5  Instabilities in Plasma 1.5.1  Unbounded Cold Plasma 
Basic Concepts 
In most cases, the dispersion relation is obtained in the implicit form: 

 ( , ) 0φ ω =k . (1.449) 

Focus is placed on scenarios where the solution ω(k) or k(ω) becomes complex. A com-
plex frequency or wave vector implies that the oscillating exponential exp[i(k∙x–ωt)] 
transforms into a temporally or spatially growing or decaying exponential.  

Solution in ω (Temporal Evolution) 
Suppose the wave vector k is purely real and the dispersion relation has been solved for 
the angular frequency ω: 

 1 2( ) ; resp. ( ) i ( )ω ω ω ω ω= = +k k k . (1.450) 

Depending on the sign of ω2, the temporal solution grows or is damped. For the grow-
ing case, the instability growth rate γ can be defined via the relation exp[γt]:  

 2 Im( )γ ω ω≡ = . (1.451) 

Regarding temporal evolution, we distinguish between two main types of instability: 

• Convective instability: At any fixed spatial point, the perturbation amplitude even-
tually decreases over time. The instability drifts to another location. 

• Absolute instability: At any fixed spatial point, the perturbation amplitude continu-
ally increases over time. 

x

δψ

x

δψ

x0

Convective
Instability

Absolute
Instability

x0  
Fig. 1.76: Different regimes of instability growth: convective and absolute instabilities. 

The distinction between absolute and convective instabilities may depend on the choice 
of the coordinate system. For example, a convective instability observed within 
a coordinate system moving along with the perturbation wave packet will appear to 
a stationary laboratory observer as an absolute instability. 



1.5  Instabilities in Plasma 157 

Solution in k (Spatial Evolution) 
Suppose the angular frequency ω is purely real and the dispersion relation has been 
solved for the wave vector: 
 1 2( ) ; resp. ( ) i ( )ω ω ω= = +k k k k k . (1.452) 

The spatial evolution of the perturbation can either decay exponentially away from the 
source (an evanescent mode) or grow (an amplifying mode). 

Uncoupled Modes of the Dispersion Relation 
Sometimes, the dispersion relation decomposes into individual uncoupled modes: 

 [ ]1 2( ) ( ) ( ) 0Nω ω ω ω ω ω   − ⋅ − − =   k k k . (1.453) 

Each bracket can be set to zero independently, contributing a single branch to the com-
plete dispersion relation. For simplicity, the existence of only two branches in a single 
spatial dimension is assumed: 

 1 2( ) ( ) 0k kω ω ω ω   − ⋅ − =    , (1.454) 

which intersect at the point P = (ω0, k0): 

 
Fig. 1.77: Two uncoupled modes of the dispersion relation. 

Near the intersection point, both modes are approximated linearly: 
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where v1 and v2 represent the group velocities of the two branches. 

Coupled Modes of the Dispersion Relation 
When two waves with identical wavelengths and frequencies (generally driven by dif-
ferent mechanisms) coexist in a plasma, they naturally interact, transferring energy 
between the modes. The most straightforward way to couple these modes is to introduce 
a non-zero constant to the right-hand side of the dispersion relation (1.454): 

 1 2( ) ( )k kω ω ω ω ε   − ⋅ − =    . (1.456) 
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For a small ε relative to the left-hand side terms, this configuration represents weak 
coupling, where ε is defined as the coupling constant. A non-zero coupling constant 
fundamentally alters the intersection topology of the two branches, leading to an 
avoided crossing. Applying a linear approximation (1.455) in equation (1.456) yields: 

0 1 0 0 2 0( ) ( )k k k kω ω ω ω ε   − − − ⋅ − − − =   v v . 

Due to the coupling constant, the individual modes can no longer be set to zero inde-
pendently. In this linear approximation, the governing equation becomes quadratic for 
both ω and k. Solving for both variables via the substitution ξ ≡ ω– ω0 – and utilizing 
the identity (v1+v2)2 – 4v1v2 = (v1–v2)2 within the discriminant – yields the following 
analogous results for the angular frequency and wave vector: 

 1 2 2
0 1 2 0 1 2 02

( )( ) ( ) ( ) 4 ;k k k kω ω ε = + + − ± − − +  
v v v v  (1.457) 

 2 2
0 1 2 0 1 2 0 1 2

1 2

1 ( )( ) ( ) ( ) 4 .
2

k k ω ω ω ω ε = + + − ± − − +  
v v v v v v

v v
 (1.458) 

Consequently, mode crossing no longer occurs. Depending on the signs of ε and v1v2, 
real solutions for either the angular frequency or the wave vector may vanish. This be-
havior leads to four distinct scenarios, illustrated in the figure. 
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k

ω

k

ω

k

ω

 
Fig. 1.78: Dispersion relations featuring weak mode coupling;  

gray bands indicate regions without real solutions. 



1.5  Instabilities in Plasma 159 

Multistream Instability 
Consider a plasma composed of multiple fluids α moving at distinct unperturbed ve-
locities. In deriving the dispersion relation, the following assumptions are introduced: 

1. The plasma is unbounded: There are no boundaries within the medium. Account-
ing for boundaries would require boundary conditions, a scenario addressed in 
the subsequent section. 

2. The plasma is cold: The pressure gradient in the equation of motion is neglected. 
This simplifies the derivation and isolates the conditions for the onset of instabil-
ity. As the instability develops, the plasma thermalizes, violating this assumption. 
Hot plasmas are more appropriately described using statistical methods (see Sec-
tion 1.6).  

3. The instability is driven by an electric field: The background magnetic field is ne-
glected. From Faraday law curl E = −∂B/∂t, it follows that k×δE = 0, meaning 
the perturbations are driven by a longitudinal electric field. In the absence of cou-
pling between magnetic and electric field perturbations, Maxwell equations re-
duce to Gauss law: div D = ρQ.  

The following governing system is considered as the starting point: 

 ( )

0

div 0 ,

,

1div .

n
n

t

m n m n Q n
t

n Q

α
α α

α
α α α α α α α α

α α
αε

∂
+ =

∂

∂
+ ⋅ =

∂

= 

u

u u u E

E

∇  (1.459) 

Perturbations of the following form are assumed: 

0 0δ ; δ ; δ .α α α α α α= + = + =n n n u u u E E  

Linearizing the system and applying a Fourier transform yields: 
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δ δ 0 ,

i δ δ ,
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α α
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α α
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k E

 

Expressing δuα from the second equation and substituting it into the continuity equation 
yields δnα. Inserting this into Gauss law provides the general dispersion relation: 

► 
( )

2 2
p 2 0

p2
00

1 ; .
n Q
m

α α α
α

αα α

ω
ω

εω
= ≡

− ⋅


k u
 (1.460) 

Consider a simple scenario involving two co-propagating beams (the Buneman instabil-
ity; for counter-propagating beams, the system exhibits the classical two-stream insta-
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bility). The electric field perturbation δE and the wave vector k are aligned. The disper-
sion relation takes the form:  

 
( ) ( )

2 2
p1 p2

2 2
1 2

( ) 1.f
ku ku

ω ω
ω

ω ω
= + =

− −
 (1.461) 

For simplicity, the subscript 0 for the unperturbed velocities is omitted. The function 
f (ω) on the left-hand side can be plotted as follows:  

 
Fig. 1.79: Left-hand side of the dispersion relation for the Buneman instability. 

The solutions correspond to points where the function f (ω) intersects the line f (ω) = 1. 
The nature of these solutions depends on the position of point C, representing the local 
minimum of f. If yC < 1, four real solutions exist. If yC > 1 (dashed curve), only two real 
solutions remain. Since the dispersion relation is fourth-order in ω, the two missing 
roots must be complex, giving rise to an instability. The critical point is found from the 
condition:  

 
2/3 2/3

2 p1 1 p2
C 2/3 2/3

p1 p2

d 0 .
d

u uf k
ω ω

ω
ω ω ω

+
=  =

+
 (1.462) 

The stability criterion is derived from the relation f (ωC) ≤ 1: 

► 
( )

32/3 2/3
p1 p22

2
2 1

k
u u

ω ω + ≥
−

. (1.463) 

This relation was derived by Oscar Buneman in 1959. For sufficiently short wave-
lengths, a cold plasma remains stable, whereas instability always sets in for sufficiently 
long wavelengths. In a hot plasma, however, this does not necessarily hold, and the 
system is more appropriately analyzed using statistical physics (see Section 1.6). The 
beams will slow down through a collisionless mechanism; a strong electric field with 
a wavelength λ > λC develops, leading to gradual thermalization of the plasma. 

Two Symmetrical Beams 
Consider two identical beams moving symmetrically toward each other. The dispersion 
relation takes a simple one-dimensional form: 

► 
( ) ( )

2 2
p p

2 2
0 0

1.
ku ku

ω ω

ω ω
+ =

− +
 (1.464) 
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Expanding this yields a biquadratic equation for ω, which possesses the solution: 

 2 2 2 2 2 2 2
p 0 p p 04k u k uω ω ω ω= + ± + . (1.465) 

Evidently, evaluating the roots demonstrates that all solutions are purely real. The re-
gion of real solutions (and thus stability) can be determined either directly from relation 
(1.465) or from the Buneman stability criterion (1.463): 

 ( )
2
p2 0
2

p0
2 , 2 2, .ku

k k
u

ω
ω

≥  ≡ ∈ −∞ − ∪ + ∞  (1.466) 

It is convenient to rewrite the dispersion relation (1.465) in the dimensionless form: 

 

2 2 2

0

p p

1 1 4 ;

; .

k k

ku
k

ω

ωω
ω ω

= + ± +

≡ ≡
 (1.467) 

Taking the square root provides four solutions, which are generally complex and of the 
form 1 2i .ω ω ω= +  The real and imaginary branches are plotted below: 

 
Fig. 1.80: Real and imaginary branches of the dispersion relation. 

For large wave vectors (k̄2 in the figure), four real solutions for ω exist. For small (di-
mensionless) wave vectors within the interval (–√2, √2), only two real and two complex 
solutions remain (k̄1 in the figure). Point K corresponds to the maximum instability, 
where the imaginary part of the angular frequency – and thus the instability growth rate 
– reaches its highest value. Its horizontal coordinate is located at the local maximum of 
the dispersion relation (1.467). Setting the derivative of the right-hand side to zero 
yields k̅ = √3/2. At this point, the dispersion relation (1.467) has four solutions: 
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15 i;
2 2

ω ω= ± = ± . 

Regarding the instability, focus is placed on the imaginary part of the solution; the co-
ordinates of point K are (√3/2, 1/2), and the maximum growth rate is given by: 

 p
pIm( ) Im( )

2
ω

γ ω ω ω= = = . (1.468) 

A similar analysis applies to two distinct beams, although the dispersion relation is no 
longer symmetric. The two-stream instability leads to wave propagation and subsequent 
thermalization, converting directed kinetic energy into heat. However, the cold plasma 
approximation ceases to apply in this regime. This instability frequently benchmarks 
simulation algorithms for charged particle dynamics, as the analytical solution and the 
unstable region are straightforwardly verified. 

 

 

 
Fig. 1.81: Numerical simulation of a two-stream instability for two counter-streaming positron 
beams. Bottom four panels show the temporal evolution of the instability in phase space (x, p). 
Initially, the beam momentum was ±p0. Simulation by O. Hastings and E. Liang, Rice University. 

Beam-Plasma Instability 
Consider a beam interacting with a stationary plasma. The general dispersion relation 
(1.460) takes the form: 

 
( )

2 2
pb p

2 2
b

1 ,
ku

ω ω

ωω
+ =

−
 (1.469) 

where ωp represents the plasma frequency, ωpb is the beam plasma frequency, and ub 
denotes the unperturbed beam velocity. The stability criterion can be rewritten as: 
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3/22/3
p pb

b p
1k

u
ω ω

ω

   ≥ +       

. (1.470) 

In the weak-beam limit (ωpb << ωp, which occurs, for example, when ions penetrate an 
electron plasma), the condition k ≥ ωp/ub holds approximately. The dispersion relation 
can be recast into another elegant form:  

 2 2 2 2 2 2
p b pb pb p( )kuω ω ω ω ω ω   − ⋅ − − =     . (1.471) 

This formulation is analogous to (1.456), where four wave modes are coupled in a four-
wave interaction. The weak-beam limit corresponds to the weak-coupling limit, char-
acterized by a small coupling constant on the right-hand side. 

Beam-plasma instabilities are highly common, occurring in the solar wind near 
planetary shock waves and when cosmic plasma jets propagate through the interstellar 
or intergalactic medium. The instability leads to beam thermalization, an effect that can 
be exploited to heat laboratory plasmas using charged particle beams. 

Other Instabilities (Drift and Weibel) 
Drift motions can also cause two fluid streams to move in opposite directions. In most 
drift-driven cases, electrons and ions move counter to each other, potentially triggering 
an instability, with the stability criterion (1.463) formulated as: 

 

3/22/3
pe pi

Di De pe
1k

ω ω
ω

   ≥ +    −    
v v

. (1.472) 

Instabilities arising from the intermixing of two or more media with different velocities 
are generally referred to as multistream instabilities. This name is not entirely precise, 
as the media do not always form distinct streams. In the 1D case, where the velocities of 
all media, the electric field, and the wave vector are collinear, this reduces to the Bune-
man instability. In the presence of anisotropy in velocity space (2D and 3D cases), ve-
locity differences give rise to the Weibel instability (Erich S. Weibel, 1959). 

 
Fig. 1.82: Structural development of the Weibel instability. Top: (x, y) configuration space; 
bottom: (x, p) phase space. PIC simulation by O. P. Hastings, E. Liang, Rice University (2007). 
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Governing Equations and the Displacement Vector 
A bounded plasma is considered within the framework of ideal magnetohydrodynamics. 
Consequently, the diffusion term and the displacement current are neglected (restricting 
to low-frequency processes), and assuming that the process wavelength exceeds the 
mean free path of all particles (otherwise, continuum theory would be inapplicable).  

The presence of a boundary significantly complicates the analysis, requiring solu-
tions on both sides of the interface to be matched via appropriate boundary conditions. 
This task demands knowledge of the perturbed boundary behavior. Another complica-
tion arises because the equilibrium solution is generally no longer constant but depends 
on spatial variables, such as the distance from the boundary. Consequently, seeking a 
periodic perturbation in these variables is no longer possible. A planar interface is ex-
amined first, followed by a cylindrical interface (a plasma column).  

Planar Interface 
Assume an interface in the (x, z) plane, where the steady-state solution can vary with the 
distance y. The perturbation of the equilibrium solution thus takes the form:  

 i i i
0 1( , ) ( ) δ ; δ ( ) e .x zk x k z tt y y ωψ ψ ψ ψ ψ + −= + =x  (1.473) 

The perturbation comprises two parts: a non-periodic component denoted by ψ1, and 
a periodic component contained within the oscillating exponential. The periodic part 
leads to algebraic relations as before, whereas the non-periodic part yields differential 
equations. The subscript “1” on the non-periodic component indicates a first-order per-
turbation theory. Where applicable, variables are decomposed into partial waves, lead-
ing to the following rules for the corresponding Fourier transform: 

► i ; i ; d/d ; it x x y z zk y kω∂ → − ∂ → ∂ → ∂ →  . (1.474) 

The only modification is that for the non-periodic variable y, the derivative is retained. 
It reduces to an ordinary derivative because, after applying the Fourier transform, no 
other independent variable remains in the expressions. 

 
Fig. 1.83: Planar interface between two media. 

Cylindrical Interface 
A cylindrical plasma column or pinch is considered, where the equilibrium solution 
(e.g., the Bennett profile) varies with the radial distance r. The perturbation in cylindri-
cal coordinates thus takes the form: 

 i i i
0 1( , , , ) ( ) ( ) e zk k z tt r z r r ϕϕ ωψ ϕ ψ ψ + −= + . (1.475) 
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The perturbation δψ comprises a non-periodic component ψ1(r) and an oscillating expo-
nential. The solution must satisfy periodicity in the azimuthal angle φ: 

 ( , , 2 , ) ( , , , )t r z t r zψ ϕ π ψ ϕ+ = . (1.476) 

 
Fig. 1.84: Cylindrical interface between two media. 

This periodicity requires that: 
i i ( 2 ) 2 ie e e 1 0, 1, 2,k k k k mϕ ϕ ϕϕ ϕ π π

ϕ
+=  =  = = ± ±   

The integer m represents the azimuthal mode number, reducing (1.475) to:  

 i i i
0 1( , , , ) ( ) ( ) e ; 0, 1, 2,zm k z tt r z r r mϕ ωψ ϕ ψ ψ + −= + = ± ±   (1.477) 

The corresponding rules for the partial-wave expansion are: 

► i ; d/ d ; i ; it r z zr m kϕω∂ → − ∂ → ∂ → ∂ →  . (1.478) 

The radial variable r is non-periodic, so both the variable and its derivatives are retained 
within the equations. The first three perturbation modes are illustrated below:  

 
Fig. 1.85: First three modes of cylindrical perturbations. 
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Note 1: If the left and right boundaries of the plasma column are identified (a sim-
ple approximation of a toroidal geometry), the relation ψ(t, r, φ, z) = ψ(t, r, φ, z+L) 
must hold, where L is the column length, yielding: 

 1
2 2; δ ( ) exp i i i ; 0, 1, 2zk n r m nz t n
L L
π πψ ψ ϕ ω = = + − =  

  (1.479) 

Note 2: The general boundary condition leads to the perturbation: 

 p pi i
n p 0 n 1 n( , , , ) ( ) ( ) e ,tt ωψ ψ ψ ⋅ −= + q kq q q q  (1.480) 

where q n represents non-periodic variables and qp represents periodic variables.  

Displacement Vector 
In boundary value problems, we typically focus on the displacement vector of a selected 
plasma region rather than the velocity field. This vector is defined by the relation: 

► 
0

δ ( , ) δ ( , )d .
t

t
t t t′ ′= x u xξ  (1.481) 

The inverse relation takes the form: 

 δδ .
t

∂=
∂

u ξ  (1.482) 

Initially, the displacement vector vanishes. However, this property does not hold for its 
individual Fourier components, from which the total vector is constructed. These com-
ponents again comprise both a periodic (qp) and a non-periodic (qn) part: 

 
p pi i

1 nδ ( ) e ;

δ δ d .

tω
ω ω

ω ω

⋅ −=

= 

q kqξ ξ

ξ ξ
 (1.483) 

For partial waves, the subscript ω is typically omitted unless ambiguity arises. The 
displacement vector represents each plasma element's perturbation shift and uniquely 
defines the newly deformed boundary geometry. 

x0

δξ
Unperturbed 

boundary

Perturbed 
boundary

 
Fig. 1.86: Definition of the displacement vector. 
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Governing Equations for the Displacement Vector 
The analysis begins with the standard system of ideal magnetohydrodynamics for 
a single-component plasma featuring a polytropic equation of state (1.222) and adding 
a gravitational acceleration term to the equation of motion: 
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 (1.484) 

Linearization yields: 

 0 n 0 n 0 n( ) δ ; δ ; ( ) δ ; ( ) δ .ρ ρ ρ= + = = + = +p p pq u u q B B q B  (1.485) 

Because the equilibrium solution depends on spatial variables, it can no longer be fac-
tored out of the spatial derivatives, nor can its gradients be assumed to vanish. The re-
sulting linearized system, retaining only first-order terms, takes the form: 
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 (1.486) 

The substitution δu = ∂ δξ/∂t is then performed. In this linearized system, temporal de-
pendence resides exclusively within the perturbation terms δψ, whereas equilibrium 
quantities ψ0 depend solely on spatial coordinates. Consequently, with the exception of 
the second equation, all relations can be integrated over time from 0 to t. The definite 
integrals yield no integration constants since the perturbations vanish at the lower limit: 

 

( )

( )

0

2
0

0 02
0 0

0 0

0

δ div δ 0 ,

curlδ curlδδ δ δ ,

δ (δ ) divδ 0 ,

δ curl δ .

p
t

p p p

ρ ρ

ρ ρ
μ μ

γ

+ =

∂ = − + + × + ×
∂

+ ⋅ + =

= ×

BBg B B

B B

∇

∇

ξ

ξ

ξ ξ

ξ

 (1.487) 
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The second equation of motion serves as the equation for the displacement vector. Sub-
stituting δp and δB from the last two equations, and ρ from the first equation, yields: 

► 
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( )
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0 0 0 02
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0 0
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δ curl δ .

p p
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ξ

 (1.488) 

The right-hand side is a linear differential operator acting on the displacement vector: 

► 
2

0 2
δ ˆδρ ∂ =

∂t
ξ ξL . (1.489) 

Throughout this derivation, no Fourier decomposition into partial waves has been per-
formed. Assuming a temporal evolution of the form exp[–iωt] yields: 

► 2
0

ˆδ δρ ω= −ξ ξL . (1.490) 

This represents an eigenvalue problem for the operator L̂ , where the eigenvalue de-
pends on the angular frequency. Whether the solution is continuous at the boundary 
depends on the operator's spectrum: a discrete spectrum corresponds to discrete-mode 
perturbations with frequencies ωn, whereas a continuous spectrum allows for arbitrary 
frequencies ω. The general solution is then constructed via standard superposition: 

 i iδ e or δ ( )e d .ω ω

ω
ω ω− −= = nt t

n
n

a aξ ξ  (1.491) 

In ideal magnetohydrodynamics, the operator L̂  is Hermitian with respect to the scalar 
product:  

 * 3 * 3| ( ) ( )d ( ) ( )dl lf g  ≡ ⋅ = f g f x g x x x x x , (1.492) 

satisfying the identity:  

 ˆ ˆ| |  =  f g f gL L . (1.493) 

A complex vector space is assumed, as complex wave functions describe the waves. 
Consequently, the operator possesses real eigenvalues, restricting the solutions to either 
ω2 > 0 (stable) or ω2 < 0 (purely imaginary, unstable). In the purely imaginary case, the 
solution comprises both exponentially growing and decaying modes, with no oscillatory 
component. In non-ideal magnetohydrodynamics involving magnetic dissipation, the 
angular frequency can become fully complex, allowing the solution to include both 
exponential and oscillatory terms. 

Evidently, equation (1.489) implies that the expression f ≡ L̂ δξ represents the force 
density acting on the plasma. Expressing the potential energy as negative work yields: 

 * 3 * 3ˆ ˆ ˆδ δ δ d δ δ d δ δξ ξ= − ⋅ = − = −  l lW x xξ ξ ξ ξL L L . (1.494) 
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If the potential energy δW decreases due to the perturbation, the plasma may or may not 
transition to a more energetically favorable configuration. Conversely, if the potential 
energy increases, such a motion will never occur spontaneously. A sufficient condition 
for plasma stability is therefore: 
 ˆδ | δ 0  <ξ ξL . (1.495)  

Matching Fields at a Boundary 
If a point on the unperturbed boundary is denoted by x0, the corresponding point on the 
deformed boundary is, in the first-order perturbation theory, given by:  

 0 0δ ( , )= + tx x xξ . (1.496) 

After substituting the solution for the displacement vector into a specific scenario, the 
equation for the deformed boundary is obtained. From this, the normal vector can be 
derived via standard procedures (expressing the boundary in implicit form and evaluat-
ing its gradient). This normal vector comprises both zero- and first-order components: 

 0 δ= +n n n . (1.497) 

Knowing the boundary equation and its normal vector allows us to match both vector 
and scalar fields at the interface. 

Continuity of the Normal Component of a Vector Field 
Suppose that the normal component of a vector field (such as the magnetic field B) is 
continuous across the interface, satisfying: 
 const⋅ =K n , (1.498) 

which, in first-order theory, yields the boundary condition: 

 0 0δ δ const⋅ + ⋅ =K n K n . (1.499) 

Substituting partial-wave perturbations and eliminating the periodic factors from both 
sides yields the final boundary condition: 

► 0 1 1 0 const⋅ + ⋅ =K n K n . (1.500) 

Continuity of the Tangential Component of a Vector Field 
Suppose the tangential component of a vector field (such as the electric field E) is con-
tinuous across the interface, satisfying: 

 const× =K n . (1.501) 

Analogously to the previous case, we obtain the boundary condition is obtained: 

► 0 1 1 0 const× + × =K n K n  . (1.502) 

Continuity of a Scalar Field 
Consider a scalar field that remains continuous across the interface between two media 
(such as the total pressure): 

 0( , ) ( ) δ ( , )ψ ψ ψ= +t tx x x . (1.503) 
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At the deformed boundary, the field takes the value: 

( ) ( )
0 0 0 0

0 0

( , δ ) ( δ ) δ ( , δ

δ δ δ δ .

ψ ψ ψ

ψ ψ ψ ψ

+ = + + +

+ ⋅ + + ⋅
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ξ ξ ξ

ξ ξ
 

On the right-hand side, a first-order Taylor expansion is applied to both terms around x0. 
If the scalar field is continuous at zero order, enforcing continuity at first order yields: 

( ) 0δ δ constψ ψ⋅ + =∇ξ . 

Substituting partial waves and eliminating the periodic factors from both sides provides 
the final continuity condition for the scalar field: 

► ( )1 0 1 constψ ψ⋅ + =∇ξ  . (1.504) 

Plasma Filament Instabilities 
Consider the simplest possible plasma filament with cylindrical symmetry, where an 
electric current flows exclusively along the surface. (The next simplest scenario would 
be a Bennett pinch featuring a uniform current density across the cross-section and 
a parabolic pressure profile.) The only non-periodic variable is the radial distance; thus, 
every solution takes the form (1.477). 

 
Fig. 1.87: Coordinate system selection for a cylindrical filament. 

Internal Solution 
In this simple scenario, Ampere law curl H = j implies that the equilibrium magnetic 
field inside vanishes, and the MHD equilibrium condition j×B = −∇p dictates that the 
pressure is uniform. Consequently, for the internal equilibrium solution, all quantities 
remain constant (a property that does not hold for a Bennett pinch): 

 
0 0

0 0

const ; const ;

0 .

pρ = =

= =u B
 (1.505) 

From the governing equation for the displacement vector (1.488), only the following 
terms remain: 

 i i2
0 0 1δ divδ ; δ ( )e ϕρ ω γ +− = = zm k zp r∇ξ ξ ξ ξ . (1.506) 



1.5  Instabilities in Plasma 171 

In principle, this yields three coupled ordinary differential equations for ξ1r, ξ1φ, and 
ξ1z.. However, this direct approach is unnecessarily complex. Instead, substituting the 
equilibrium solution into equations (1.487) yields:  
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δ δ ,

δ divδ 0 ,
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+ =

=

p

p p

B

∇ξ

ξ  (1.507) 

The final equation immediately demonstrates that the magnetic field perturbation inside 
the filament vanishes, which implies that its non-periodic component is also zero: 

 1 0=B . (1.508) 

The first two relations (1.507) form a system of equations for the displacement vector δξ 
and the pressure perturbation δp. Eliminating the pressure perturbation yields a single 
equation for the displacement vector (1.506). Conversely, substituting δξ from the first 
equation into the second leads to a scalar equation for the pressure perturbation; once 
solved, the displacement vector can be straightforwardly evaluated from the first equa-
tion. This latter analytical approach is pursued here: 
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s2 0s

δ 0 ; .γω
ρ

 
+ = ≡  

 

p
p c

c
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The Laplace operator is expressed in cylindrical coordinates; for detailed derivations, 
see Volume I, Section 3.10.3 (Operators in Curvilinear Coordinates): 
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. 

Applying the transform rules (1.478) or directly substituting δp = p1(r) exp[imφ+ikz] 
and eliminating the oscillating factor yields the equation: 
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rr c

ω  
 + − + − =     

 (1.510) 

The following notation is introduced: 

 
2

2 2
2
s

;q k x qr
c
ω≡ − ≡ . (1.511) 

The quantity q can generally be complex. However, in the incompressible limit γ → ∞ 
(corresponding to an isochoric process and an incompressible fluid), q2 > 0 holds. With 
this notation, the relation takes the form of the modified Bessel equation: 

 
2

2 2 21 1
12

d d 0 .
dd

p px x m x p
xx

 + − + =   (1.512) 

Details regarding this relation are provided in Volume I, Section 3.7.1 (Bessel Func-
tions). The general solution takes the form: 
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 1( ) ( ) ( )m mp r AI qr BK qr= + . (1.513) 

Since the modified Bessel function of the second kind Km(qr) diverges as r → 0, the 
constant B must vanish, reducing the solution to: 

 1( ) ( ) .mp r AI qr=  (1.514) 

Finally, the displacement vector is evaluated from the first equation of (1.507): 

i i i
2 2

0 0

[i i i ]
2 2 2

0 0 0

1 1 1δ , , ( ) e

i i, , e .

ϕ ω

ϕ ω

δ
ϕω ρ ω ρ

ω ρ ω ρ ω ρ

+ −

+ −

 ∂ ∂ ∂= = = ∂ ∂ ∂ 

 
′=   

 

m kz t
m

m kz t
m m m

p AI qr
r r z

Aq mA kAI I I
r

∇ξ

 

The non-periodic component of the displacement vector satisfies: 

 1 2 2 2
0 0 0

i i, , .m m m
Aq mA kAI I I

rω ρ ω ρ ω ρ

 
′=   

 
ξ  (1.515) 

Overall, the non-periodic components of the internal perturbations within the plasma 
filament are described by the following solutions in cylindrical coordinates (r, φ, z): 

► 

0 1

0 1

0 1 2 2 2
0 0 0

(0,0,0) (0,0,0)

const ( )

i i(0,0,0) ( ), ( ), ( )
ω ρ ω ρ ω ρ

= =

= =

 
′= =   

 

m

m m m

p p AI qr

Aq mA kAI qr I qr I qr
r

B B

ξ ξ

(1.516) 

External Solution 
Outside the plasma filament, the equilibrium magnetic field decreases with radius as 1/r 
according to Ampere law, allowing the relation to be formulated as:  

 0
0 0 0( ) ,r

B r
r ϕ=B e  (1.517) 

where r0 represents the filament radius. Since no plasma exists externally, the perturba-
tions p1 and ξ 1 vanish. The only non-zero contribution comes from the magnetic field 
perturbation. Because the external region is current-free, curl δB = 0 holds, meaning the 
magnetic field perturbation is irrotational and can be expressed via a scalar potential: 
 δ δφ=B ∇ . (1.518) 

The divergence of the magnetic field must vanish, satisfying div(B0+δB) = 0. Since 
div B0 = 0 holds for the equilibrium solution, div δB = 0 must also satisfy this condi-
tion. Combining this with (1.518) yields Laplace equation for the perturbed potential: 

 2 δ 0 .φ =∇  (1.519) 

Expanding the Laplace operator in cylindrical coordinates provides the following equa-
tion for its non-periodic component: 
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2

1 12 2 2 2
12

d d
0 .

dd
r r m k r

rr

φ φ
φ + − + =   (1.520) 

Introducing the internal variable: 
 x kr= , (1.521) 

the modified Bessel equation is obtained again 

 
2

1 12 2 2
12

d d
0 ,

dd

φ φ
φ + − + = x r m x

xx
 (1.522) 

which has the general solution: 

 1( ) ( ) ( )m mr CI kr DK krφ = + . (1.523) 

Outside the filament, as r → ∞, the modified Bessel function of the first kind Im (qr) 
diverges; consequently, the constant C must vanish, reducing the solution to: 

 1( ) ( )mr DK krφ = . (1.524) 

The magnetic field perturbation can then be evaluated directly from equation (1.518):  

i i i i i i
1

1 1δ δ , , e , , ( ) eϕ ω ϕ ωφ φ
ϕ ϕ

+ − + −   ∂ ∂ ∂ ∂ ∂ ∂= = =   ∂ ∂ ∂ ∂ ∂ ∂   
m kz t m kz t

mDK kr
r r z r r z

B ∇ . 

Differentiating and eliminating the oscillating factor yields the final expression: 

 1
i, , im m m
DmDkK K kDK
r

 ′=  
 

B . (1.525) 

The results for the external region are summarized as follows: 

► 

0
0 0 0 1

0 1

0 1

i0, ( ) , 0 ( ), ( ), i ( )

: no plasma : no plasma, doesn't make sense

0 0

   ′= =      

= =

m m m
r DmB r DkK kr K kr kDK kr
r r

p p

B B

ξ ξ (1.526) 

Matching the Solution at the Interface 
First, the normal vector to the boundary is determined, satisfying the relation: 

 i i i
0 1 0( )e m kz t

rr r r ϕ ωξ + −= + . (1.527) 

The boundary is expressed in the implicit form: 

 i i i
0 1 0( , , , ) ( ) e 0m kz t

rF t r z r r r ϕ ωϕ ξ + −= − + + =  (1.528) 

and the normal vector is defined via its gradient: 

 1 i i i i i i
1

i1, , 1, e , i er m kz t m kz t
r

mF F FF k
r r z r

ϕ ω ϕ ωξ
ξ

ϕ
+ − + −  ∂ ∂ ∂= ∇ = = −    ∂ ∂ ∂   

n . (1.529) 
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The normal vector can be decomposed into an equilibrium and a perturbed part, 
n = n0+δn, allowing us to isolate the non-periodic component of the perturbation: 

 0 ( 1,0,0) ,= −n  (1.530) 

 1 i i i
1

i
0, , er m kz t

r
m

ik
r

ϕ ωξ
δ ξ + − 

=   
 

n , (1.531) 

 1
1 1

i
0, , ir

r
m

k
r
ξ

ξ
 

=   
 

n . (1.532) 

This provides all the necessary components for a successful boundary matching: the 
internal solution (1.516), the external solution (1.526), and the normal vector compo-
nents n0 and n1. First, B∙n is matched according to relation (1.500): 

 [ ]ext
0 1 1 0 int 0⋅ + ⋅ =B n B n . (1.533) 

Inside the filament, this expression vanishes, whereas outside the filament the relation 
yields B0φn1φ + B1r n0r = 0. Since the boundary is shared, the displacement vector ξ1r 
from the internal solution must be substituted. In all formulations, the limit as r → r0 is 
evaluated:  

► [ ]0 0
0 02

0 0

i ( )
( ) ( ) 0m m

mB r q
A I qr D kK kr

rω ρ

 
′ ′− = 

  
. (1.534) 

It remains to match the total pressure ψ = p + B2/2μ0 according to relation (1.504): 
ext2

0 10
1 1

0 0 int

d 0
d 2r

B BB
p

r
ϕ ϕξ

μ μ
 

+ + = 
  

. 

Substituting the internal and external solutions into this boundary condition allows for 
the evaluation of the derivatives, taking the limit as r → r0: 

► 
2
0 0

0 0 02 0 00 0 0

i( ) ( ) ( ) 0m m m
B q mB

A I qr I qr D K kr
rr μω ρ μ

   
′+ − =   

    
. (1.535) 

The relations (1.534) and (1.535) form a homogeneous system for the unknown integra-
tion constants A and D. A non-trivial solution exists only if the determinant of the sys-
tem vanishes: 

2
0 0 0 0

0 0 0 0 02 20 00 0 0 0 0

i ( ) i( ) ( ) ( ) ( ) ( ) 0.m m m m m
mB r q mB B q

I qr K kr kK kr I qr I qr
rr rμω ρ ω ρ μ

  
′ ′ ′− + + =  

    
 

Multiplying the final two terms yields the explicit expression for ω2: 

► 
22 2

2 20 0 0 0A
A

0 0 0 0 0 0

( ) ( ) ( )1 ;
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m m

m m

I qr K kr B rq m
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ω
ρ μ
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= − + ≡ ′  

v v . (1.536) 



1.5  Instabilities in Plasma 175 

The dispersion relation for this cylindrical scenario is thus established, which simulta-
neously provides the eigenvalues of the problem  (1.490). 

Analysis of the Solution 
The derived dispersion relation confirms the previous assertion regarding the governing 
equation for the displacement vector: only the cases ω2 > 0 (stable solutions) and ω2 < 0 
(purely imaginary, unstable solutions) can occur. The fundamental stability criterion is: 

2 2
0 0A

0 0 0 0

( ) ( )
1 0

( ) ( )
m m

m m

I qr K krmq
r I qr kr K kr

 ′
+ < ′  

v . 

Since the modified Bessel function of the first kind Im(qr) and its derivative I'm(qr) are 
strictly positive, and that q2 > 0 holds in the near-incompressible limit (γ → ∞), the final 
form of the Kruskal–Shafranov stability criterion is obtained: 

► 
2

0

0 0

( )
1 0

( )
m

m

K krm
kr K kr

+ <
′

 . (1.537) 

Notably, the only quantity in the final equation that contains the material properties of 
the plasma is q. Defining x ≡ kr0, the stability criterion can be rewritten as follows 
(where Km is strictly positive and K'm is negative): 

 2( ) ( ) ( ) 0m mF x xK x m K x′≡ + > . (1.538) 

This formulation is well-suited for a graphical solution by plotting the left-hand side. 
The relation immediately demonstrates that for m = 0, no stable solution exists, render-
ing the filament inherently unstable against zero-mode perturbations. The same applies 
to the m = 1 mode. 

 
Fig. 1.88: Zero- and first-mode filament perturbations (sausage and kink). 

The instability for m = 0 is known as the sausage instability, whereas the instability for 
m = 1 is termed the kink instability. In both scenarios, a stronger magnetic field (mani-
fested by denser magnetic field lines) develops at the localized necking or deformation, 
where the enhanced magnetic pressure further drives the initial deformation. 

The curves in Figure 1.89 plot left-hand side of the inequality (1.538). The first two 
modes are universally unstable. All higher modes (m ≥ 2) are stable for x < x0, with the 
critical values x < x0 summarized in the table below. 
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Mode m 0 1 2 3 4 5 

x0 = kr0 – – 3,04 8,02 15,01 24,01 

Fig. 1.89: Critical values x0 for filament stability; the table lists the arguments,  
where the respective curves cross zero. 

For x0, the following approximate formula holds: 
 2

0 1x m≈ − . (1.539) 

From mode m = 2, the system is stable for kr0 < x0, which corresponds to wavelengths:  

► 0
2

2 ; 2, 3,
1

r
m

m
πλ > =

−
  . (1.540) 

Solution for a Non-Zero Axial Field 
If an axial magnetic field B0z is initially present, the first two modes become stabilized 
within certain parameter regimes. Thus, an axial field exerts a stabilizing effect on the 
current-carrying plasma filament. 

zj

B0( )r

B0,int

B0,ext

 
Fig. 1.90: Generalized configuration  case of a plasma filament featuring an axial magnetic field. 
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Following a similar procedure, the general dispersion relation can be derived. The result 
requires a graphical solution, where stable regimes emerge for the first two modes: 
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 (1.541) 

Rayleigh–Taylor Instability 
The Rayleigh–Taylor instability (RT instability) arises at the interface between two 
fluids of different densities when a denser fluid rests above a less dense one in a gravi-
tational field. For fluids in a constant gravitational field, this instability was first de-
scribed by Lord Rayleigh in 1883. The English physicist and mathematician Geoffrey 
Ingram Taylor generalized this concept in 1950 to encompass any constant acceleration 
directed from the denser to the less dense fluid. In such scenarios, the denser fluid at-
tempts to occupy a position below the less dense medium, causing initial perturbations 
at the interface to develop into characteristic finger-like plumes and, subsequently, 
mushroom-shaped structures. These processes are sometimes classified as interchange 
instabilities because different fluid regions exchange positions, minimizing the system's 
potential energy. Typical example involves two immiscible liquids poured into a glass 
such that the denser liquid rests above the less dense one. However, the RT instability 
also occurs during inversion at the interface between two air masses, or during the inter-
action of an expanding stellar wind stellar wind with the Crab Nebula – the remnant of 
a supernova explosion observed in 1054, or the buoyant rise of hot gases forming mush-
room-shaped clouds in nuclear detonations. 

 
Fig. 1.91: Numerical simulation of the development of the Rayleigh–Taylor instability.  

Source: Pittsburgh Supercomputing Center. 
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In 1954, Martin Kruskal and Martin Schwarzschild demonstrated that a magnetic field 
can suppress this instability at the interface between two plasma media at short wave-
lengths.  

A coordinate system is chosen where the interface between the two media lies in the 
plane y = 0. Assume that a homogeneous gravitational field acts along the y-axis and an 
external magnetic field B0, parallel to the interface, acts on the plasma. A small per-
turbation develops at the interface between the two media. We can align the z-axis with 
the magnetic field to ensure compatibility with previous derivations. Alternatively, 
aligning the z-axis with the perturbation propagation direction yields a simple periodic 
factor of exp(ikz). The subsequent derivation is independent of the z-axis choice; the 
essential requirement is that vectors B0 and k remain parallel to the interface. For clar-
ity, the coordinate system illustrated below is adopted:  

 
Fig. 1.92: Choice of coordinate system for the Rayleigh–Taylor instability analysis. 

Evaluation of the Displacement Vector 
With this choice of the coordinate system, the perturbations take the form: 

 i[ ]
0 1( , ) ( ) δ ( , ); δ ( , ) ( ) e ωψ ψ ψ ψ ψ + −= + = x zk x k z tt y t t yx x x . (1.542) 

For simplicity, he subscript 1 for the displacement vector is omitted: 

 i[ ]δ ( , ) ( ) e ω+ −= x zk x k z tt yxξ ξ . (1.543) 

From the system geometry, the following relations hold for the individual quantities: 
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 (1.544) 

Symbols | | and ⊥ denote components parallel and perpendicular (along the y-axis) to 
the interface. Although B0x = 0 here, this is not essential for subsequent derivations. For 
simplicity, an incompressible plasma is assumed, satisfying div δξ = 0. Upon expansion, 
this condition yields a straightforward relation: 

 i 0 i 0 iξ ξ ξ⊥ ⊥ ⊥′ ′ ′+ ⋅ =  + ⋅ =  ⋅ =k k kξ ξ ξ . (1.545) 

The prime in the notation denotes differentiation with respect to the sole non-periodic 
variable y. In the governing equation for the displacement vector (1.488), the magnetic 
field perturbation for the given geometry is determined first (div B0 = 0; div ξ = 0): 
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 ( ) ( ) ( ) ( )0 0 0 0 0δ curl δ δ δ i δ δξ⊥ ′= × = ⋅ − ⋅ = ⋅ −B B B B B k B∇ ∇ξ ξ ξ ξ . (1.546) 

Substituting the perturbation into (1.488) yields for an incompressible plasma:  

 ( )2 0
0 0 0 0

0 0

curlcurlδδ (δ ) div δ δpω ρ ρ
μ μ

− = ⋅ − + × + ×
BBg B B∇ ∇ξ ξ ξ . (1.547) 

Expanding all terms, evaluating the derivatives, eliminating the periodic factors, simpli-
fying the vector triple products, and substituting for (k∙ξ) from (1.545) provides:  
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These represent the three (1+2) equations for δξ components. Multiplying the second 
equation scalarly by k, substituting k·ξ|| = k·ξ from (1.545), the combination  

( )( ) ( ) ( )
2 2

0 0 0 0 0 0 02 2
0 00

i 1p
k k

ξωξ ρ ξ ξ
μ μμ

⊥
⊥ ⊥ ⊥′ ′ ′ ′⋅ ⋅ = + − ⋅ + ⋅B B k B k B Bξ  

can be evaluated and then substituted into the first equation. It yields a single differen-
tial equation for the normal component of the displacement vector: 
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k B k B  (1.548) 

Denoting the expression in parentheses as K0, the governing equation for the normal 
component of the displacement vector reduces to the elegant form:  

► 
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2 2
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Introducing the Alfvén velocity corresponding to the unperturbed magnetic field via the 
relation 

 0
0A

0 0μ ρ
≡

Bv , (1.550) 

the function K0 can be recast as: 

 ( )22
0 0 0A .ρ ω ≡ − ⋅  

k vK  (1.551) 

For an infinitesimally thin planar interface (transition layer), the equilibrium density 
ρ0(y) and magnetic field B0(y) are uniform within both half-spaces but exhibit a step-
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like discontinuity at the plane y = 0. Consequently, their derivatives ρ'0 and B'0 generate 
Dirac delta distributions. For y ≠ 0, however, ρ'0 = 0 and the function K0 remains con-
stant, reducing the governing equation in both half-spaces to: 

 2 0 .kξ ξ⊥ ⊥′′ − =  (1.552) 

The general solution is a linear combination of exponentials. In each half-space, only 
the mode decaying to zero at infinity is retained to ensure continuity: 
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 (1.553) 

Boundary Conditions and the Dispersion Relation 
Evidently, the first derivative of the derived solution exhibits a jump discontinuity at the 
plane y = 0, meaning the second derivative behaves as a distribution. These jump con-
ditions must be balanced within the governing equation (1.549), which allows for the 
matching of solutions across the interface. Substituting the solution into the governing 
equation (1.549) and integrating with respect to the variable y eliminates the derivative 
in the first term, thereby resolving the associated discontinuities. Since the second term 
contains no discontinuities, integration by parts is applied to the final term, converting 
the density step discontinuity into a derivative of the continuous normal component ξ⊥: 

2 2 3
0 0 0 0sgn e e d e sgn e d 0 .
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The limit as l → 0 is evaluated, approaching the interface from both half-spaces. Be-
cause both integrands are bounded, the integrals vanish in the limit, yielding: 
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from which the dispersion relation immediately follows: 

► ( ) 0a b b agk ρ ρ+ + − =K K , (1.554) 

where the subscripts a and b denote the lower and upper half-spaces, respectively. Sub-
stituting the explicit form of K provides the final dispersion relation for the system: 

► ( )2 2 2

0

1 ( ) ( ) ( ) 0a b a b b agkω ρ ρ ρ ρ
μ

 + − ⋅ + ⋅ + − = k B k B . (1.555) 

Analysis of the Solution (Zero Magnetic Field) 
For a vanishing magnetic field, the relation reduces to: 

► 2 b a

a b
gk

ρ ρω
ρ ρ

−
= −

+
. (1.556) 

Consequently, the configuration is always unstable if the denser fluid rests above the 
lighter one ω2 < 0, ρb > ρa). The instability growth rate γ is given by:  
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 b a

a b
gk

ρ ργ
ρ ρ

−
=

+
, (1.557) 

demonstrating that the instability develops fastest at short wavelengths and large density 
differences ρb >> ρa, with the denser fluid positioned above the less dense medium. 

Analysis of the Solution (Non-Zero Magnetic Field) 
In the presence of an equilibrium magnetic field, the dispersion relation satisfies: 
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a b a b
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yielding the stability criterion: (ω2 ≥ 0) 
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This can be rewritten as: 

► 
( )2 2 2 2

0

2 cos cos

( )
a a b b

b a

B B

g

π α α
λ

μ ρ ρ

+
≤

−
, (1.560) 

where α denotes the angle between the magnetic field and the wave vector. For a per-
turbation propagating along the magnetic field, a stability region always exists for suffi-
ciently short wavelengths, even when the denser fluid rests above the less dense one. 
For the stability cone, the following relation holds assuming equal angles αa = αb = α):  
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Kelvin–Helmholtz Instability 
Another classic instability developing at the interface between two media is the Kelvin–
Helmholtz (KH) instability. It arises when two media exhibit relative motion, such as 
wind blowing over a water surface, the solar wind streaming along the magnetopause, 
the shearing boundaries between planetary bands on gas giants, or interacting layers 
within Earth atmosphere. If the velocity shear is sufficiently large, the instability de-
velops even under Rayleigh–Taylor stable configurations (i.e., with the lighter fluid 
resting above the denser one). The KH instability can also emerge within a single fluid 
subject to a strong velocity shear gradient. Stabilizing factors include gravitational 
fields, magnetic fields in plasmas, or a smooth transition layer where the velocity varies 
gradually rather than abruptly.  

This instability was first described by Hermann von Helmholtz in 1868 and, inde-
pendently, by Lord Kelvin in 1871. A complete solution for incompressible fluids was 
formulated by Subrahmanyan Chandrasekhar in 1961. In 1963, Amiya Sen generalized 
this solution to ideal magnetohydrodynamics, extending it to the compressible regime 
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a year later. This compressible formulation was subsequently generalized by Richard 
Gerwin and David John Southwood in 1968, with the latter focusing specifically on the 
magnetopause. In 1980, Attilio Ferrari derived a partial solution for relativistic veloci-
ties, a regime crucial for analyzing relativistic jets emanating from black holes. 

 

 
Fig. 1.93: Comparison of the KH instability in cloud formations with a numerical simulation. 

Photo: University of Notre Dame. Simulation: FLUENT software package. 

Dispersion Relation 
Consider conditions similar to the Rayleigh–Taylor instability, namely an incompressi-
ble plasma with an infinitesimally thin planar interface at y = 0. We assume that the 
equilibrium profiles depend solely on the y-coordinate, i.e., ρ0 = ρ0(y), B0 = B0(y), and 
u0 = u0(y), where both B0 and u0 lie within the interface plane y = 0. A coordinate sys-
tem analogous to the one used for the RT instability can be selected (though the result-
ing dispersion relation remains independent of this choice): 

 
Fig. 1.94: Choice of coordinate system for the Kelvin–Helmholtz instability analysis. 

The dispersion relation can be derived using the same procedure; compared to Equation 
(1.367), the formulation merely undergoes a Doppler shift modification:  



1.5  Instabilities in Plasma 183 

 0ω ω→ − ⋅k u . (1.562) 

The dispersion relation thus takes a form analogous to (1.554): 

 
[ ] ( )2 2

0 0 0 0
0

( ) 0 ;

1 .

a b b agk ρ ρ

ω ρ
μ

+ + − =

≡ − ⋅ − ⋅k u k B

K K

K
 (1.563) 

Substituting the explicit form of K yields the final dispersion relation: 

► ( ) ( )
2 2

2 2

0

( ) ( ) ( ) 0.a b
a a b b b agkω ρ ω ρ ρ ρ

μ
⋅ + ⋅

− ⋅ + − ⋅ − + − =
k B k Bk u k u  (1.564) 

Analysis of the Solution (Zero Gravity, Zero Magnetic Field) 
Assuming the fluid in half-space a is at rest, velocity ub represents the relative velocity 
Δu0 between the media. Measuring the angular frequency in this reference frame redu-
ces the dispersion relation to: 

( )22
0 0a bω ρ ω ρ+ − ⋅ Δ =k u , 

( )22 2
0 02 ( ) 0a b b bω ρ ω ρ ω ρ ρ+ − ⋅ Δ + ⋅ Δ =k u k u , 

► 1, 2 0
i( ) ;

(1 )
b

a

r r r
r

ρω
ρ

±= ⋅ Δ ≡
+

k u . (1.565) 

Since the angular frequency possesses a non-zero imaginary part, the KH instability 
always develops, even for r = 1 – which corresponds to identical fluids in relative mo-
tion with a non-zero velocity. The instability growth rate (the positive imaginary part of 
the angular frequency) is given by: 

 0( )
(1 )

r
r

γ ⋅ Δ
=

+
k u . (1.566) 

Analysis of the Solution (Effect of Gravity) 
Assuming the fluid in half-space a is at rest, and the system is subject only to a homo-
geneous gravitational field, the solution for ω is evaluated as: 

► 
2

0 0
1, 2 2

( ) ( )(1 ) ;
1 1 (1 )

b

a

r rgk r r
r r r

ρω
ρ

⋅ Δ ⋅ Δ−= ± − ≡
+ + +

k u k u
. (1.567) 

Evidently, gravity exerts a stabilizing effect, meaning the angular frequency is no longer 
inherently complex. The stability criterion requires the radicand to be non-negative:  

2 2
0(1 ) ( ) 0gk r r− − ⋅ Δ ≥k u . 

Assuming a Rayleigh–Taylor stable configuration (i.e., the lighter fluid rests above the 
denser one, r < 1; otherwise, the RT instability would dominate), the stability criterion 
reduces to:  
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► 
2

2 0
max max 02cos ; 2 ; ( , ) .

1
u r
g r

λ λ β λ π βΔ
≥ ≡ = Δ

−
k u  (1.568) 

Perturbations with wavelengths λ > λmax remain stable and do not grow. For example, 
considering wind blowing over water (β = 0, with compressibility neglected as a first 
approximation), waves propagate along the wind direction. Since the air density is or-
ders of magnitude lower than that of water (r << 1), the stability criterion simplifies to: 

 
2
0

max max; 2 .u
r

g
λ λ λ π Δ

≥ ≡  (1.569) 

Notably, short-wavelength modes are stabilized by surface tension. 

Analysis of the Solution (Effect of Gravity and the Magnetic Field) 
For non-zero gravity and magnetic fields, the dispersion relation (1.564) yields:  

► 

2 2 2
0 0

1, 2 2

b
0 0

( ) ( )( ) ( )(1 ) ,
1 1 1 (1 )

; ;

.

a b

a b
a

a b

b

a

rr rgk r
r r r r

r

ω

μ ρ μ ρ

ρ
ρ

 ⋅ + ⋅⋅ Δ ⋅ Δ−  = ± + −
+ + + +

≡ ≡

≡

k v k vk u k u

B Bv v  (1.570) 

Simultaneous gravity and magnetic fields exert a stabilizing effect, contributing posi-
tively to the radicand. Assuming a Rayleigh–Taylor stable configuration r < 1), the 
stability criterion takes the form: 

► ( )2 2 2 2 2 2 2
0( ) cos (1 ) cos cos (1 )a a b bk u r g r k r rβ α αΔ ≤ − + + +v v . (1.571) 

This relation yields the stability boundaries for specific parameter regimes. 

Other Instabilities (Richtmyer–Meshkov and Diocotron) 
Richtmyer–Meshkov Instability 
The Richtmyer–Meshkov (RM) instability arises at the interface between two media 
subject to rapid acceleration, typically during the passage of a shock wave. This insta-
bility develops during supernova explosions, where the resulting mixing combines both 
the RM and RT instabilities. Another classic example is inertial confinement fusion, 
where a hot plasma envelope implodes onto a cold fuel pellet. The reflection of a shock 
wave at the interface can trigger the formation of vortical structures. The existence of 
this instability was theoretically predicted by Robert Davis Richtmyer at Los Alamos 
National Laboratory in 1953, and first observed experimentally by Evgeny Meshkov in 
1970 in the Soviet Union. 
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Fig. 1.95: Formation and development of the Richtmyer–Meshkov instability. 

Diocotron Instability 
The diocotron instability is the electrostatic analog of the KH instability, where plasma 
motion along the interface arises due to a violation of quasi-neutrality. The resulting 
electric field, combined with an external magnetic field, drives a charged particle drift 
that triggers the instability, forming characteristic vortices in the shear velocity region. 
The diocotron instability occurs on the surface of plasma filaments, during electron 
beam propagation through plasmas, within auroral curtains, or in the spiral arms of 
galaxies (e.g., NGC 3646). The name derives from the Greek word meaning “to pur-
sue.” This instability was introduced by Hannes Alfvén in 1950 to explain vortex struc-
tures in the aurora. 

The diocotron instability emerges whenever two layers of differently charged plas-
ma slide past each other. It is most prevalent in plasma filaments where electric charge 
becomes radially separated. The resulting radial electric field, paired with an axial mag-
netic field Bz, induces an azimuthal drift at velocity vφ. The entire filament undergoes 
differential rotation, meaning regions at varying radial distances possess different an-
gular velocities. At the filament surface, two distinct velocity regions (the rotating fila-
ment and the surrounding medium) come into contact, triggering the instability.  

Radial charge separation – the fundamental condition for the diocotron instability – 
can occur via multiple mechanisms. Most commonly, it stems from various drifts to 
which electrons and ions respond asymmetrically. Additionally, the column's own radia-
tion can induce charge separation; radiative processes carry away thermal energy, cre-
ating a radial temperature gradient that causes both charge separation (analogous to the 
thermoelectric effect) and the separation of distinct chemical elements. Furthermore, 
other instability types can generate uncompensated space charge. 

The diocotron instability is highly common in plasma filaments, having been docu-
mented in numerous laboratory experiments, space plasmas, and numerical simulations. 
Its development, driven by surface rotation, can serve as the dominant impetus for 
a filament's transition into a helical structure. 
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Fig. 1.96: Development of the diocotron instability at the plasma boundary. 

Interchange Instabilities 
The Rayleigh–Taylor instability occurs when a denser fluid rests above a lighter one. 
When the denser fluid moves beneath the lighter one, a rearrangement takes place, 
leading to a decrease in the system's potential energy. This same principle applies gen-
erally: if a plasma displacement reduces the internal energy of the system, the plasma is 
unstable. The stability criterion is therefore given by: 

 * 3
int int

ˆ0 ; dW Wδ δ δ δ≥ ≡ − ⋅ xξ ξL . (1.572) 

Equation (1.494) expresses this energy. Consider a plasma dominated by a strong mag-
netic field β = p/pM << 1). The change in internal energy can be evaluated by assuming 
the plasma surrounding one magnetic field line is interchanged with the plasma sur-
rounding an adjacent magnetic field line (exchanging the plasma within two neighbor-
ing magnetic flux tubes).  
 

 
Fig. 1.97: Mechanism of the interchange instability. 

For the internal energy, relation (1.337) dictates that: 

 int 1
pVW

γ
=

−
, (1.573) 

where p is the plasma pressure inside the flux tube, V is its volume, and γ is the poly-
tropic coefficient. The plasma pressure is assumed to satisfy a polytropic relation: 
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 constpV γ = . (1.574) 

If the plasma flows from tube 1 to tube 2, the change in internal energy equals: 

2 2 1 1 1 1 2 2 1 1
1 2

( / )δ
1 1

p V p V p V V V p VW
γ

γ γ→
′ − −

= =
− −

. 

Conversely, if the plasma flows from tube 2 to tube 1, the energy changes by: 

1 1 2 2 2 2 1 1 2 2
2 1

( / )δ
1 1

p V p V p V V V p VW
γ

γ γ→
′ − −

= =
− −

. 

The total energy variation for both flux tubes is given by: 

1 2
1 2 2 1 1 2 1 1 2 1 2 2

2 1

1δ δ δ
1

V VW W W p V p V p V p V
V V

γ γ

γ→ →

     = + = − + −   −      
. 

Denoting equilibrium values as p1 = p and V1 = V, and expressing the variations as 
p2 = p + δp and V2 = V + δV, allows a perturbation expansion. Because the zero- and 
first-order terms vanish identically, the expansion must be retained up to second order: 

1 δδ ( δ ) ( δ ) ( δ )( δ ) ,
1 δ

V V VW p V V pV p p V p p V V
V V V

γ γ

γ

 +   =  + − + + − + +    − +     
 

1 δ δδ 1 ( δ ) ( δ ) 1 ( δ )( δ )
1

V VW p V V pV p p V p p V V
V V

γ γ

γ

−    =  + + − + + + − + +    −      
. 

The binomial expansion is applied via the relation: 

2( 1)(1 ) 1
2

n n nx nx x−+ = + + +  

Multiplying these terms and retaining second-order contributions yields: 

 ( )2δ δ δ δpW V p V
V

γ= + . (1.575) 

This relation assumes a dominant magnetic field. In the case of a weak magnetic field, 
variations in the magnetic flux and the corresponding magnetic energy of adjacent flux 
tubes must also be accounted for, altering the final formulation. The volume of a finite-
length flux tube is given by: 

dV S l=  . 

Choosing a cross-sectional area perpendicular to the tube and applying the conservation 
of magnetic flux ϕ = BS yields:  

d d; .l lV U U
B B

φ φ= = ≡   
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The quantity U represents the specific volume of the magnetic flux tube per unit of 
magnetic flux, evaluated as the line integral of the inverse magnetic field along the tube. 
The fundamental criterion for plasma stability against the interchange of adjacent flux 
tubes requires that the total energy variation remains non-negative: 

► ( )2 dδ δ δ 0 ; .p lU p U U
U B

γ + ≥ ≡   (1.576) 

Sufficient Condition for Stability 
Since the first term is strictly non-negative, the following relation serves as a sufficient 
stability criterion: 

 dδ δ 0 ; .lp U U
B

> ≡   (1.577) 

Both terms must share the same sign. For instance, as pressure increases, the quantity U 
must also increase, which implies a decreasing magnetic field. Consequently, stability is 
ensured if the magnetic field strength increases in the direction of decreasing plasma 
pressure. 

 Example 1.6: Convex and Concave Mirrors 

Convex

Concave  

Fig. 1.98: Magnetic field line geometry for convex (cusp) and concave mirrors. 

The left panel of Figure 1.98 illustrates an azimuthal, or convex (relative to the plasma), 
mirror, frequently termed a cusp configuration. Moving across the field lines – the di-
rection governing plasma interchange between flux tubes – away from the plasma core 
results in a decreasing plasma pressure and an increasing magnetic field. This configu-
ration satisfies the sufficient stability criterion, rendering the system stable against 
plasma penetration across the magnetic field lines.  

With a classical (concave) mirror, the scenario is inverted. Moving across the field 
lines causes both plasma pressure and magnetic field to decrease. Such a configuration 
fails the sufficient criterion, meaning the system may exhibit instability. 

 

Necessary and Sufficient Condition for Stability 
Evaluating the complete stability criterion (1.576) requires integrating the quantity 1/B 
along a magnetic field line to determine its spatial dependence. If individual field lines 
are parameterized by the radial coordinate r (e.g., the distance from the system axis), the 
pressure profile p(r) and the specific volume function U(r) must be specified. The sys-
tem remains stable if and only if: 
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2d d d d0 ; .

d d d
p U p U lU

U r r r B
γ  

+ ≥ ≡ 
 

  (1.578) 

The stability criterion (1.576) can be recast into an alternative form: 

 δ ln
δ ln

p
U

γ≥ − . (1.579) 

An equivalent stability criterion, expressed as a product, takes the form:  

 ( )δ δ ln 0U pV γ  ≥  
. (1.580) 

Since the onset or damping of these modes depends exclusively on the equilibrium 
pressure profile, instabilities of this class are classified as pressure-gradient-driven. 

 Example 1.7: Infinite Conductor 
Consider an infinite conductor carrying a constant current, surrounded by a plasma. 
 

1) Determine the maximum rate at which the plasma pressure can decrease with dis-
tance from the conductor for the system to remain stable. 

2) Find the dependence of the β parameter on the distance from the conductor at the 
boundary between stability and instability. 

 

Solution: Assume that the pressure decreases with distance from the conductor as C/rα. 
The magnetic field lines form concentric circles. Along a circle of radius r, the magnetic 
field is given by Ampere law, B(r) = D/r. Since this field is uniform along the entire 
circle, the two key quantities are: 

2d 2( ) ; ( )
( ) /

C l rp r U r Kr
B l D rrα

π= = = = . 

Substituting p(r) and U(r) into the stability criterion (1.578) yields: 
2 .α γ≤  

For α = 2γ , the β parameter exhibits the following dependence: 
2 2 2 2/ / 1/ 1/Mp p p B r rα γβ + +≡ =  . 

Conclusion: The plasma surrounding the conductor remains stable against interchange 
perturbations between the flux tubes if the pressure decreases more slowly than 1/r2γ. If 
the pressure decreases more rapidly, the plasma is unstable. The critical value of the β 
parameter decreases with distance as 1/r2γ +2.   

 Example 1.8: Magnetic Dipole 
Solve the previous problem for a conductor coiled into a loop of radius a, assuming a 
distance sufficiently far from the source r >> a.  
Solution: The derivation follows a procedure analogous to the previous example. At 
large distances from the source, the length of the magnetic field line is proportional to 
the distance, and the dipole magnetic field decreases as the cube of the distance:  
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4
3
1 d( ) ~ ; ( ) ~ .lB r U r r

Br
 ≡   

Applying this criterion to a pressure profile C/rα yields the stability condition:  

 4 .α γ≤  (1.581) 

 
Fig. 1.99: Magnetic dipole configuration. 

Conclusion: The plasma surrounding a magnetic dipole remains stable against inter-
change perturbations between the flux tubes if the pressure decreases more slowly than 
1/r4γ. If the pressure decreases more rapidly, the plasma becomes unstable. The critical 
value of the β parameter decreases with distance as 1/r4γ +2.   

Note 1: The plasma within the Earth's Van Allen radiation belts is stable; conse-
quently, the local plasma pressure decreases more slowly than 1/r 4γ. 

Note 2: A magnetic dipole configuration (analogous to the Van Allen belts) repre-
sents one of the concepts for plasma confinement in thermonuclear fusion. If the 
plasma pressure drops too sharply with distance from the center, the plasma es-
capes the confinement system via an interchange instability. 

Note 3: For non-negligible values of the β parameter, variations in the magnetic 
energy must be explicitly incorporated into the derivation. In such scenarios, the 
stability criterion takes the form [3], [11]: 

 ( )2

0

d 1δ 1 δ 0 ; ; d .p pU lU p U U I B l
U I B

γ γ δ
μ

 + + ≥ ≡ ≡ 
     (1.582) 

Note 4.: The presence of a sheared magnetic field (a field parallel to the interface 
whose magnitude depends on the distance) can stabilize pressure-gradient-driven 
instabilities, analogously to the stabilization of the RT instability. 

Schwarzschild Convection Criterion 
In 1958, the German physicist Martin Schwarzschild, son of the renowned Karl 
Schwarzschild, derived a criterion for the development of convective flow in stellar 
interiors. This criterion applies not only to stars but also to any fluid or plasma system. 
Suppose that, through some random perturbation, a localized region of plasma is dis-
placed within a star. For clarity, consider a small plasma element moving from the stel-
lar interior slightly upward along the z-axis (see Figure 1.100). 
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Fig. 1.100: Geometric schematic for the Schwarzschild convection criterion. 

Initially, this hypothetical volume shares the ambient plasma parameters. After dis-
placement, the internal parameters become Tb, ρb, and pb, while the surrounding values 
are T, ρ, and p. Pressure equilibrium requires pb = p. If the displaced element's density 
exceeds the surroundings (ρb > ρ), buoyancy forces return it downward, ensuring stabil-
ity. Conversely, if ρb < ρ, the element continues rising, generating convective flow. This 
regime is convectively unstable, and the criterion for the onset of convection is therefore 
straightforward: 

► bρ ρ< . (1.583) 

First, the left-hand side of this criterion is expanded. Assuming the element's displace-
ment behaves as a rapid perturbation lasting for a short time, the bubble has insufficient 
time to exchange thermal energy with its surroundings, rendering the process adiabatic: 

 p
b

V
; .

c
p K

c
γρ γ= ≡  (1.584) 

A first-order Taylor expansion of this relation yields: 
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= + − =

= + −

 (1.585) 

The constant K is determined from equation (1.584). The bubble density for the left-
hand side of the criterion can then be evaluated, incorporating the condition that the 
internal bubble pressure equals the ambient medium pressure (pb = p): 

 ( )0
b 0 0

0
.p p

p
ρρ ρ

γ
= + −  (1.586) 
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The right-hand side of the criterion is expressed via the plasma equation of state: 
 p A Tρ= . (1.587) 

A first-order expansion allows the constant A to be evaluated from the final equation: 

 

0 0 0

0 0 0 0 0

0 0
0 0 0

0 0
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( ) ( )

( ) ( )

p pp p T T
T

p AT A T T

p p
p T T

T

ρ ρ
ρ

ρ ρ ρ

ρ ρ
ρ

∂ ∂= + − + − =
∂ ∂

= + − + − =

= + − + −

 (1.588) 

The density for the first term of the criterion is then determined: 

 ( )0 0
0 0 0

0 0
( )p p T T

p T
ρ ρρ ρ= + − − −  (1.589) 

Substituting (1.589) and (1.586) into (1.583) yields the convection criterion: 

 ( ) ( )0 0 0
0 0 0

0 0 0
( )p p p p T T

p p T
ρ ρ ρ

γ
− < − − − . (1.590) 

Further simplification straightforwardly leads to the relation:  

 0

0

1d dT
T p

p
γ

γ
 −<  
 

. (1.591) 

In the geometry of Figure 1.100, both dT and dp are negative since pressure and tem-
perature decrease with altitude. Omitting the subscript 0 to generalize the thought ex-
periment, the formulation reduces to:  

► 1d dTT p
p

γ
γ

 −>  
 

. (1.592) 

Consequently, convective flow develops only if a sufficiently steep temperature gradi-
ent exists. Within the Sun, this criterion is satisfied exclusively at depths of 200,000 km 
or less below the surface. Energy from the solar interior is initially transported via ra-
diation, with convection dominating only within this outermost 200,000-km layer. Con-
versely, in massive stars driven by the CNO cycle, the temperature gradient is maxi-
mized near the center, featuring a convective core surrounded by outer radiative layers. 
The Schwarzschild criterion can be expressed in alternative formulations, including: 

► 
d d1 ,

T p
T p

γ
γ

 −>  
 

 (1.593) 

► d ln 1 .
d ln

T
p

γ
γ
−<  (1.594) 

The Schwarzschild criterion holds generally: any strong temperature gradient within 
a plasma triggers a convective instability, generating macroscopically turbulent flows. 



1.5  Instabilities in Plasma 193 1.5.3  Resistive Instabilities 
Governing Equations 
A non-zero plasma resistivity primarily enables magnetic reconnection and the associ-
ated tearing instability, which develops at the interface between two regions with oppo-
sitely directed magnetic field lines. Near the boundaries of such regions, the diffusion 
term in the magnetic field equation (1.177) cannot be neglected. Furthermore, phenom-
ena associated with a spatial resistivity gradient across the interface are highly signifi-
cant. Consequently, the magnetic field equation is derived once more, explicitly incor-
porating a non-zero resistivity gradient. Throughout this chapter, perturbations are as-
sumed to take the form: 

 p pi i
n p 0 n 1 n( , , , ) ( ) ( ) e ,tt ωψ ψ ψ ⋅ −= + q kq q q q  (1.595) 

where qn represents non-periodic variables (perpendicular to the interface) and qp repre-
sents periodic variables. The divergence-free property of the magnetic field, universally 
satisfied by Maxwell equations) and the incompressibility of the plasma  are assumed. 
The latter condition is generally valid when magnetic convection dominates over diffu-
sion, a regime applicable to the vast majority of both laboratory and space plasmas: 

 div 0 ,=B  (1.596) 

 div 0=ξ . (1.597) 

Equation for the Magnetic Field 
The analysis begins with the Faraday law (magnetic field temporal evolution): 

 curl
t

∂= −
∂
BE  (1.598) 

and Ohm law in differential form: 

 ( ) ; ( ) .σ σ σ= + × =j E u B x  (1.599) 

Substituting the electric field (1.599) into equation (1.598) and performing straightfor-
ward algebraic manipulations yields:  

► ( )2

0 0

1curl ( ) curl
t

η η
μ μ

∂ = + × − ×
∂
B B u B B∇ ∇ , (1.600) 

where the resistivity is defined via the relation: 

 1( )
( )

η
σ

=x
x

. (1.601) 

The first term describes the diffusion of the magnetic field, the second represents mag-
netic freezing, and the third term acts as an effective force field that significantly influ-
ences the reconnection of magnetic field lines. The linearized induction equation for 
u0 = 0, where the equilibrium field B0 satisfies Laplace equation ∇2B0 = 0 (representing 
the stationary form of the field formulation), takes the form:  
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► ( ) ( )20
0 0 0

0 0 0

δ 1 1δ curl (δ ) curlδ δ curl
t

η η η
μ μ μ

∂ = + × − × − ×
∂

B B u B B B∇ ∇ ∇ . (1.602) 

Equation for Resistivity 
The origin of the plasma resistivity gradient can vary. Assuming the equilibrium profile 
of the resistivity is given, its variations driven by a wave or an instability must be de-
termined. Without relying on a detailed micro-physical mechanism for plasma conduc-
tivity, it can be stated that plasma motions transport regions with a specific resistivity 
from one location to another; consequently, the material derivative dη/dt = 0 holds. 
Upon expansion, the transport equation for resistivity takes the form: 

► ( ) 0
t
η η∂ + ⋅ =

∂
u ∇ . (1.603) 

The linearized form of the resistivity formulation reduces to: 

 0
δ (δ ) 0η η∂ + ⋅ =
∂t

u ∇ .  

Both terms can be integrated directly with respect to time: 

 0δ (δ ) 0η η+ ⋅ =∇ξ .  

Eliminating the periodic variables yields the final formulation: 

► 1 1 0( ) 0η η+ ⋅ =∇ξ  . (1.604) 

Describing macroscopic displacements rather than specific micro-mechanisms, the 
perturbation η1 can be evaluated directly from the displacement vector, rendering the 
resistivity equation straightforward in the linear approximation. 

Significance of the Gradient η0 
The Ohm law (1.599) can be expressed in terms of resistivity as:  
 η = + ×j E u B .  

In the linear approximation, this relation yields: 

 0 0 0δ δ δ δη η+ = + ×j j E u B .  

Since these represent purely algebraic relations, the periodic factors can be eliminated 
from both sides of the equation: 

 1 0 0 1 1 1 0η η+ = + ×j j E u B .  

Substituting the resistivity perturbation η1 from relation (1.604) allows the current den-
sity perturbation j1 to be evaluated: 

 1 0 1 1 0
1 0

0 0

( )η
η η
⋅ + ×

= +
E u Bj j∇ξ .  

This perturbed current is directly coupled with the Lorentz force density: 
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 ( )1 0 1 0 1 0 0
1 1 0 0 0

0 0

( ) ( )η
η η
⋅ × + × ×

≡ × = × +
E B u B Bf j B j B∇ξ .  

While the second term represents the standard variation in force density caused by per-
turbations, the first term is entirely new. This force arises due to the gradient of the 
equilibrium resistivity distribution, expressed as: 

► ( )
0

(1) 1 0
0 0

0

( )
η

η
η∇
⋅

≡ ×f j B∇ξ . (1.605) 

With opposite magnetic fields across the interface, the equilibrium current j0 flows 
along it, directing this new force perpendicularly. This force significantly influences the 
instability onset (analogously to gravity in the Rayleigh–Taylor instability), promoting 
instability on one side while dampening it on the other. 

 
Fig. 1.101: Neutral layer configuration in resistive magnetohydrodynamics. 

Equations for the Displacement Vector 
The analysis incorporates the equation of motion in the form: 

 
0

1( ) ( × )p
t

ρ ρ ρ
μ

∂ + ⋅ = − + + ×
∂
u u u g B B∇ ∇ ∇ . (1.606) 

Linearization yields: 

► 
2

0 0 02 0 0

δ 1 1δ δ ( × ) δ ×δ )p
t

ρ ρ
μ μ

∂ + = − + + × + ×
∂

g B B B B∇ ∇ (∇ξ . (1.607) 

Additional Equations 
Equations (1.602), (1.604), and (1.607) must be supplemented by the incompressibility 
condition or another appropriate closure of the system. Under the incompressibility 
assumption, both pressure and density advect with the moving plasma in a manner 
analogous to the resistivity. Consequently, by analogy with relation (1.604), these per-
turbations satisfy: 

► 1 1 0( ) 0ρ ρ+ ⋅ =∇ξ , (1.608) 

► 1 1 0( ) 0p p+ ⋅ =∇ξ . (1.609) 

The fundamental relations reduce to the equations for the magnetic field and displace-
ment vector; the remaining algebraic formulations are straightforward to solve.  
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Tearing Instability 
Problem Geometry 
Consider two regions with oppositely oriented magnetic fields separated by a planar 
interface. The coordinate system is chosen analogously to the one used for the 
Rayleigh–Taylor instability, where the interface lies in the y = 0 plane and the magnetic 
field vector points along the z-axis. Quantities are decomposed into components parallel 
to the interface (within the y = 0 plane) and perpendicular to it (⊥): 

 
Fig. 1.102: Geometric configuration of the tearing instability. 

The perturbation of any quantity takes the form: 

 i[ ]
0 0 1( , ) ( ) δ ( ) ( ) e ωψ ψ ψ ψ ψ + −= + = + x zk x k y tt y y yx . (1.610) 

The non-periodic variable is perpendicular to the interface, while the periodic variables 
span the x and z coordinates. Divergence-free condition of the magnetic field (1.596) 
and plasma incompressibility (1.597) yield:  

 

div δ 0

δδ δ 0

= 

∂∂ ∂
+ + = 

∂ ∂ ∂
yx zBB B

x y z

B

  

► 1
1

d
i 0

d
B

y
⊥ + ⋅ =k B  . (1.611) 

An identical formulation applies to the displacement vector (div ξ = 0):  

► 1
1

d i 0
d y
ξ ⊥ + ⋅ =k ξ . (1.612) 

Analogously to the RT instability, the system requires determining the normal compo-
nents of the displacement vector and the magnetic field perturbation; horizontal projec-
tions are subsequently eliminated via (1.611) and (1.612). 

Given the equilibrium profiles B0(y) and η0(y), and assuming symmetry (1.610), the 
entire problem reduces to a system of ordinary differential equations. These equations 
can either be solved numerically or analyzed via dimensional scaling involving the 
width of the transition region between the two field directions, εL, where the character-
istic scale of the transition layer is governed by the parameter ε. 
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Fig. 1.103: Structure of the transition region. 

The horizontal axis represents the distance from the interface. The quantity k∙B0 
corresponds to the projection of the magnetic field in the direction of wave propagation 
(up to a normalization constant). This quantity is positive in one half-space and negative 
in the other. The plane separating the half-spaces with oppositely directed fields is 
defined by the relation:  

 0 0⋅ =k B  (1.613) 

and is termed the resonance surface. The graph illustrates the derivative of this quantity 
as a dashed line, reaching its maximum at the resonance surface. Within the dimen-
sional analysis of the problem, the derivative of k∙B0 can be scaled as: 

 0
0 Lε

⋅′⋅ ≈
k Bk B .  

Conversely, the quantity k∙B0, which vanishes at the resonance surface, is expressed as: 

 0 0Lε ′⋅ ≈ ⋅k B k B .  

From the dimensional analysis of the governing equations within this geometry, the 
instability growth rate γ, defined by equation (1.451), can be estimated. The numerical 
solution of these equations yields a characteristic magnetic field topology around the 
resonance surface, featuring magnetic islands (O-points) and intersections of sepa-
ratrices where magnetic reconnection occurs (X-points). 

 
Fig. 1.104: Magnetic reconnection mechanism and the formation of X- and O-points. 

The electric current continues to flow within the interface plane, but its distribution 
becomes highly inhomogeneous. The current density concentrates at the locations of the 
magnetic islands, leading to the filamentation (tearing) of the current sheet.  
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Driven Resistive Instabilities 
A driven instability is characterized by behavior influenced directly by an external 
force. In the RT instability, this role is played by the gravitational field: in one direction, 
gravity exerts a stabilizing effect (denser fluid at the bottom), whereas in the opposite 
direction, a gravity-driven instability develops (denser fluid on top). The gravitational 
field can similarly drive resistive island modes, traditionally referred to as g-modes.  

Crucially, an analogous driving force arises from a spatial plasma resistivity gradient 
directed perpendicular to the interface, which triggers the rippling mode. Such a gradi-
ent manifests as an effective force acting perpendicular to the interface. However, 
unlike gravitational acceleration, this resistive force possesses opposite directions within 
the two half-spaces (pointing either toward or away from the resonance surface). Con-
sequently, this driving force stabilizes the perturbation on one side of the interface while 
promoting its growth on the other. The instability inherently develops within the half-
space of lower resistivity, where higher perturbed current densities can be sustained.  

Tokamak Instabilities 
Denoting the toroidal angle as φ and the poloidal angle as θ within a tokamak geometry, 
the equilibrium and perturbed quantities are parameterized as: 

 i[ ]( )e ; , 0, 1, 2,m n t m nθ ϕ ωψ ψ ρ + −= = ± ±   (1.614) 

The solenoidality condition div B = 0 for the magnetic field yields:  

 
d

0
d
B m nB B

r
ρ

θ ϕρ ρ
+ + = . (1.615) 

The periodic component of this formulation directly defines the resonance surface: 

 0m nB B
rθ ϕρ

⋅ = + =k B . (1.616) 

 

 

Fig. 1.105: Magnetic configuration and coordinate definitions within a tokamak. 
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This relation can be recast into the form: 

 
B m

r B n
ϕ

θ

ρ = .  

The sign remains arbitrary, as both the poloidal mode number m and the toroidal mode 
number n can take positive or negative integers. The safety factor (or rotation number) 
q, representing the average number of toroidal field line revolutions per single poloidal 
revolution, is defined as: 

 T

P

d d( )
d d

B Brq
r r B R B

ϕ

θ

ϕ ρ ϕ ρ ρρ
θ ρ θ

≡ = = ≈ .  

In tokamaks satisfying the large-aspect-ratio approximation (a << R), the resonance 
surfaces adhere to the formulation: 

► T

P
( ) B mq

R B n
ρρ =  . (1.617) 

On these resonant “mn” rational surfaces, magnetic island (tearing) instabilities develop, 
manifesting as m localized islands along the flux surface. Their periodic formation and 
relaxation are heavily correlated with the characteristic sawtooth oscillations observed 
in the inductive electric field diagnostics.  

 

Fig. 1.106: Formation and topology of magnetic islands  
within a tokamak for the m = 3 mode. 
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1.6  Statistical Description of Plasma 
When modeling a typical plasma, calculating the individual trajectories of all particles is 
computationally and technically impossible. Even the highly rarefied plasma of inter-
stellar space contains millions of particles per cubic meter, whereas tokamak plasmas 
reach 1018 particles/m3, and the solar core features up to 1031 particles/m3. For such 
enormous multi-particle systems, it is advantageous to adopt a statistical description that 
relies on the distribution functions of individual particle species and their collective 
average behavior. This approach forms the core of the statistical description of plasmas 
analyzed throughout this chapter. 1.6.1 Boltzmann Equation 
Assume several particle species (electrons, ions, neutral particles) denoted by the Greek 
subscript α. Throughout this chapter, Einstein summation convention applies exclu-
sively to Latin indices (i, j, k,…), whereas Greek indices are exempt from summation. 
The distribution function for species α is denoted by:  

( , , )f f tα α α= x v . 

In thermodynamic equilibrium, this distribution function is time-independent and coin-
cides with the canonical or grand-canonical distribution ρ [2]. It is normalized to the 
total particle number: 

► 

3

3 3

( , , ) d ( , ) ,

( , , ) d d ( ) .

f t n t

f t N t

α α α α

α α α α

=

=





x v v x

x v x v
 (1.618) 

Integrating over the velocity space defines the particle number density: 

 
0

lim
V

N
n

V
α

α
Δ →

Δ
=

Δ
, (1.619) 

establishing the continuum limit. Further integration over space yields the total particle 
number Nα. Evaluating the average of a general dynamical variable A requires dividing 
by the normalization factor:  

► 

3

3

3 3

, 3 3

( , , )d
( , ) ;

( , , ) d

( , , ) d d
( ) .

( , , )d d

α α α

α α α

α α α

α α α

= =

= =







A f t
t A

f t

A f t
t A

f t

v

x v

x v v
x

x v v

x v x v

x v x v

A

A

 (1.620) 

Quantity A(t, x) represents the macroscopic density of the variable A. Due to the chosen 
normalization: 
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► 3( , , ) d ( , ) ( , )A f t n t tα α α α= x v v x xA . (1.621) 

This expression is highly useful and applied here in its explicit form. 

Various Forms of the Boltzmann Equation 
The distribution function of a particle species α varies over time due to self-collisions 
and collisions with other particle species: 

 d ( , , )
d

f t S
t α α α β

β
=x v . (1.622) 

The right-hand side terms represent the Boltzmann collision integrals, evaluated in the 
next chapter. Expanding the total time derivative on the left yields:  

dd
d d

αα α α
α β

α β

∂ ∂ ∂
+ + =

∂ ∂ ∂ kk

k k

f f x f
S

t x t t
v

v
. 

The Einstein summation convention applies exclusively to Latin indices, exempting 
Greek species indices. Time derivatives of positions correspond to velocities, and those 
of velocities represent accelerations, expressed via Newton second law: 

αα α α
α α β

α α β

∂ ∂ ∂
+ + =

∂ ∂ ∂ k
k

k k

Ff f f
S

t x m
v

v
. 

Grouping the summed terms on the left using differential operators yields: 

► 1( ) ( ) .f
f f S

t m
α

α α α α α β
α β

∂
+ ⋅ + ⋅ =

∂ x vv F∇ ∇  (1.623) 

This formulation is the Boltzmann equation, the foundation for non-equilibrium statisti-
cal mechanics. The right-hand side contains the Boltzmann collision integral (see 
p. 208) over a region of phase space. Depending on its explicit form, the equation is 
referred to by distinct names: 

Boltzmann Equation 
Collisions are treated in a fully generalized framework and are evaluated using the stan-
dard collision integral (see p. 208). The Boltzmann equation is named after Ludwig 
Boltzmann, the Austrian physicist who founded statistical mechanics. 

Fokker–Planck Equation and Landau Equation 
The collision term accounts exclusively for pairwise Coulomb interactions, character-
ized by well-established effective cross-sections. The equation is named after Adriaan 
Daniël Fokker, a Dutch physicist and musician, and Max Planck, a German physicist 
and a pioneer of quantum theory. A closely related variant of the Fokker–Planck for-
mulation is the Landau equation.  

For the lower limit of pairwise Coulomb interactions, the impact parameter corre-
sponding to a 90-degree deflection is chosen (as collisions at shorter impact parameters 
are statistically negligible). The maximum cutoff limit is defined by the Debye length, 



202 Plasma Theory 

which represents the natural screening distance for point charges. This equation is 
named after Lev Davidovich Landau, the Soviet theoretical physicist and recipient of 
the 1962 Nobel Prize in Physics. 

BGK Equation 
Assuming the system remains close to local thermodynamic equilibrium fLE, the colli-
sion term reduces to a simplified relaxation-time formulation driven by collisions:  

Sα  (Δfα/Δt)col = −(fα−fLE)/τc = −νc(fα−fLE),  

where τc is the mean time between collisions and νc is the collision frequency. The for-
mulation is named after its authors: the Indian mathematician Prabhu Lal Bhatnagar, the 
American theoretical physicist Eugene Paul Gross, and the American mathematician 
and astrophysicist Max Krook.  

Vlasov Equation 
Collisions either cancel out or are neglected (rendering the right-hand side zero), and the 
macroscopically averaged Lorentz force acts as the sole governing force. It remains the 
most widely applied formulation in collisionless plasma physics. The equation is named 
after Anatoly Alexandrovich Vlasov, the Soviet theoretical physicist who established 
this foundational kinetic approach.  

 Example 1.9: Show that the stationary solution of the collisionless (Vlasov) equation 
yields the canonical distribution. Solve the formulation in one dimension for a single, 
collisionless particle species subject to a conservative potential force field F = − dV/dx.  
Solution: Under these specific conditions, the Boltzmann equation reduces to: 

1 d 0 .
d

f V f
x m x

∂ ∂− =
∂ ∂

v
v

 

The equation is solved via separation of variables by substituting f (x,v) = A(x) B(v). 

d 1 d d d 1 d0
d d d d d
A V B A BB A
x m x A V m B

− =  =v
v v v

. 

The left-hand side depends solely on position, while the right-hand side depends strictly 
on velocity. For two functions of independent variables to remain identically equal, both 
sides must equal a separation constant:  

 
2

1 d d d ( ) exp[ ( )] ;
d

1 d d d ( ) exp[ /2] .
d

=  =  =

=  =  =

x
A AC C V A x K CV x

A V A

B BC C m B K Cm
mB B vv v v v

v v

 

The general solution is evaluated as: 

( )2( , ) ( ) ( ) exp /2 ( )f x A x B K C m V x = ⋅ = +  
v v v . 



1.6  Statistical Description of Plasma 203 

This solution exhibits the mathematical structure of the canonical distribution. The coef-
ficient C is determined through thermodynamic calibration, compatible with standard 
textbooks such as [2]: 
 B1/ .C k T= −  (1.624) 

 

Note (Saha Equation): From the equilibrium distribution and quasi-neutrality, an 
equation governing the relative proportions of ions of different charge states within 
a plasma follows immediately. This formulation was first derived by the Indian 
astrophysicist Meghnad Saha in 1920 and, independently, by the American physi-
cist and chemist Irving Langmuir in 1923. Today, it is written in the form: 

► 
( )

( )

1 e 1 e 1

B

3/2
e B

3

exp ;

2
,

2

i i i i

i i

n n g g
C

n g k T

m k T
C

ε ε

π

π

+ + + − 
= − 

 

=


 (1.625) 

where gi represents the statistical weight for ions of charge state i, ge is the statisti-
cal weight of electrons (typically set to 2), and εi is the energy required to produce 
an ion of charge state i (by removing i electrons from the atomic shell, where i = 0 
corresponds to neutral particles. The factor (2πћ)3 represents the volume of a single 
quantum state of an electron in phase space; for further details, see [2]. The Saha 
equation is frequently utilized to determine the electron number density during 
single ionization, where ni = ne: 

► 
2 1e

n 0 B

2
exp ,

gn IC
n g k T

 
= − 

 
 (1.626) 

where I denotes the ionization energy. 

Boltzmann Equation in Random Velocities 
The following three velocities must be distinguished: 
 

 
phase variable,

( , ) velocity field (mean or average velocity),
random (thermal) velocity.

α

α α

α α α

≡
≡ −
t

v
u x v
w v u

 (1.627) 

 
Previously, the analysis utilized a phase space (t, x, vα). The phase velocity contains 
a macroscopic flow component and a thermal component (vα = uα + wα). Isolating the 
thermal motion by executing a transformation is often advantageous: 

( , , ) ( , , )t tα α→x v x w . 

In the Boltzmann equation, derivatives are replaced according to the scheme: 
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,k k

k k

w u
t t t w t t w

∂ ∂∂ ∂ ∂ ∂ ∂→ + = −
∂ ∂ ∂ ∂ ∂ ∂ ∂

 

,

,

( , ) .

k k

j j j k j j k

j j

j j j

w u
x x x w x x w

w

w u t

∂ ∂∂ ∂ ∂ ∂ ∂→ + = −
∂ ∂ ∂ ∂ ∂ ∂ ∂

∂ ∂→
∂ ∂

→ + x
v

v

 

This transformation yields: 

 

( )

( )

d d
d d

dwhere  .
d

,

 

α α α α
α α

α α

α
α α α β

α β

α

  ∂
+ ⋅ + − ⋅ −  ∂ 

∂
 − ⋅ ⋅ =  ∂

∂≡ + ⋅
∂



f f
f

t m t

f
S

t t

x

x

x

F uw
w

w u
w

u

∇

∇

∇

 (1.628) 

Relativistic Boltzmann Equation 
This subsection may be omitted on a first reading. A general relativistic collision term is 
unavailable, but often unnecessary, since effective cross-sections decrease rapidly at 
high velocities. However, a relativistic description is essential in high-energy regimes. 
Conversely, the left-hand side of the equation can be easily recast into a Lorentz-covari-
ant form. The derivation is evaluated here for a single particle species; consequently, 
Greek indices within this subsection denote exclusively the components of four-vectors. 
Instead of velocity as an independent variable, the formulation must employ momen-
tum, or more specifically, the four-momentum: 

 ( , ) ( , , , ) ;f f x P f t Eα α= = x p  (1.629) 

The components of the four-momentum are constrained by the invariant mass relation 
(where the magnitude of the four-momentum satisfies –m0

2c2), yielding:  

 2 2 2 2 4
0E c m c= +p , (1.630) 

which establishes E = E(p). Normalization applies to momentum space instead of ve-
locity space, requiring that: 

 3( , ) d ( , )f x P p n tα α = x . (1.631) 

This notation appears non-relativistic. However, accounting E = E(p), the formulation 
can be expressed in a relativistic invariant form via the Dirac delta distribution: 

► ( ) 4( , , , ) ( ) d ( , )f t E E E P n tδ − = x p p x . (1.632) 

Generalizing relation (1.622) within a relativistic framework requires replacing coordi-
nate time with the proper time τ, which is an invariant under Lorentz transformations: 
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 d ;
d

f S
τ

=  (1.633) 

Expanding the derivative on the left-hand side yields: 

 d d .
d d

α α

α ατ τ
∂ ∂+ =

∂ ∂
f x f P S

x P
 (1.634) 

The first term incorporates temporal and spatial derivatives, generalizing the first two 
terms on the left of the standard Boltzmann equation. Evaluating these time derivatives 
allows the formulation to be expressed as: 

 .α α
α α

∂ ∂+ =
∂ ∂

f fU F S
x P

 (1.635) 

The Lorentz four-force is expressed via relation I.1.267 (see the Selected Topics I) 

 .α αβ
βα α

∂ ∂+ =
∂ ∂

f fU QF U S
x P

 (1.636) 

As a final step, the four-velocities must be converted into four-momenta: 

► 0 .α αβ
βα α

∂ ∂+ =
∂ ∂

f fP QF P m S
x P

 (1.637) 

This is the desired relativistically covariant Boltzmann equation. In the first term, the 
four-momentum can be moved inside the derivative with respect to the distribution 
function. In the second term, an analogous operation is valid because: 

 ( ) .f fF P f F f F P F P
P P P

αβ αβ αβ αβ
β αβ β βα α αδ∂ ∂ ∂= + =

∂ ∂ ∂
 (1.638) 

Upon differentiation, the first term vanishes due to the contraction of a symmetric and 
an antisymmetric tensor. However, this property does not hold for a generalized veloc-
ity-dependent force field. Consequently, the formulation reduces to: 

► ( ) ( ) 0 .P f QF P f m S
x P

α αβ
βα α

∂ ∂+ =
∂ ∂

 (1.639) 

This form provides an elegant expression of the Boltzmann equation for a plasma sub-
ject to an electromagnetic field and the Lorentz four-force. 

General Relativistic Variant 
This subsection may be omitted on a first reading. An interesting extension is to recast 
the Boltzmann equation in general relativity, where particle trajectories are governed by 
the curvature of spacetime. The covariant derivative of a four-vector is defined as: 

 ; ,
D
D

α
α α α μ

ν ν μνν Γ≡ = +A A A A
x

, (1.640) 

where the first term represents an ordinary partial derivative and the second term ac-
counts for the variation of the four-vector Aα induced by spacetime curvature. The coef-
ficients Γ are termed the Christoffel symbols, evaluated via the formula: 
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 ( ), , ,
1
2

g g g gα αβ
μν βμ ν βν μ μν βΓ = + − . (1.641) 

The geodesic equation, describing the straightest path in curved spacetime, is:  

 2d d d 0x x xα α μ ν
μνΓ+ = . (1.642) 

The four-force in equation (1.635) can be formulated via the geodesic equation:  

 
2

0 0 0 02
d d d d d
d d d dd
P U x x xF m m m m U U

α α α μ ν
α α α μ ν

μν μνΓ Γ
τ τ τ ττ

= = = = − = − . (1.643) 

In terms of four-momenta, the general relativistic Boltzmann equation (1.635) is:  

► 0 .f fP P P m S
x P

α α μ ν
μνα αΓ∂ ∂− =

∂ ∂
 (1.644) 

Boltzmann Collision Term 
This chapter addresses the right-hand side of the non-relativistic Boltzmann equation, 
specifically collisions. Consider an elastic collision between two particles α and β. 

 
Fig. 1.107: Schematic of a two-particle elastic collision. 

Initially, the formulation transforms the particle velocities vα  and vβ into the relative 
velocity g (alternatively denoted as vαβ and the center-of-mass velocity vcm (alterna-
tively denoted as v(αβ)). The forward transformation takes the form:  

 
cm ( )

;

.
m m

m m

αβ α β

α α β β
αβ

α β

≡ = −

+
≡ =

+

g v v v

v v
v v

 (1.645) 

The determinant of this transformation matrix equals unity; hence, the inverse matrix is 
evaluated via the standard cofactor method: 

 
cm

cm

;

.

m
m m

m
m m

β
α

α β

α
β

α β

= +
+

= −
+

v v g

v v g
 (1.646) 

Energy and momentum conservation laws are formulated in these new variables: 
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T

2 2 2 2
T

( ) const,

1 1 1 1( ) const .
2 2 2 2

α α β β α β

α β
α α β β α β

α β

= + = + =

= + = + + =
+

m m m m

m m
E m m m m

m m

p v v v

v v v g
 (1.647) 

Momentum conservation dictates a constant center-of-mass velocity. Combined with 
energy conservation, this requires an invariant relative velocity magnitude. Conse-
quently, during an elastic collision, both quantities are conserved: 

• The center-of-mass velocity remains unchanged during the collision. 
• The magnitude of the relative velocity remains unchanged during the collision.  

► cm const ,
| | const .

=
=

v
g

 (1.648) 

The only quantity that varies during an elastic collision is the orientation of the relative 
velocity vector. Therefore, two new quantities characterizing the collision are used: 

 

| | | | ;

.
| | | |

αβ αβ

αβ
αβ

αβ

≡ =

≡ =

g g v

vgk
g v

 (1.649) 

The relative velocity magnitude remains constant, satisfying gαβ = g′αβ. The second 
quantity describes the orientation of the relative velocity vector, representing two de-
grees of freedom of the collision (two independent components of the unit vector k, 
where the third is defined by the unit magnitude condition). In literature, the relative 
velocity vector is frequently denoted by the symbol g, i.e., vαβ = gαβ. 

Collision Cross Section 
The collision cross section for species α striking target particles β is conventionally the 
proportionality coefficient within the formulation for the collision frequency:  

 ~ ;n nα β αβ α αβ αβ β αβ
β β

ν ν ν σ= = v v . (1.650) 

The effective cross section represents the geometric area of a target particle β presented 
to an incident particle α. The collision frequency is proportional to this cross section, 
the mean relative velocity, and the number density of the target particles. For elastic 
two-particle collisions, the cross section is introduced analogously as a conditional 
probability (under the constraint of a constant magnitude gαβ, denoted by:  

( | ; )gαβ αβ αβσ ′k k  

and normalized such that: 

 2d ( | ; )d
d
w g g
t αβ αβ αβ αβ αβσ ′ ′= k k k  (1.651) 

represents the time derivative of the conditional probability that the unit vector directing 
the relative velocity lies within the interval (k׳αβ, k׳αβ + d k׳αβ) after the collision. The 
cross section remains invariant under:  
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• time reversal:  ( | ; ) ( | ; )g gαβ αβ αβ αβ αβ αβσ σ′ ′= − −k k k k , 

• spatial inversion:  ( | ; ) ( | ; )g gαβ αβ αβ αβ αβ αβσ σ′ ′= − −k k k k . 
 
An important symmetry relation follows directly from both properties: 

► ( | ; ) ( | ; )g gαβ αβ αβ αβ αβ αβσ σ′ ′=k k k k . (1.652) 

Boltzmann Collision Integral 
The collision term of the Boltzmann equation can be formulated as:  

 
2 3

( , , ) ( , , ) ( , , ) ( , , )

( | ; ) d d .

S f t f t f t f t

g g

αβ α α β β α α β β

αβ αβ αβ αβ αβ βσ

 ′ ′= − ⋅ 

′ ′⋅

 x v x v x v x v

k k k v
 (1.653) 

The physical interpretation is straightforward: the collision probability for two particles 
is proportional to the product of both distribution functions of both species (representing 
particle occupancy at a given point in phase space) multiplied by the differential colli-
sion cross section. The first term (gain term) describes particles scattered into the given 
phase space volume, while the second (loss term) describes particles scattered out. Inte-
gration is evaluated over the free kinematic parameters of the collision. Due to symme-
try property (1.652), both cross sections can be formulated uniformly and factored out 
of the brackets. The collision term (1.653) inherently assumes that the colliding particle 
pair remains uncorrelated prior to the interaction. This foundational assumption is 
known as the molecular chaos assumption.  

Collision Invariant 
Let ψα be a summational invariant (mass, momentum, or energy) satisfying:  

 α β α βψ ψ ψ ψ′ ′+ = + . (1.654) 

Consequently, a fundamental relation holds for the collision operator: 

► 3

,
d 0 .Sα αβ α

α β
ψ =  v  (1.655) 

Note: This proof may be omitted on a first reading. 
Proof: 

3

,
2 3 3

d

( | ; )d d d .

S S

f f f f g g

α αβ α
α β

α α β α β αβ αβ αβ αβ αβ α β
αβ

ψ

ψ σ

= =

 ′ ′ ′ ′= − ⋅ 

 



v

k k k v v
 

Next, a transformation to center-of-mass and relative velocities is executed: 

3 3 3 3 3 2 2
( ) ( )d d d d d d dg gα β αβ αβ αβ αβ αβ αβ= =v v v v v k , 

where the differential element d2kαβ accounts for all angular dependencies. This trans-
formation yields: 
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3 2 2 3
( )( | ; )d d d dS f f f f g g gα α β α β αβ αβ αβ αβ αβ αβ αβ αβ

αβ
ψ σ ′ ′ ′ ′= −  k k k k v . 

Interchanging the primed and unprimed quantities and applying the relations: 

( ) ( ); ; ( | ; ) ( | ; )g g g gαβ αβ αβ αβ αβ αβσ σ′ ′ ′ ′= = =v v k k k k  

yields: 

3 2 2 3
( )( | ; )d d d dS f f f f g g gα α β α β αβ αβ αβ αβ αβ αβ αβ αβ

αβ
ψ σ ′ ′ ′ ′ ′= −  k k k k v . 

The next step involves symmetrization, expressing the formulation as the arithmetic 
mean of the two preceding results: 

3 2 2 3
( )

1 ( ) ( | ; ) d d d d .
2

S f f f f g g gα α α β α β αβ αβ αβ αβ αβ αβ αβ αβ
αβ

ψ ψ σ ′ ′ ′ ′ ′= − −  k k k k v  

Subsequently, interchanging the species indices α and β followed by a secondary sym-
metrization yields: 

3 2 2 3
( )

1 ( ) ( )d d d d .
4

S f f f f g gα β α β α β α β αβ αβ αβ αβ αβ
αβ

ψ ψ ψ ψ σ ′ ′ ′ ′ ′= + − − −  k k v  

For summational invariants, the first parenthetical term vanishes identically, leading to 
the final result S = 0. 

■ 

Transport Equation 
Often, probabilistic information regarding the entire phase space is unnecessary; in-
stead, knowing the evolution of macroscopic variables in time and position is sufficient. 
This state is evaluated by averaging over the velocity distribution, where the normaliza-
tion corresponds to the particle number according to relation (1.620): 

3

3

( , , ) d
( , ) .

( , , ) d

f t
t

f t
α α α α

α
α α α

= 

v x v v

u x
x v v

 

The reduction of velocity space variables via this averaging process transitions the de-
scription from kinetic statistics to continuum equations. Multiplying the Boltzmann 
equation (1.623) by an arbitrary velocity-dependent function ϕα(vα) (which may or may 
not be a summational invariant) and subsequently integrating the formulation over the 
velocity variables yields: 

3 3 3d ( ) d ( ) df
f f

t m
α α

α α α α α α α α α
α

φφ φ∂
+ ⋅ + ⋅ =

∂  x vv v v F v∇ ∇  

3dSα α β α
β

φ=  v . 

The three terms on the left-hand side are simplified successively: 
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First term: 

3 3( ) d d ( , )f
f n t n

t t t t
α

α α α α α α α α α αφ φ φ φ∂ ∂ ∂ ∂= = =
∂ ∂ ∂ ∂  v vv v v x  . 

Second term:  

3 3( ) d ( ) d ( , )

.

k k k
k k k

k
k

f
f n t

x x x

n
x

α
α α α α α α α α α α α α

α α α

φ φ φ

φ

∂ ∂ ∂= = =
∂ ∂ ∂

∂=
∂

  v

v

v v v v xv v v

v
 

Third term: 

[ ]

( )

(p.p.)
3

3

( ) ( , , ) d

1 d

1 .

k
k

k
k k

k

f
F t

m

F f
F f

m m

n
m

α α α
α α α

α α

α α α
α α α α

α α α

α α α
α α

φ

φ ν φ

φ

∂Ω

∂
=

∂

  ∂= − =  ∂ 

∂= −
∂





v

v x v v

v

F
v

v

v
 

Simplifying the third term requires assuming that the force field can depend on velocity 
(e.g., the magnetic component of the Lorentz force). Executing integration by parts, the 
first resulting term vanishes because the distribution function is assumed to vanish at the 
boundaries of the velocity space; the symbol νk denotes the components of the normal 
vector. Averaging the Boltzmann equation over the velocity space yields: 

► 
( )

3

1

d .

i
i

n n n
t x m

S

α α α α α α α α
α α

α α β α
β

φ φ φ

φ

∂ ∂ ∂+ − =
∂ ∂ ∂

= 

v v
v

F
v

v

v
 (1.656) 

This general transport equation forms the foundation of continuum theory. Prior to fur-
ther analysis, it can be written for the electromagnetic interaction: 

Q Qα α α α= + ×F E v B . 

Evaluating the velocity derivative in the third term requires either component-wise 
decomposition or utilizing the cross-product definition expressed via the Levi-Civita 
tensor. This straightforward procedure yields:  

► 
3

( )

d .

Q
n n n

t m

S

α α
α α α α α α α

α α

α α β α
β

φφ φ

φ

∂∂ + ⋅ − + × ⋅ =
∂ ∂

= 

xv v
v

v E v B
v

v

∇

 (1.657) 
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Note 1: Statistical physics utilizes the variables (t, x, vα). Averaging over the ve-
locity space reduces the statistical information regarding the velocity component of 
the phase space, making the averaged variables functions of (t, x) alone. However, 
the mean fluid velocity uα(t, x) naturally reappears within the continuum formula-
tions. 

Note 2: The transport equation possesses the mathematical structure of a continu-
ity equation. The first term represents the temporal derivative of the additive quan-
tity density, followed by its flux divergence. The third term corresponds to field-
driven sources, while the right-hand side contains collision sources. It describes 
how physical quantities are transported. 

Note 3: The transport equation incorporates a test function ϕα. Substituting succes-
sive powers of velocity yields the Boltzmann equation moments, which is why the 
transport formulation is alternative referred to as the moment equation.  

Note 4: If the function ϕα represents a summational invariant, summing over all 
species renders the right-hand side of equation (1.657) zero, meaning the collision 
terms cancel out. This result follows directly from relation (1.655): 

( ) 0 .Q n
n n

t m
α α α

α α α α α α
α αα

φφ φ ∂∂ + ⋅ − + × =
∂ ∂ xv v

v
v E v B

v
∇  

This specific approximation constitutes the widely utilized single-fluid model. 

Note 5: For the zeroth-order moment, setting ϕα = mα within the single-fluid ap-
proximation yields the macroscopic continuity equation: 

0 ; , .α α α α
α α

ρ ρ ρ∂ ∂+ = ≡ ≡
∂ ∂  k

k
j m n

t x
j u  

The continuity equation governs the temporal evolution of mass density (the zeroth 
moment of the Boltzmann equation). However, the second term introduces a new 
variable – the mass flux j containing the mean flow velocity. Evaluating the tem-
poral evolution of this mass flux (momentum density) requires a new relation, the 
equation of motion, obtained as the first moment by setting ϕα = mα viα: 

0 .∂ ∂+ =
∂ ∂k kl

l
j P

t x
 

The equation of motion introduces another new variable – the pressure tensor, 
which incorporates dynamic pressure (momentum flux), the standard thermal pres-
sure (the scalar component driven by random motion), the viscosity (the anisot-
ropic tensor component), and the Maxwell stress tensor. The subsequent moment 
yields the evolution equation for this pressure tensor, corresponding to the energy 
transport equation involving quadratic velocity terms:  

0 .∂ ∂+ =
∂ ∂k l k l n

n
P Q

t x
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The second term of this formulation introduces yet another variable describing the 
heat flux. This procedure can be extended indefinitely, generating an infinite hier-
archy of fluid moment equations. In practical applications, the system is closed af-
ter a finite number of moments via an algebraic closure relation, such as the Fou-
rier law for heat conduction. 

Note 6: Plasma physics frequently employs the multi-fluid model, treating the 
plasma as a mixture of electron, neutral, and distinct ion fluids. In this framework, 
inter-species collision terms do not vanish and must be explicitly incorporated. 
Note 7: Complete system information requires solving the kinetic Boltzmann 
equation coupled with the corresponding field equations. Conversely, a macro-
scopic description can rely exclusively on fluid moment equations. 

 
The following section provides the derivation of the first three moments of the Boltz-
mann equation, reformulated in terms of the mean fluid velocity uα ≡  vα  and the 
random (thermal) velocity wα ≡ vα − uα. Within the transport formulation (1.657), the 
test function ϕα is successively replaced by mα (or Qα), mαvαk, and mαvα2/2. The phase 
velocity is then decomposed into macroscopic and thermal components: vαk = uαk +wαk. 
By definition, the expectation value of the thermal component vanishes:  wα  = 0. 1.6.2  Transition from Kinetics to Continuum 
Zeroth-Order Moment and Charge Conservation for Particles 
Substituting the scalars mα, Qα, and 1 for the function ϕα yields the mass, charge, and 
particle number conservation laws. For this zeroth moment, collision integrals vanish 
identically for each species because ϕα is velocity-independent; thus, relation (1.655) 
holds without summing over α. Elastic Coulomb collisions conserve mass, charge, and 
particle number, yielding the continuity equations:  

► 

(m, )
m,

(Q, )
Q, , e, i, ii, n,

0 ,

0

0 .

k

k

k

k

k

k

j
t x

j
t x

n n u
t x

α
α

α
α

α α α

α

ρ

ρ
=

∂ ∂
+ =

∂ ∂

∂ ∂
+ =

∂ ∂

∂ ∂
+ =

∂ ∂

  (1.658) 

Throughout this chapter, the Einstein summation convention applies exclusively to 
Latin indices (i, j, k,…), whereas Greek species indices are exempt. Superscript indices 
are enclosed in parentheses to distinguish them from exponents. Variables subject to 
substitution are set in italics. Where appropriate, the component notation can be recast 
into a coordinate-independent, invariant formulation: 
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► 

( )

m,
m,

Q,
Q, e, i, ii, n,

0 ,

0 ,

0 .

t

t
n

n
t

α
α

α
α

α
α α

α

ρ

ρ
=

∂
+ ⋅ =

∂
∂

+ ⋅ =
∂

∂
+ ⋅ =

∂

j

j

u



∇

∇

∇

 (1.659) 

The temporal derivatives govern the mass density, charge density, and particle number 
density of species α, respectively. The spatial derivatives incorporate the mass flux, 
charge flux, and particle number flux. These macroscopic variables depend solely on 
time and spatial coordinates, defined via the invariant formulations: 

 

3
m,

3
Q,

3
m,

3
Q,

d ,

d ,

d ,

d .

m n m f

Q n Q f
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Q n Q f

α α α α α α

α α α α α α

α α α α α α α α

α α α α α α α α

ρ

ρ

= =

= =

= =

= =


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j u v v

j u v v

 (1.660) 

Summing the moment equations over all particle species α yields: 

 

( )

m
m

Q
Q

0 ,

0 ,

0 ,

t

t
n n
t

ρ

ρ

∂
+ ⋅ =

∂
∂

+ ⋅ =
∂

∂ + ⋅ =
∂

j

j

u

∇

∇

∇

 (1.661) 

where the collective parameters are defined as: 

 

m m, m m,

Q Q, Q Q,

, ,

, ,

, .

m n m n

Q n Q n

m n
n n

m n

α α α α α α α
α α α α

α α α α α α α
α α α α

α α α
α

α
α αα

α

ρ ρ

ρ ρ

≡ = ≡ =
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≡ ≡

   

   


 

j j u

j j u

u
u

 (1.662) 

Zeroth-Order Moment and Charge Conservation for Fields  
Evaluating the electromagnetic fields for the Boltzmann or moment formulations re-
quires the system of Maxwell equations: 

 Qdiv ,ρ=D  (1.663) 

 div 0 ,=B  (1.664) 
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 × ,
t

∂= −
∂
BE∇  (1.665) 

 Q× .
t

∂= +
∂
DH j∇  (1.666) 

The corresponding macroscopic source terms are defined by the relations: 

 

3
Q

3
Q

d ,

d .

Q n Q f

Q n Q f

α α α α α
α α

α α α α α α α
α α

ρ = =

= =

 

 

v

j u v v
 (1.667) 

These source terms within the Maxwell equations are fully consistent with the zeroth-
order moment of the Boltzmann equation. Differentiating equation (1.663) over time 
and adding the divergence of (1.666) yields the charge conservation law:  

► Q
Q 0

t
ρ∂

+ ⋅ =
∂

j∇ ,  

related with the formulation derived via the zeroth-order Boltzmann moment (1.661). 
For the derivation of higher-order moments, a linear constitutive relationship is assumed 
between the electric vectors E and D, as well as between the magnetic vectors B and H.  

First-Order Moment and Momentum Conservation for Particles 
To derive the momentum equation, the test function within the transport relation is 
replaced by the k-th component of momentum, ϕα = mαvαk, which represents a summa-
tional invariant. Following substitution, the moment equations take the form: 

( ) ( ) ( ) 3dα α α α α α α α α α α α αβ α
β

∂ ∂+ = + × +
∂ ∂ k k l kk

l
n m u n m n Q m S

t x v E u B vv v v . 

The first term is the temporal variation of the momentum density for species α, and the 
second is the spatial derivative of the second-order momentum flux tensor, where each 
momentum component can advect in three directions. Within this term, the phase ve-
locity is decomposed (vαk = uαk + wαk). Upon expansion, terms proportional to the first 
power of random velocity vanish, leaving two non-zero terms: the dynamic pressure 
tensor Dkl driven by macroscopic flow, and the thermal pressure tensor Pkl driven by 
random motion. This entire left-hand side has the structure of a continuity equation, 
expressing momentum conservation for the k-th component. The first right-hand side 
term describes momentum variation driven by electromagnetic fields, which transfer 
momentum to the particles, whereas the second term represents collision-driven mo-
mentum transfer. The resulting formulation takes the form: 

 ( ) ,α
α α αγ Γ∂ ∂+ = +

∂ ∂k k kkl
l

T f
t x

 (1.668) 

where the individual macroscopic quantities are defined as: 
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3

( ) ( ) ( )

( )

d ;

;

;

α α α α α α α α

α α α
α α α α α α α α

α
α α α α

γ ≡ =

≡ +   = +

≡

k k k

k l k lk l k l k l

k lk l

n m u m f
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D n m u u
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w w  (1.669) 

( ) ( )

( ) 3

Q, Q,

3

( )( ) d ;

;

d .

α
α α α α α α α α α α α

α α α α α α

α α α αβ α
β

ρ

Γ

≡   = − −

≡ + × = + ×

≡





k l k k l lk l

k k k
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P n m m u u f

f n Q

m S
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E u B E j B

v
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v

 

These variables, parameterized for particle species α, represent the momentum density, 
momentum flux tensor, dynamic pressure tensor, thermal pressure tensor, Lorentz force 
density, and the collision-driven momentum variation rate. The momentum conser-
vation law for species α can be expressed in an invariant formulation:  

 ,
t α α α α

∂ + ⋅ = +
∂

T f


γ ∇ Γ  (1.670) 

where the variables in the terms are defined as: 
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


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T u u w w D P

D u u

P w w v u v u v

f E j B

v v
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



γ

Γ

 (1.671) 

Conventionally, the thermal pressure tensor is formally decomposed into a scalar iso-
tropic pressure and a traceless anisotropic tensor. This traceless component corresponds 
to viscosity, where the viscous stress tensor is assigned a negative sign because it op-
poses the macroscopic momentum flux:  

 

( ) ( ) 2 2

2 2

1 1 ;
3 3

1 1 .
3 3

α α
α α α α α α α α α

α α α α α α α α α α α

δ δ δ≡ − = − −

≡ − = − − ⊗
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k l k l k l k lk l k lP p V n m w n m w

p n m w n m w

v v

v v
P 1 V 1 1 w w

w w
(1.672) 

To model the plasma as a single collective fluid, the moment formulations (1.670) are 
summed over all species α. Because the test function ϕα is a summational invariant, 
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inter-species collision terms cancel out identically, yielding a simplified single-fluid 
momentum conservation law in invariant form:  

► P P ;
t

∂ + ⋅ =
∂

T f


γ ∇  (1.673) 

where the collective single-fluid parameters are defined as: 

 ( ) ( )
P

P

Q Q

,

,

.

n m

n m n m

α α α
α

α α α α α α α α
α α

ρ

≡

≡ + = ⊗ + ⊗

≡ + ×



  v

u

T D P u u w w

f E j B
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γ

 (1.674) 

The subscript P denotes the particle contribution. An analogous conservation law can be 
derived for electromagnetic fields, where the Lorentz force density corresponds to the 
momentum transfer rate from fields to particles. Vector arrows are somewhere retained 
to prevent ambiguity between vectors and second-order tensors.  

First-Order Moment and Momentum Conservation for Fields 
Although the momentum conservation law for the electromagnetic field is derived in the 
Selected Topics II (Electromagnetic Field), its fundamental steps are outlined here. The 
field can be treated as a collection of photons with zero rest mass, satisfying: 

2 2 2 2 4
0

.

p c m c

pc

= + 

=




 

In terms of volumetric densities, this relation takes the form: 
EM cρ γ= . 

Multiplying by the propagation velocity yields the energy flux density on the left: 

EMcρ γ=c c  

The energy flux on the left corresponds to the Poynting vector, while the propagation 
direction is absorbed into the momentum density vector on the right: 

2
EMc× =E H γ . 

Expressing the speed of light via the permittivity and permeability (c2 = 1/εµ) yields the 
final formulation for the field momentum density: 

 EM = ×D Bγ . (1.675) 

The objective is to establish the momentum conservation law for the electromagnetic 
field by evaluating the temporal derivative of relation (1.675). This evaluation incorpo-
rates the Maxwell equations (1.663) through (1.666):  

( ) ( ) ( )EM
Q× ×

t t t t
∂ ∂ ∂ ∂= × = × + × = − × + × − =

∂ ∂ ∂ ∂
D BD B B D H j B D E γ

∇ ∇  
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Standard algebraic manipulations follow, where terms involving spatial derivatives are 
recast into a divergence form. This vector remapping can be performed by expanding 
the cross products via the Levi-Civita tensor. Utilizing the Maxwell relations, these 
elementary operations yield: 

► EM EM ,∂ + ⋅ = −
∂


t

T fγ ∇  (1.676) 

where the individual invariant terms are defined as: 
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 (1.677) 

The field momentum flux tensor TEM is known as the Maxwell stress tensor. Evidently, 
the momentum of the isolated field is not conserved due to transfer between fields and 
particles. A strict conservation law is established only for the combined system. Sum-
ming equations (1.673) and (1.676) yields: 

► ( )m E M 0 .
t α

α
ρ

 ∂ + × + ⋅ + + = 
∂   

u D B T T T
  

∇  (1.678) 

This formulated equation represents the total momentum conservation law for the cou-
pled particle-field system. The first term under the temporal derivative corresponds to 
the matter momentum density ρmu, which simultaneously represents the mass flux from 
the continuity equation. The second term, D×B, constitutes the electromagnetic field 
momentum density. The spatial derivatives incorporate the momentum flux tensors of 
the particles, the electric field, and the magnetic field.  

In summary, the partial momentum formulations verify that neither the isolated par-
ticle system nor the isolated field system conserves momentum independently:  
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E M Q Q

m Q Q
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ρ ρ ρ

∂ × + ⋅ + = − − ×
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 ∂ + ⋅ = + ×  ∂  
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 



t

t

D B T T E u B

u T E u B

∇

∇

 

For the particles, the temporal variation of the momentum density equals the Lorentz 
force density on the right-hand side. For the electromagnetic field, the relation contains 
the identical coupling term with the opposite sign. Summing these equations thus yields 
a vanishing right-hand side. Without summing over α, uncompensated inter-species 
collision terms remain:  
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( ) 3
m, Q, Q, d .α α α α α α α α αβ α

β
ρ ρ ρ∂ + ⋅ = + × +

∂ 
 

m S
t

u T E u B v v∇  

Note: If a momentum conservation law is expressed in the form ∂γ/∂t + ∇∙ T


, the 
corresponding angular momentum conservation law can be simply written as 
∂Lkl/∂t+∂Nkln/∂xn = 0, where the angular momentum density is Lkl = xk γl − xl γk and 
the angular momentum flux is Nkln = xkTln −xlTkn. Comprehensive details are pro-
vided in the Selected Topics II (Electromagnetic Field). 

Second-Order Moment and Energy Conservation for Particles 
Let the test function ϕα represent the kinetic energy of a particle of species α:  

2 /2 /2k km mα α α α α αφ = =v v v .  

The derivation is identical to the first moment. Following substitution, the phase veloc-
ity is decomposed into macroscopic and thermal components (vαk = uαk +wαk) and 
expanded. Expectation values for terms proportional to the first power of the random 
velocity vanish identically, yielding the energy conservation law in the form: 

2 2
m, m,

Q, ,
2 2

u u
e e

t
α α α α

α α α α α α α α α
ρ ρ   ∂    + + ⋅ + + ⋅ + = ⋅ +

   ∂    
u u P u q j E

 ∇ S  (1.679) 

where the constituent variables are defined as: 

2 2 2
3

m, ; ; ;
2 2 2

w w m
e S dα α α α
α α α α α α αβ α

β
ρ ρ≡ ≡ ≡q w S

v v  

The symbol eα represents the internal energy associated with random thermal motion, qα 
denotes the heat flux, and Sα is the collision integral. The temporal derivative incorpo-
rates the kinetic energy density and the internal energy density of species α. The spatial 
derivative governs the individual energy fluxes: the kinetic energy flux, internal energy 
flux, pressure-driven energy flux, and heat flux. The right-hand side of equation (1.679) 
contains terms driving non-conservation of energy: the Joule heating density (Joule 
power density) and a term corresponding to inter-species collisional energy transfer.  

Within the single-fluid approximation, summing all formulations (1.679) over all 
species α causes the collision terms to cancel out identically since ϕα is a summational 
invariant. This yields a simplified single-fluid energy conservation law: 

► 

2 2
m m

Q ;
2 2

; .

u ue e
t

e eα α
α α

ρ ρ   ∂ + + ⋅ + + ⋅ + = ⋅      ∂    
= = 

u u P u q j E

q q

 ∇
 (1.680) 

The remaining macroscopic parameters correspond to definitions from preceding mo-
ments. The fluid energy is not conserved alone, as the plasma is heated by electromag-
netic fields. A closed conservation law requires the combined particle-field system. 
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Second-Order Moment and Energy Conservation for Fields 
Although the energy conservation law for the electromagnetic field is derived in the 
second volume of Selected Topics (Electromagnetic Field section), the derivation is 
outlined here within this statistical framework. From classical electrodynamics, the 
electric field energy density is expressed as E∙D/2 (analogous to the energy density of 
a capacitor), and the magnetic field energy density is H∙B/2 (analogous to an inductor). 
Evaluating the temporal variation of the total field energy density via the Maxwell 
equations (1.663) through (1.666) yields the conservation form under the assumption of 
linear constitutive relations: 

( ) ( )

( )
Q

Q Q

curl curl
2 2

curl curl div .
t t t

∂ ⋅ ⋅ ∂ ∂ + = ⋅ + ⋅ = ⋅ − + ⋅ − = ∂ ∂ ∂ 
= ⋅ − ⋅ − ⋅ = − × − ⋅

E D H B D BE H E H j H E

E H H E j E E H j E
 

The resulting field energy conservation law takes the form: 

► ( ) Q .
2 2t

∂ ⋅ ⋅ + + ⋅ × = − ⋅ ∂  

E D H B E H j E∇  (1.681) 

The temporal derivative incorporates the electric and magnetic energy densities. The 
spatial derivative governs the electromagnetic energy flux E×H, defined as the Poynting 
vector. The right-hand side term represents the Joule power density transferred from the 
fields to plasma heating. The total energy conservation law is recovered by summing the 
particle contribution (1.680) and the field contribution (1.681): 

►
2 2

0 .
2 2 2 2
u ue e

t
ρ ρ   ∂ ⋅ ⋅+ + + + ⋅ + + ⋅ + + × =      ∂    

E D H B u u P u q E H
 ∇  (1.682) 

The temporal derivative encompasses the collective energy densities (kinetic, internal, 
electric, and magnetic), while the spatial derivative governs the total energy fluxes (ki-
netic, internal, pressure, thermal, and electromagnetic). Energy conservation holds stric-
tly for the coupled multi-species particle-field system. The individual, isolated conser-
vation formulations retain non-zero source terms governed by the Joule power density.  

Analyzing the energy equations for each particle species separately without summa-
tion retains the inter-species collision integrals. Assuming a polytropic plasma behavior 
for particles possessing f degrees of freedom yields:  

 2; .fp Kn
f

γ γ += ≡  (1.683) 

The pressure satisfies the equation of state in the form: 

 Bp nk T=  (1.684) 

Consequently, the internal energy density reduces to: 

 B2 1
f pe nk T

γ
= =

−
. (1.685) 
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Deriving higher-order Boltzmann moments remains feasible, though their structure 
grows increasingly complex and physical interpretation more difficult. If a generalized 
power of velocity is substituted for ϕα without representing a summational invariant, 
inter-species collision integrals do not cancel out upon summation.  

Each subsequent moment introduces a higher-order tensor variable, requiring an ad-
ditional transport relation and generating an infinite hierarchy of moment equations. In 
practical continuum modeling, this hierarchy is terminated after a finite number of mo-
ments by introducing an empirical relation, such as the Fourier law for heat conduction 
at the second-order moment level.  1.6.3  Simple Transport Phenomena 
The statistical framework addresses three categories of phenomena: 

1. Transport phenomena: Evaluating the transport of mass, momentum, energy, 
and other macroscopic variables driven by particle collision processes. 

2. Relaxation phenomena: Analyzing the collision-driven relaxation of a per-
turbed system back to equilibrium and its relaxation times. 

3. Microinstabilities and Landau damping: A class of kinetic phenomena gov-
erned by the velocity component of the distribution function that cannot be 
captured via magnetohydrodynamics (continuum theory). If the characteristic 
frequencies of these processes significantly exceed the collision frequency, 
the collisionless Vlasov framework is employed. 

Initially, the formulation utilizes the relatively simple yet highly effective BGK ap-
proximation, named after Prabhu Lal Bhatnagar, Eugene Paul Gross, and Max Krook. 
This approach assumes that the collision operator is directly proportional to the devia-
tion from the local equilibrium configuration and that the interactions drive the distribu-
tion back toward equilibrium:  

col LE LE( / ) ( )/ ( )S f t f f f fα α α ατ νΔ Δ = − − = − − . 

Unless multi-species interactions are analyzed simultaneously, the species subscript α is 
omitted. The BGK kinetic equation is formulated as:  

 ( ) ( )LE ;f f f f f
t m

ν∂  + ⋅ + ⋅ = − − ∂  
x v

Fv ∇ ∇  (1.686) 

 ( )3/2 2
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B B
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( ) exp

2 ( ) 2 ( )
mmf n

k T k Tπ

 − 
 ≡ − 
    

v u x
x

x x
. (1.687) 

The function fLE represents the local thermodynamic equilibrium canonical (Gibbs) 
velocity distribution, termed the Maxwellian distribution, which can vary spatially. 
The solution for the distribution function is sought via a perturbation series expansion: 

 2
0 1 2f f f fε ε= + + +  (1.688) 

In subsequent derivations, f 0 constitutes the established unperturbed solution, the expan-
sion is restricted to first-order perturbations, and the limit ε → 1 is executed. This 
framework assumes small deviations from the Maxwellian distribution.  
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Charge Transport and Ohm Law 
Assume a homogeneous equilibrium plasma characterized by: 

 
3/2 2

0 LE
B B

exp
2 2

m mf f n
k T k Tπ

  
= ≡ −  

    

v . (1.689) 

The objective is to evaluate a stationary (∂/∂t = 0) and homogeneous (∇ = 0) first-order 
perturbation f 1 induced by a weak external electric field εE = −ε∇ϕ (treated as a first-
order perturbation associated with a small potential gradient ε∇ϕ). Within first-order 
perturbation theory, relation (1.686) reduces to: 

 0
1 .

fQ f
m

ν∂
⋅ = −

∂
E

v
  

Substituting for f0, the distribution function perturbation is evaluated as: 
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    

E v v . (1.690) 

The Maxwellian distribution of a charged particle ensemble becomes characteristically 
deformed up to first order, satisfying f = f0 + f1. Fig. 1.108 illustrates the distribution 
function for the velocity component aligned with the external electric field. 

 
Fig. 1.108: Perturbation of the Maxwellian velocity distribution. 

The charge flux, or the electrical current density in the plasma, is defined as: 

3 3 3
0 1 1d ( )d dQ Qn Q f Q f f Q f= = = + =  j u v v v v v v . 

The integral involving vf0 vanishes identically because it represents an odd function 
over velocity space. Substituting the formulation for f1, integration yields: 

3/22 2 2 2
1 2 3

1 2 3
B B B
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exp d d d

2 2
l

Qk k l
Q E mmj n

k T k T k Tν π

∞ ∞ ∞

−∞ −∞ −∞

   + +
= −  

    
  

v v vv v v v v . 

All off-diagonal velocity integrals (with vkvl) vanish identically as odd functions. The 
diagonal components are symmetric, allowing the evaluation of the first component: 
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2 1 2 3
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Two of these velocity integrations reduce to standard Gaussian integrals, while the re-
maining component is evaluated via the relations established in the Selected Topics I: 

► 
2

; .Q
Q n
m

σ σ φ σ
ν

= = − ≡j E ∇  (1.691) 

The driving force behind the charge flux is the electric field (the negative gradient of the 
scalar potential). The proportionality coefficient σ is termed the differential conductiv-
ity. Relation (1.691) represents Ohm law, named after the German physicist Georg 
Simon Ohm. An identical relation can be recovered from the elementary Drude model 
of conductivity, proposed in 1900 by Paul Drude. Consider a charged particle subject to 
an electric field force and an effective collisional friction force that is proportional to the 
momentum loss rate. The proportionality coefficient is defined by the collision fre-
quency ν = 1/τ, where τ represents the mean free time between collisions: 

d
d

mm Q Q m
t

ν
τ

= − = −u uE E u . 

In a stationary state, the particle achieves a drift velocity u = QE/mν, yielding:  
2

Q
Q nQn
mν

= =j u E , 

coinciding with the kinetic result (1.691). In anisotropic media, the electrical conductiv-
ity generalizes to a second-order tensor, and Ohm law takes the form: 

 , .Q k kl l kl
l

j E
x
φσ σ ∂= = −

∂
 (1.692) 

Particle Transport and Fick Law 
Assume an initially homogeneous equilibrium plasma. The driving force behind particle 
transport is a small spatial gradient in the particle number density. The local equilibrium 
Maxwellian distribution reflects these density spatial variations via: 

3/2 2

LE
B B

( ) exp
2 2

m mf n
k T k Tπ
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vx . 

In the absence of external force fields, the local particle number density near any given 
spatial coordinate satisfies: 

( )
0

0 0( ) ( ) ε ε∂= + − 
∂

l l
l

nn n x x n
x x

x x ∇ . 

Consequently, the spatial derivative (∇) is treated as a first-order operator within per-
turbation theory (where ∇fLE is of first order, ∇f1 of second order, and ∇f2 of third or-
der). This classification arises because spatial dependence is absent in a standard Max-
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wellian distribution. Within first-order perturbation theory, substituting f = fLE + f1 + ··· 
into the BGK equation yields: 

LE 1( ) .f fν⋅ = −v ∇  

The first-order perturbation f1 is evaluated directly in the form: 
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The particle flux is obtained through averaging process: 

3 3
LE 1 1( ) d dN n f f f= = + = j u v v v v . 

The integration is evaluated identically to the charge transport case. The individual 
components of the integral remain non-zero exclusively for the diagonal terms vkvl, 
which are integrated via the relation I.3.574 (Selected Chapters I ): 

► B; .N
k TD n D
mν

= − ≡j ∇  (1.694) 

The driving force of the particle flux is the negative gradient of the number density. The 
proportionality coefficient D is termed the diffusion coefficient. Relation (1.694) repre-
sents Fick law of diffusion, named after the German physiologist Adolf Eugen Fick. 

Note 1: Substituting the particle flux formulation into the macroscopic continuity 
equation yields the diffusion equation: 

 N 2/ div 0 ,

N

n t n D n
tD n

∂ ∂ + = ∂  = ∂= − 

j

j
∇

∇
. (1.695) 

Mathematically, this relation constitutes a parabolic partial differential equation, 
serving as a physical prototype for transport processes describing the dissipation of 
a given quantity into its surroundings. Analogous formulations govern heat con-
duction [1] or, as shown later, magnetic field diffusion. 
Note 2: Dimensional analysis reveals that the diffusion coefficient corresponds to 
the product of the mean free path squared and the collision frequency: 

 2D λ ν  (1.696) 

Ambipolar Diffusion 
Because electrons possess a significantly lower mass than ions, they respond faster to 
forces and tend to leave the plasma core rapidly. This directional charge separation 
induces an electrostatic field that couples the two species. The field decelerates the 
electrons and accelerates the ions, ensuring that both species preserve macroscopically 
a zero net charge density. This coupled, synchronized transport of electrons and ions is 
termed ambipolar diffusion. 
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A crucial parameter in ambipolar diffusion is particle mobility. The mobility con-
stitutes the proportionality coefficient between the mean drift velocity and the driving 
electric field: 
 α αμ=u E  (1.697) 

 
Fig. 1.109: Schematic representation of ambipolar diffusion mechanisms. 

Analyzing a multi-fluid system with coexisting electron and ion components requires 
retaining the species subscript α. Utilizing the mobility, both the charge flux (current 
density) and the field-driven particle flux are formulated as: 

 , ,Q Q n Q nα α α α α α αμ= =j u E  (1.698) 

 , .N n nα α α α αμ= =j u E  (1.699) 

The explicit formulation for mobility is evaluated directly from the current density rela-
tion (1.691):  

 .Q
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α
α

α α
μ

ν
=  (1.700) 

Electron mobility is negative, reflecting motion opposite to the electric field vector. In 
an unmagnetized plasma, the collective transport of electrons and ions is driven simul-
taneously by the internal electric field and the particle density gradient:  
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 (1.701) 

For a plasma with Z-times ionized species, the twin constraints of quasi-neutrality and 
equal fluid drift velocities are expressed as: 
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Substituting the respective number densities and particle fluxes into (1.701) yields:  
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Eliminating the internal electric field from these coupled equations yields the result:  
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−
J ∇  (1.702) 

Since  |μe|  |μi| holds universally, the relation (1.702) simplifies to:  

 i
a i e

e
D D D

μ
μ

≈ − . (1.703) 

Using the mobility definition (1.700), the diffusion coefficient (1.694) becomes: 

 B B
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k T k T
D

m Q
α α

α
α α α

μ
ν

≡ = . (1.704) 

This formulation represents the Einstein relation, shifting the collision frequency de-
pendency within the diffusion coefficient into the species mobility. Assuming identical 
temperatures for electron and ion plasma components, the Einstein relation (1.704) 
yields De = −(Zµe/µi)Di, reducing the ambipolar diffusion coefficient (1.703) to: 

 ( )a i1D Z D≈ + . (1.705) 

Consequently, the effective ambipolar diffusion rate is governed by the massive ions. 

Diffusion in a Magnetic Field 
Assume a small density gradient and a homogeneous magnetic field B = (0,0,B0). 
Allowing a number density gradient both parallel to the field (z-axis) and perpendicular 
to it (x-axis) enables the investigation of transport mechanisms along and across the 
magnetic fieldlines, such that n = n(x, z). The magnetic field introduces spatial anisot-
ropy into the plasma system; consequently, the random velocity components and tem-
peratures can vary between the parallel and perpendicular directions. The local equilib-
rium distribution is thus formulated in an anisotropic form: 
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Within first-order perturbation theory, the BGK equation retains the terms (where spa-
tial derivatives continue to act as first-order operations): 
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The local equilibrium distribution incorporates the spatial perturbation, thus appearing 
as the primary perturbation term within the spatial derivatives. Conversely, it contains 
no velocity perturbation; hence, the first-order perturbation f1 only appears linearly 
within the velocity derivative term. The particle flux is evaluated by multiplying 
the governing relation by velocity and subsequently averaging over the velocity space: 
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The integral on the right-hand side represents the particle flux explicitly. The first inte-
gral on the left is evaluated directly, while the second integral is expanded into compo-
nents and integrated by parts, yielding: 
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The parameter QB0/m denotes the gyration (cyclotron or Larmor) frequency at which 
the charged particle orbits the magnetic fieldlines. The two respective particle fluxes are 
evaluated from the first two components as: 
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 (1.707) 

 
Fig. 1.110: Schematic representation of particle diffusion mechanisms in a magnetized plasma. 

Along the magnetic fieldlines, diffusion is identical to the unmagnetized case and re-
mains completely unaffected. Conversely, cross-field transport is constrained, with the 
perpendicular diffusion coefficient modified by the denominator factor. This anisotropy 
explains two distinct solar wind regimes: slow and fast. Near the solar equator, particles 
escape across fieldlines at 300 to 500 km/s, whereas in polar regions, they advect paral-
lel to the fieldlines at 700 to 900 km/s. 

In the weak-field limit, the perpendicular diffusion coefficient reduces to the stan-
dard unmagnetized coefficient. Conversely, in the strong-field limit, unity in the de-
nominator is negligible, and the cross-field diffusion coefficient reduces to: 

 2B
L c2 2 2

0 0

1 ;k T mD R
Q B B

ν ν ω ν⊥
⊥ ≈ = ≈  . (1.708) 
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Within a strong magnetic field, the particle is tightly bound to its Larmor orbit, and the 
role of the mean free path λ in relation (1.696) is assumed by the Larmor radius 
RL = mvT /QB0 of the gyration motion for the thermal velocity vT = (kBT⊥/m)1/2. This 
substitution is physically intuitive because the mean free path represents the distance 
over which a particle deflects by 90° from its original path, which matches the Larmor 
radius in an extremely strong magnetic field. 

Gyromagnetic Transport and Non-Classical Diffusion 
An additional mechanism constitutes particle transport perpendicular to both the density 
gradient and the magnetic field, corresponding to the non-zero flux component jN, y 
within (1.707). This mode operates analogously to particle drifts, yielding: 
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For strong magnetic fields, unity within the denominator is negligible, and substituting 
the cyclotron frequency from (1.707) yields: 
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 (1.710) 

Several specific characteristics are noteworthy: 
 

1. The particle flux is perpendicular to the magnetic field and the number density 
gradient, aligning with the drift vector driven by the effective force −∇n. 

2. Unlike relation (1.708), this net flux scales inversely with the first power of the 
magnetic field magnitude (1/B0); consequently, this transport mode dominates 
in strong magnetic field regimes. 

3. The final relation (1.710) is independent of the collision frequency; thus, this 
flux is not a consequence of collisions and is not classical diffusion. 

 
This non-zero flux arises from spatial asymmetries. For a zero density gradient, individ-
ual gyration trajectories cancel out identically. Conversely, under a non-zero gradient, 
particle trajectories along the positive and negative y-axis do not balance, producing 
a net macroscopic flux independent of collisions. This phenomenon is termed gyro-
magnetic transport, exhibiting a 1/B0 proportionality underlying Bohm diffusion. 

 
Fig. 1.111: Kinematic mechanism of gyromagnetic particle transport. 
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Neoclassical and Anomalous Diffusion 
In inhomogeneous magnetic fields, such as tokamak configurations, additional drifts 
occur, predominantly the grad B drift driven by magnitude variations and the curvature 
drift. The resulting guiding center displacement typically exceeds the Larmor radius, 
significantly increasing the effective mean free path. Trapped particle dynamics, in-
cluding banana orbits, must also be incorporated.  

The first approach involves a direct kinetic calculation. An alternative method esti-
mates the effective mean free path in the presence of drifts, subsequently utilizing rela-
tion (1.696). Both frameworks yield the neoclassical diffusion formulation accounting 
for field gradients and curvature, which enhances cross-field transport by several orders 
of magnitude.  

However, experimentally measured diffusion rates in toroidal confinement are typi-
cally 10 to 100 times higher than neoclassical predictions. This phenomenon is termed 
anomalous diffusion, where turbulent plasma processes dominate the macroscopic 
transport. Anomalous transport is investigated via high-performance numerical simula-
tions, and the precise underlying mechanisms remain a subject of active research. 

Heat Transport and Fourier Law 
Assume an initially homogeneous equilibrium plasma. The driving force behind the 
thermal energy transport is a small spatial temperature gradient. The local equilibrium 
Maxwellian distribution tracks these spatial variation dynamics via:  
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The formulation incorporates the spatial dependence of the particle number density, as it 
remains coupled to the temperature profile. Assuming heat conduction at a constant 
isotropic pressure p = nkBT, evaluation of the spatial derivative yield  
 0T n n T∇ + ∇ = . (1.711) 

An analogous coupling between these variables manifests in a polytropic plasma 
p = Kn γ ). Similarly to particle transport, the local equilibrium distribution constitutes 
the zeroth-order solution, where the spatial gradient acts as a first-order operator within 
perturbation theory. Substituting f = fLE + f1 + ‧‧‧ into the BGK equation (1.686) yields:  
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Evaluating the product derivative while utilizing relation (1.711) yields: 
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The remaining objective is to evaluate the heat flux vector: 

2 2 3 2 3
1 1

1 1 1( ) ( ) d d
2 2 2

mn w m f mv f≡ = − − = q w v u v u v v v . 
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Substituting f1 from (1.712), velocity integration is executed identically to preceding 
modes. The integration is tedious due to the sixth power of velocity. This evaluation is 
efficiently performed via symbolic software (e.g., Mathematica, MATLAB) or the rela-
tions tabulated in the first volume of Selected Topics I, p. 369:: 

► 
2
B5; .

2
nk TT
m

κ κ
ν

= − ≡q ∇  (1.713) 

The driving force of the heat flux is the negative temperature gradient, and the propor-
tionality coefficient κ is termed the thermal conductivity. Relation (1.713) represents the 
Fourier law, named after the French mathematician and physicist Jean-Baptiste Joseph 
Fourier. Standard introductory textbooks frequently mention a simplified one-dimen-
sional variant of the Fourier law for a homogeneous rod with cross-section ΔS and 
length l, describing the heat transfer across a time interval Δt: 

( )2 1
2 1

T TQ SQ T T t
S t l l

κ κ−Δ Δ=  Δ = ⋅ − Δ
Δ ⋅ Δ

. 

Entropy Production and Onsager Relations 
Previous chapters covered phenomena restoring thermodynamic equilibrium. Small gra-
dients in electric potential, number density, or temperature induce macroscopic fluxes:  
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which decay and vanish at equilibrium, where the system recovers a Maxwellian distri-
bution. The negative gradients of macroscopic variables constitute the driving forces 
of transport processes, termed thermodynamic forces Xk. Generally, a single thermody-
namic force can drive multiple macroscopic fluxes, and conversely, a given flux mode 
is frequently driven by several forces simultaneously. Density and temperature gradients 
can induce particle, charge, and heat fluxes alike. For instance, a temperature-gradient-
driven charge flux constitutes a thermoelectric effect, whereas a similar particle flux 
defines thermodiffusion. Close to equilibrium, linear combinations provide a robust 
approximation, allowing each flux to be expressed as a linear combination of all ther-
modynamic forces: 
 .i ik kJ c X=  (1.714) 

The relaxation toward thermodynamic equilibrium is an irreversible process, inherently 
driving entropy production. This foundational mechanism was extensively investigated 
by the Norwegian-American chemist and theoretical physicist Lars Onsager. For exam-
ple, evaluating the entropy production dS = dQ/T driven by a charge flux (current den-
sity) utilizes the Joule heating power density j∙E transferred to the charged particles. 
This coupling term appeared with opposing signs on the right-hand sides of the energy 
conservation equations for particles and fields. In this elementary configuration, 
the entropy production rate reduces to:  

( )d 1 d d 1 d d d ,
d d d d
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where s is entropy density. Generally, the entropy production rate within a process is 
proportional to the volume integral of the flux and its thermodynamic force. For multi-
ple processes, the rate proportional to the summation of these terms:  

 d d 0 .
d k k
S J X V
t

>  (1.715) 

Combining relations (1.714) and (1.715) yields the total entropy production rate: 

► d d 0 .
d ik i k
S L X X V
t

= >  (1.716) 

Evidently, entropy production is a positive-definite quadratic form of thermodynamic 
forces, where the coefficients Lik are termed kinetic coefficients. Based on microscopic 
reversibility under time reversal, Onsager demonstrated the reciprocal relations:  

► .ik kiL L=  (1.717) 

These reciprocal relations establish fundamental couplings between kinetic coefficients 
that cannot be derived within thermodynamics (it is necessary to use the microscopic 
reversibility). The relations are also referred to as the fourth law of thermodynamics, 
treated as an independent axiomatic principle. For the discovery of these reciprocal 
relations, Lars Onsager was awarded the 1968 Nobel Prize in Chemistry. Applying the 
Sylvester criterion to the positive-definite quadratic form (1.716) yields:  

 11 12
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21 22
0 ; 0 ;

L L
L

L L
> >   (1.718) 

The Onsager reciprocal relations directly imply the symmetry of the electrical conduc-
tivity tensor since: 

d d d d d
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k k kl k l
kl k l kl k l
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t T T

σ
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Analogously, the thermal conductivity tensor must be symmetric in anisotropic media. 
In summary, the generalized diffusion equation is obtained directly from the macro-
scopic continuity equation: 

0.k
kt

ρ∂
+ ⋅ =

∂
j∇  

Under the assumption that: 

;k kl l kl l k kl lc c aψ ρ ψ= = − =j X ∇ . 

yields the generalized diffusion equation in the form:  
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t
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∂

∇ ∇ . (1.719) 
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1.6.4  Coulomb Interaction 
Debye Shielding 
Consider a multi-species plasma configuration. Evaluating the electrostatic potential 
profile around a selected point source (either a test particle or a localized perturbation) 
reveals that the potential field is significantly altered by surrounding charged particles. 
Near thermodynamic equilibrium, particles of opposite polarity collectively migrate 
toward the source, shielding its charge. This shielding produces an exponential decay of 
the electrostatic field characterized by the Debye length λD, the distance at which the 
potential drops to 1/e of its vacuum Coulomb value. This parameter is named after the 
Dutch-American physicist and chemist Peter Debye. Combining the Maxwell relation 
∇·D = ρQ with the electrostatic potential definition E = −∇ϕ yields the Poisson equation 
for the electrical potential: 

 2

0
.Qρ

φ
ε

= −∇  (1.720) 

The charge density on the right-hand side can be evaluated from the equilibrium Max-
wellian velocity distribution. Assuming a near-equilibrium plasma state allows a first-
order Taylor expansion of the exponential Boltzmann factor:  
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The first term vanishes identically due to plasma quasi-neutrality, an intrinsic property 
within the definition of a plasma. The second term remains proportional to the local 
electrostatic potential; hence, the Poisson equation (1.720) reduces to:  

2
2 0

0 B
; .

Q n
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α α
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Formulating the solution in spherical coordinates centered on the point source yields: 
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Since the electrostatic potential of a localized source must remain finite at infinity, the 
integration constant C1 vanishes identically (C1 = 0). The remaining constant C2 is 
evaluated by imposing the boundary condition that the potential reduces to the classical 
vacuum Coulomb formulation for a source charge Q0 in the limit of small distances:  
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 (1.721) 

For the specific case of a Z-times ionized plasma containing electrons and a single ion 
species at identical temperatures (Qe = −e, Qi = Ze, ni0 = ne0/Z, Te = Ti = T), the Debye 
length simplifies to the widely utilized formulation: 

 0 B
D 2

e0
.

(1 )
k T

Z n e
ελ =

+
 (1.722) 

A critical plasma parameter is the plasma parameter ND, representing the total number 
of electrons enclosed within a Debye sphere. This sphere defines the volume inside 
which a particle interacts with individual neighbors as discrete point charges; beyond 
this screening boundary, the collective plasma behaves as a continuous medium:  

 3
D D e0

4
3

N nπλ= . (1.723) 

If ND >> 1, the net average particle force vanishes, characterizing an ideal plasma gov-
erned by the ideal gas equation of state. Such plasma states require either high tem-
peratures (and consequently high conductivity) or low particle number densities. 

Coulomb Scattering and Rutherford Formula 
Consider a charged particle beam incident on a stationary target. Selecting one particle 
from the beam and one from the target enables the analysis of the interaction within the 
center-of-mass frame as motion in a central field, provided the kinetic energy is defined 
as T = μg2/2. Here, μ ≡ mαmβ/(mα+mβ) represents the reduced mass, and g denotes the 
relative velocity according to decomposition (1.647), where the center-of-mass velocity 
in this frame vanishes identically. Because the Coulomb interaction is not instantaneous, 
the magnitude of the relative velocity varies during the collision; however, it approaches 
an identical asymptotic value g0 in the limits t → ±∞ before and after the interaction.  

 
Fig. 1.112: Kinematic scheme of Coulomb scattering in the center-of-mass frame. The letter T 

denotes the center of mass, and the polar angle is measured from the periapsis. 
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The objective is to evaluate the asymptotic state following scattering, establishing 
a relation between the scattering angle χ, the impact parameter b, and the initial relative 
velocity g0. The final step involves computing the differential collision cross section for 
the Coulomb interaction. The trajectory constitutes a planar problem, allowing the La-
grangian of the incident particle to be formulated as: 

2 2 2

0

1 1
2 2 4

α βμ μ ϕ
πε

= + −
Q Q

L r r
r

. 

Since the Lagrangian is independent of the polar angle φ, the angular momentum pφ is 
conserved. Furthermore, because it does not depend explicitly on time, the total energy 
is conserved. Instead of solving the equations of motion, these conservation laws are 
utilized directly (α represents the angle between relative velocity and radius vector):  
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The integration constants are evaluated for t → −∞ (r → ∞), where b is the impact pa-
rameter. The first relation yields the angular temporal variation, and the second governs 
the radial derivative, substituting the angular derivative from the first expression: 
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Since evaluating the asymptotic state for t → ∞ is sufficient, computing the full tempo-
ral trajectory is unnecessary. Dividing the two equations eliminates time parameteriza-
tion, and separating variables yields: 
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Introducing the substitution: 
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and executing elementary algebraic manipulations yields: 
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Integration is straightforward, leading to: 
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Measuring the angle from the periapsis (the shortest distance) matches standard labora-
tory frame conventions. Consequently, the radial distance r must exhibit an extremum at 
φ = 0. Differentiating this relation determines dr/dφ, and enforcing the necessary extre-
mum condition dr/dφ = 0 at φ = 0 implies that the integration constant φ0 vanishes 
identically (φ0 = 0). Long after the scattering event (r → ∞), the relation reduces to: 

2
0 0 2

0

11 cos cos .
1 (1/ )

ξ ξ ϕ ϕ
ξ
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Comparing this expression with the trigonometric identity between cosine and tangent 
functions established in the Selected Topics I (relation I.3.558) reveals that: 

0

1tgϕ
ξ∞ = . 

The asymptotic angle φ∞ relates to the scattering angle χ via the geometric condition 
(see Fig. 1.112) χ + 2φ∞ = π, which yields: 
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where the characteristic parameters are defined as: 
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The physical meaning of the parameter b0 is straightforward, representing the critical 
impact parameter at which the scattering angle equals 90°. This parameter establishes 
the lower bound for collisional interactions incorporated into the Landau kinetic frame-
work. The remaining objective is to evaluate the differential cross section for the Cou-
lomb interaction. Consider a segment of the incident beam forming an annular ring with 
an impact parameter within the interval (b, b + db), which subsequently scatters into the 
angular interval (χ, χ + dχ). The differential cross section is formulated as:  

► 2
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cosd 2d 2 d 2 d d .
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σ π π χ π χχχ
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The absolute value is required because the scattering angle decreases with increasing 
impact parameter, rendering the derivative negative. The cross section can alternative be 
expressed via the differential solid angle element (see Fig. 1.113): 
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Fig. 1.113: Geometric configuration for the derivation of the differential collision cross section. 

Consequently, the resulting differential cross section formulation yields: 
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 (1.726) 

This relation constitutes the celebrated Rutherford formula, originally derived by the 
New Zealand physicist Ernest Rutherford during alpha particle scattering experiments 
on thin gold foils that led to the discovery of the atomic nucleus. Notably, the final 
formulation is independent of the charge signs of the interacting particles, making it 
identical for both attractive and repulsive Coulomb potentials. In historical literature, 
the Rutherford formula was alternative expressed utilizing the cosecant function: 

2 4
0

1d cosec d .
4 2

b χσ Ω=  

Fokker–Planck Equation 
The objective is to evaluate the collision operator for the Coulomb interaction within the 
limit of weak, highly repetitive small-angle collisions. Unless strictly necessary, the 
species subscript α is omitted. The derivation incorporates the following assumptions:  

1. Each particle undergoes a large number of collisions within a small but finite 
time interval ∆t, during which its velocity vector changes slowly; hence, the 
net velocity change ∆v = v′ − v remains small.  

2. Collisions are purely elastic, conserving total kinetic energy. 
3. The electrostatic field surrounding a test particle constitutes a superposition of 

fields from particles within its Debye sphere. These neighbors are treated as 
point charges. Interactions beyond the Debye boundary are neglected.  

4. Large-angle scattering events are neglected due to their low probability in 
a plasma, as large deviations would violate the small-perturbation condition. 
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Within the Landau framework, only collisions with a scattering angle under 
90° (impact parameter b > b0) are considered.  

5. Collisions constitute a Markov process; the interaction hierarchy retains no 
memory of historical states or events. Consequently, the transition probability 
P(v, Δv) d 3(Δv) for a particle to alter its velocity from v to v+∆v across ∆t is 
time-independent. This approximation significantly simplifies the formulation. 

Based on these assumptions, the Boltzmann equation collision operator governing the 
variation of the distribution function is formulated as: 

 
col

( , , ) ( , , )f f t f t tS
t t

∂ − − Δ = = ∂ Δ 

x v x v . (1.727) 

Standardly for Markov chains, the transition probabilities satisfy: 

k l lk
l

w w P= , 

where wk denotes the probability of configuration k, and Plk represents the transition 
probability from state l to state k. Analogously, the resulting distribution function at 
time t is expressed as a superposition of all possible transitions from time t–∆t:  

 3( , , ) ( , , ) ( , )d ( )f t f t t= − Δ − Δ − Δ Δ Δx v x v v v v v vP . (1.728) 

The transition function P(v, Δv)  from state v to v+∆v for the Coulomb potential is 
evaluated in the subsequent section. Its primary property is the normalization constraint 
ensuring that a transition always occurs:  

 3( , )d ( ) 1Δ Δ = v v vP . (1.729) 

The integrand within (1.728) is expanded to second order via a Taylor series expansion 
in the velocity argument v (justified by the first assumption ensuring small velocity 
variations over ∆t): 
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Integrating the first term is trivial; factoring f out and applying the normalization con-
straint (1.729) allows the remaining parameters to be factored out: 
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Shifting the first term to the left-hand side, the two integrals on the right-hand side rep-
resent the expectation values of the velocity variations: 
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Strictly, the distribution function on the right-hand side should be expanded via a tem-
poral Taylor series as f (t−Δt, x, v) − Δt ∂f (t, x, v) /∂t ± . However, since ∆t is small, 
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restricting the linear approximation to the leading term f (t, x, v), is sufficient. In 
Markov processes, both expectation values scale linearly with ∆t because both the mean 
deviation and the mean square deviation of random walk processes scale linearly over 
time. Retaining both terms on the right-hand side while evaluating f at time t preserves 
all terms linear in ∆t. Algebraic simplification yields the collision operator in the 
Fokker–Planck approximation: 
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The resulting Fokker–Planck equation takes the form: 
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 (1.730) 

Alternatively, it is frequently expressed in an invariant formulation: 

( ) ( ) ( ) ( )1 1 : ;
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► 3d ( ) ,Δ ≡ Δ Δv v vP  (1.731) 

3d ( ) .Δ ⊗ Δ ≡ Δ ⊗ Δ Δv v v v vP  

The double-dot notation represents the double scalar product according to definition 
(1.730). The tensor product symbol is sometimes omitted. The Fokker–Planck collision 
operator incorporates two distinct components: the term containing  Δv  is defined as 
the dynamical friction term, describing the collision-driven deceleration of the incident 
beam, while the term containing  Δv ⊗ Δv constitutes the diffusion term, governing 
the velocity-space scattering of the particle ensemble.  

Evaluating both coefficients for the Coulomb interaction in the subsequent chapter 
shows that they can be expressed via the Rosenbluth potentials. Since only small-angle 
collisions dominate, evaluating the impact parameter within the boundary interval 
(bmin, bmax), where bmin = b0 (corresponding to a 90° scattering angle) and bmax = λD, 
renders the Fokker–Planck formulation fully equivalent to the Landau kinetic equation.  

Rosenbluth Potentials 
Evaluating the explicit values for  Δv  and  Δv ⊗ Δv  requires a formal distinction 
between the incident particle and the target particle. Following the established notation, 
the incident particle is indexed as α and the target particle as β. The pre-collision ve-
locities are denoted as vα, vβ, and the post-collision velocities as v׳α, v׳β. The relative 
velocity vector is defined as g ≡ vαβ = vα− vβ. Relation (1.648) establishes that the mag-
nitude of the relative velocity remains invariant during an elastic collision; hence, g 
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characterizes the interaction, whereas the relative velocity unit vector k ≡ g/g rotates. 
Relation (1.724) governs the functional dependence between the impact parameter b and 
the scattering angle χ for the Coulomb potential: 
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These relations verify that the critical impact parameter b0 corresponds to a 90° scatter-
ing angle, defining the lower bound of the impact parameter interval under evaluation. 
Evaluating the friction and diffusion terms within the Fokker–Planck equation requires 
expressing the incident particle velocity via the center-of-mass and relative velocities 
according to (1.646):  

( ) T
m m

m m m m
β β

α αβ αβ
α β α β

= + = +
+ +

v v v v g . 

Evaluating the post- and pre-collision velocity difference and denoting the relative ve-
locity g yields: 
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Since the center-of-mass velocity remains invariant during the collision, it vanishes 
within the difference relation. The corresponding variations are given by:  
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The transition probability element is formulated analogously to (1.653), scaling propor-
tionally with the magnitude of the relative velocity (governing the collision frequency), 
the target particle velocity distribution function, the time interval, and the differential 
collision cross section for the Coulomb interaction:  
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Fig. 1.114: Geometric configuration for the cross-section integration. 

Fig. 1.114 shows that dσ = b db dφ. Thus, cross-section integration covers all impact 
parameters and the azimuthal angle, covering the entire annular area of the incident 
particle beam. Because integration over the cross section operates exclusively on the 
relative velocity terms g, the auxiliary tensor coefficients are evaluated first: 
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These coefficients determine the dynamical friction and diffusion terms:  
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Evaluating the coefficients γk and ξkl. constitutes the key to determining the Fokker–
Planck collision operator. Structural symmetry dictates that these coefficients are for-
mulated exclusively as functions of the relative velocity vector g:  

 
;

.

k k

kl kl k l

A g

B C g g

γ

ξ δ

=
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 (1.736) 

Consequently, the objective reduces to evaluating the scalar constants A, B, and C. 
These parameters depend solely on the relative velocity magnitude g, which remains 
invariant during elastic interactions. Without loss of generality, the constants A, B, and 
C can be evaluated in an arbitrary coordinate system. The derivation utilizes a frame 
where the pre-collision relative velocity g = vαβ aligns with the e3 basis axis. Since g 
and g' possess an identical magnitude g and differ only by rotation, the components of 
the velocity variation vector ∆g governing integrals(1.733) and (1.734) are given by:  

1 sin cos ;g g χ ϕΔ =  

2 sin sin ;g g χ ϕΔ =  

3 (1 cos ) .g g χΔ = − −  
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Fig. 1.115: Coordinate frame alignment with the pre-collision relative velocity vector. 

Executing integrations (1.733) and (1.734) over the impact parameter b requires ex-
pressing the scattering angle χ dependencies via the relation b = b0 cotg(χ/2), trans-
forming sin χ and cos χ functions into cotg χ/2 formulations. This mapping utilizes the 
trigonometric identities established in the first volume of Selected Topics: 
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The resulting expressions for the components of the vector Δg yield: 
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 (1.737) 

In accordance with (1.736), integral (1.733) within this coordinate frame possesses a 
single non-zero component along the e3 axis, evaluating the constant as A = γ3/g. Fur-
thermore, relation (1.736) implies ξ11 = B and ξ22 = B; hence, B is determined via ξ11, 
ξ22, or the average (ξ11 + ξ22)/2. Under the assumption that λD >> b0, integration is exe-
cuted from zero since large-angle collisions with b < b0 are highly improbable and their 
cumulative contribution is negligible: 
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An analogous procedure evaluates the constant B, utilizing a algebraic substitution for 
b2 + b0

2 within the integration: 
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The remaining objective is to determine the final constant C. Within the selected coor-
dinate frame, decomposition (1.736) implies ξ33 = B + Cg2: 

( )
DD

22
2 0

33 3 3 2 2
0

3 4 3 4
0 02 2 22 2 00 00

2
d d d d

2 14 d 4 0 .

b
B Cg g g g b b g g b b

b b

bg b b g b
b bb b

λλ

ξ ϕ ϕ

π π

 
+ = = Δ Δ = − =  + 

 
= = − ≈ 

+  +

 


 

This final integral lacks the dominant logarithmic singularity, rendering it a factor of 
ln(λD/b0) smaller than A and B. Consequently, within this approximation, the relation 
simplifies to C = –B/g2. The generalized formulation of the complete integration yields: 

 2 2 3 2D D D
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 (1.738) 

The collisional contribution within the interval from 0 to b0 is negligible, justifying the 
integration lower bound executed from zero. Conversely, truncation at the upper bound 
via the Debye length remains critical, as the integral diverges without this shielding 
boundary. Substituting the constants A, B, and C into decomposition (1.736) and com-
bining the result with the friction and diffusion expressions (1.735) yields the finalized 
formulations. Simplifying via the definition of the critical impact parameter b0 leads to:  
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 (1.739) 

where the parameters are defined as: 
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 (1.740) 

The slowly varying function ln Λ is the Coulomb logarithm, treated as a constant with 
respect to velocity derivatives and integrations. (For equilibrium plasma, g2 = kBT/m, 
rendering its argument equal to the number of particles in a Debye sphere up to a factor 
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of three.) The components gkl and the magnitude g = (gkgk)1/2 act as integrands, ex-
panding via the identities: 
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 (1.741) 

Since gk = vαk − vβk, the identity ∂/∂gk = ∂/∂vαk holds universally, allowing the friction 
and diffusion terms to be recast in the form: 
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 (1.742) 

The Rosenbluth potentials H and G are defined via the governing formulations: 
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These potentials are named after the prominent American plasma physicist Marshall 
Nicholas Rosenbluth and quantify the statistical influence of the scattering target spe-
cies β on the incident test species α. Utilizing relations (1.742) and (1.743), the collision 
operator on the right-hand side of the Fokker–Planck equation (1.730) reduces to:  
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The first expression provides the component notation, whereas the second constitutes 
the invariant formulation. For clarity, dyadic product symbols are omitted; the tensor 
contraction hierarchy is uniquely specified by the component indices. The velocity gra-
dients operate exclusively on the incident particle coordinates, as target coordinates are 
already integrated within the Rosenbluth potentials.  

Rosenbluth potentials are widely utilized in plasma transport theory. Evaluating the 
target distribution function yields differential equations analogous to the classical elec-
trostatic Poisson equation. Consequently, these potentials can be expanded into spheri-
cal harmonics to efficiently solve spherically symmetric kinetic configurations. Com-
paring the electrostatic potential of a dual-charge system with H  yields: 
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The electrostatic potential satisfies the classical Poisson equation: 

2

0

β
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ρ
φ

ε
= −∇ . 

By mathematical analogy, the relation for the first potential evaluates to: 

 2 4H fαβ βπ= −v∇ . (1.745) 

Furthermore, direct differentiation of the definition yields 2 2G Hαβ αβ=v∇ . Conse-
quently, the second potential satisfies the higher-order differential equation: 

 2 2 8G fαβ βπ= −v v∇ ∇ . (1.746) 

Given the velocity distribution function of the target species, the last two coupled rela-
tions determine the specific Rosenbluth potentials governing the incident beam interac-
tion. In summary, the complete Fokker–Planck equation for an incident test particle 
species α interacting with a background target species β via Rosenbluth potentials is 
expressed as: 
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The subsequent section introduces the error function and the Chandrasekhar function, 
both critical for evaluating the Rosenbluth potentials for a Maxwellian background 
target. The corresponding integration requires a series expansion in Legendre polyno-
mials. The underlying mathematical framework is tabulated within the Selected Topics I 
(Special Functions, section I.3.7.2). If the explicit derivation details are omitted, the 
finalized formulations for the Rosenbluth potentials can be directly accepted.  
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Error Function and Chandrasekhar Function 
Evaluating the Rosenbluth potentials utilizes the error function ϕ and the related 
Chandrasekhar function ψ:  
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Fig. 1.116: Functional behavior of the error function and the Chandrasekhar function. 

The asymptotic limits of both functions for small and large arguments are evaluated as: 
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 (1.750) 

Fig. 1.116 illustrates the functional behavior. The Chandrasekhar function is named 
after the Indian-American astrophysicist Subrahmanyan Chandrasekhar. The functions ϕ 
and ψ are coupled via the relation:  

► 2( )
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φ φψ
′−= . (1.751) 

The mathematical proof is straightforward. Substituting the Chandrasekhar function 
definition into the left-hand side and the error function definition into the right-hand 
side, while omitting the common denominator x2, yields: 
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Canceling coefficients and differentiating both sides with respect to x yields:  

2 2 2 2?2 22 e e e 2 ex x x xx x− − − − = − − 
 

. 

Since both derivatives are equal, the original functions can differ only by an integration 
constant, which evaluates to zero. Consequently, the formulation of the Chandrasekhar 
function via the error function in (1.751) is verified. Utilizing the identity:  
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relation (1.751) between the Chandrasekhar and error functions can be inverted to yield: 
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Rosenbluth Potentials for a Maxwellian Target 
Assume a Maxwellian velocity distribution for the background target species β: 
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Evaluation of the Potential H 
Due to the isotropic nature of the target distribution function fβ, the resulting potential 
depends exclusively on the velocity magnitude vα. The denominator of the integrand is 
expanded into a series of Legendre polynomials via the relations established in Selected 
Topics I (Eq. I.3.456): 
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Integration over the azimuthal angle φ evaluates trivially to 2π. Integration over the 
polar angle θ between vectors vα and vβ is executed via the substitution x = cos θ: 
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The integration of Legendre polynomials simplifies via their symmetry property: 
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The Legendre polynomial integral is non-zero exclusively for l = 0, yielding a value 
of 2. Consequently, the infinite series collapses, leaving only the zeroth-order term: 



246 Plasma Theory 

2

0

( )
( ) 4 d

max( , )
f

H β β β
α β

α β
π

∞
= 

v v
v v

v v
 

► 2

0

1( ) 4 ( ) d ( ) d .H f f
α

α

α β β β β β β β β
α

π
∞ 

 = +
 
 

 
v

v
v v v v v v v

v
 (1.756) 

The singularity within the original integrand divides the integration domain into two 
regions. This generalized formulation accommodates arbitrary isotropic target distribu-
tion functions fβ, such as Maxwellian or Fermi–Dirac distributions. Substituting the 
Maxwellian distribution (1.754) yields: 
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This result can be recast via the Chandrasekhar function definition (1.749) as: 
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Utilizing relation (1.753) directly yields the final expression for the potential H 
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Evaluation of the Potential G 
The evaluation procedure is analogous, utilizing the structural identity: 
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The denominator is expanded into a series of Legendre polynomials, proceeding identi-
cally to the evaluation of potential H: 
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In accordance with (1.755), each integration over a Legendre polynomial retains a sin-
gle non-zero term. An analogous procedure to potential H yields: 
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This expression remains valid for an arbitrary isotropic distribution fβ.. For a Maxwel-
lian target, the evaluation proceeds analogously to potential H. The final result is ex-
pressed via the error function and its derivative: 
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The first derivative of this potential with respect to velocity magnitude simplifies to: 

 [ ]( ) ( ) ( ) .G
n x xα

β
α

φ ψ∂
= −

∂
v
v

 (1.760) 

Decelerated and Runaway Test Particles 
Consider a monochromatic beam α with uniform velocity and constant density injecting 
into a homogeneous, isotropic, Maxwellian background plasma, undergoing decelera-
tion to a velocity v(t). No external force fields operate within the plasma. The beam 
distribution function is governed by a Dirac delta distribution, whereas the background 
target satisfies a Maxwellian framework: 
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Consider the Fokker–Planck equation (1.747). The monochromatic beam behaves as a 
single test particle, exhibiting no velocity-space diffusion. Consequently, the analysis 
reduces to evaluating the first Rosenbluth potential H (friction term). Multiplying the 
Fokker–Planck equation by vα and integrating over velocity space evaluates its first 
moment. Because the distribution function f is spatially uniform (∇fα = 0), the second 
term on the left-hand side vanishes. In the absence of external fields, the third term also 
vanishes. The right-hand side incorporates exclusively the first Rosenbluth potential, as 
the second vanishes due to spatial isotropy:  
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Substituting the Dirac delta distribution nαδ(vα−v(t)) for the incident particle distribu-
tion function, averaging over the incident velocity coordinates is executed. Evaluating 
the left-hand side of relation (1.762) yields: 
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The remaining task is to evaluate the right-hand side of the Fokker–Planck relation: 
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Label (1) denotes integration by parts. Retaining the second Rosenbluth potential would 
require a double integration by parts, yielding zero due to spatial isotropy. The first 
moment of the Fokker Planck equation for a test particle yields: 
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Evidently, potential H governs the particle velocity variation, justifying its terminology 
as dynamical friction. Differentiating the right-hand side yields: 
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where the relation (1.751) for the Chandrasekhar function was utilized. The averaged 
Fokker–Planck equation (1.763) simplifies to the compact form: 
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The result is intentionally structured as ∂v/∂t = −ναβ v, which explicitly isolates the 
collision frequency of a test particle traversing a Maxwellian background distribution: 
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Note 1: This method evaluates collision frequencies governing specific physical 
processes, whose inverse defines the relaxation time. Injecting a test particle and 
averaging the Fokker–Planck equation over a specific velocity moment yields the 
macroscopic evolution (momentum transport for the first moment, energy for the 
second). Restructuring to ∂A/∂t = −νA isolates the frequency ν, whose reciprocal 
value represents the relaxation time.  
Note 2: Relaxation times and their corresponding frequencies scale differently de-
pending on the specific transport process, as momentum equilibration and thermal 
energy equilibration with the surroundings occur at disparate rates.  
Note 3: Generally, the second Rosenbluth potential also contributes, reflecting the 
velocity-space diffusion of the incident beam. The diffusion tensor is expressed as 
Dkl = A∂2G/∂vk∂vl. 
Note 4: In this framework, the collision frequency depends on the particle velocity 
via the functional scaling ψ(v/v0)/v. For low velocities (e.g., standard Ohmic cur-
rent conduction), the asymptotic expansion yields ψ(x) ≈ 2x/3π1/2, rendering the 
collision frequency velocity-independent. Conversely, for highly relativistic ve-
locities, the scaling reduces to ψ(x) ≈ 1/2x2, causing the collision frequency to de-
cay precipitously as 1/v3. 
Note 5: Generally, collision frequencies must be evaluated numerically, particu-
larly in the presence of fields or within non-Maxwellian plasma systems. 

If a weak external electric field accelerates the particle, the macroscopic equation of 
motion is formulated as: 

 0
d d( ) ( / ) .
d d

QE QE C
t m t m

ν ψ= −  = −v vv v v v  (1.766) 

Particle acceleration or deceleration depends on which term dominates. 

 
Fig. 1.117: Friction and acceleration regimes governing runaway particles. 

In Region I, low-velocity particles accelerate via the electric field, as its force exceeds 
Chandrasekhar friction. Conversely, in Region II, friction dominates and decelerates 
particles. The equilibrium x1 represents a stable node where field acceleration balances 
friction, resulting in constant drift velocity and standard Ohmic conduction.  

In contrast, for velocities exceeding the crossover intersection x2 (Region III), the 
particle undergoes runaway acceleration. The frictional interaction with the background 
plasma decays to a negligible level, allowing the electric field to continuously accelerate 
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the particle to progressively higher velocities. These entities are termed runaway parti-
cles, analyzed thoroughly in Section 1.7.2.  

The equilibrium x2 constitutes an unstable threshold. To trigger runaway accelera-
tion, the initial velocity within a given field must exceed x2. For instance, secondary 
electrons from atmospheric cosmic ray interactions can possess initial velocities ex-
ceeding this threshold within thundercloud electric fields. Such electrons achieve rela-
tivistic velocities, driving terrestrial gamma-ray flashes during thunderstorms and pene-
trating into the Van Allen radiation belts, where they act as killer electrons hazardous to 
spacecraft electronics and crews. 

Relaxation Times and Collision Frequencies 
Evaluating relaxation times or collision frequencies follows the preceding section meth-
odology, primary requiring numerical computation. Analytical solutions always consti-
tute approximations, typically valid for low velocities or small energy transfers, where 
the Chandrasekhar function can be expanded for a small argument. This analysis evalu-
ates the velocity moments of the Fokker–Planck equation for specific transport phe-
nomena. Generally, four distinct types of collision frequencies are computed: 

1) test particle deceleration within the background plasma, 
2) test particle diffusion perpendicular to the magnetic field, 
3) test particle diffusion parallel to the magnetic field, 
4) test particle energy loss. 

The evaluated values are tabulated in the limits of low or high velocities, as found in the 
annually updated NRL Plasma Formulary [26]. For illustrative purposes, consider the 
collision frequency governing the deceleration of species α by the background species β. 
The evaluation of the first category computes the perpendicular velocity component 
transport because the time interval between collisions is defined by a 90° deflection of 
the particle velocity vector. This procedure yields the formulation:  
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Evidently, νei ~ Zνee >> νii >> νie, driven primarily by the disparate masses and thermal 
velocities of electrons and ions. Within this formulation, v0α represents the most prob-
able velocity of the incident species at a given temperature, and v0β denotes the most 
probable velocity of the background target species. The basic collision frequencies sat-
isfy the ratios: 
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 (1.768) 

 Example 1.10: Evaluate the electron conductivity in the limit of low velocities. 
Solution: Substituting (1.767) into the conductivity formula (1.691) yields:  
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Plasma electron conductivity is independent of number density. Although a higher den-
sity increases charge carriers, potentially enhancing conductivity, it simultaneously 
scales the collision frequency, suppressing transport. These competing factors balance 
identically; thus, electrical conductivity depends exclusively on temperature. Formula-
tion (1.769) represents the Spitzer formula, named after Lyman Spitzer. Under specific 
conditions, plasma can exhibit lower effective conductivity – termed anomalous resis-
tivity – driven by drifts, turbulence, or wave-particle interactions. 

 1.6.5 Microinstabilities 
Governing Relations 
Transitioning from a statistical description to a fluid continuum (such as magnetohydro-
dynamics) removes the detailed kinetic information regarding the velocity-space distri-
bution function within phase space. This transition filters out an entire class of micro-
instabilities driven by velocity-space particle distributions. This section focuses on lin-
ear instabilities within a collisionless plasma framework using a statistical approach. 
This configuration constitutes the opposite physical extreme compared to the collision-
dominated continuum model; here, collisional interactions are neglected entirely, fo-
cusing exclusively on instabilities driven by wave-particle interactions. The governing 
kinetic framework utilizes the Vlasov equation for the species distribution function fα: 
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complemented by the Maxwell equations for the electromagnetic fields: 
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Particle kinetics and electromagnetic fields are coupled via the source terms: 
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This coupled system undergoes a linear perturbation analysis analogous to fluid contin-
uum theory. The respective phenomena are classified into the following categories: 
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 High-frequency unmagnetized processes: a generalization of electrostatic plasma 
waves incorporating electron Landau damping. 

 Low-frequency unmagnetized processes: a generalization of ion-acoustic waves 
incorporating ion Landau damping. 

 High-frequency magnetized processes: mutual resonant interactions between 
particles and the electromagnetic wave complex. 

 Low-frequency magnetized processes: mutual resonant interactions between par-
ticles and the magnetoacoustic wave complex. 

Electron Landau Damping 
Section 1.4.3 addressed electrostatic plasma waves associated with electron oscillations 
at the plasma frequency. These waves are driven exclusively by the self-consistent 
electric field, requiring no ambient background magnetic field. According to the disper-
sion relation derived from the fluid model, waves with frequencies exceeding the 
plasma frequency propagate without attenuation. 

In reality, even linear kinetic theory predicts wave attenuation driven by the statisti-
cal behavior of resonant particles. This collisionless attenuation mechanism constitutes 
Landau damping (Lev Davidovich Landau, 1946). It cannot be derived via fluid models, 
where averaging the Boltzmann equation over velocity moments discards essential ki-
netic information. Consequently, the derivation requires the kinetic Boltzmann equation 
for the electron distribution function. Because this damping mechanism manifests with-
out collisions, the collisionless Vlasov equation is utilized. 

Consider a collisionless plasma to investigate electron interactions with longitudinal 
plasma waves near the electron plasma frequency in an infinite medium. Assuming the 
interaction is mediated solely by the electrostatic field (∇ × E = 0) implies a longitudinal 
wave configuration with δE || k. Aligning the coordinate frame such that the x-axis coin-
cides with the wave propagation direction yields: 

 ( ,0,0) ; δ (δ ,0,0) .k E= =k E  (1.776) 

A general harmonic perturbation takes the form: 
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Tracking exclusively electron dynamics and neglecting ion motion near the plasma 
frequency reduces the governing equations Qe = –e, m = me) to: 
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where f = f (t, x, v) is the electron distribution function. Crucially, the velocity coordi-
nate v here acts as an independent phase-space variable rather than an averaged macro-
scopic fluid velocity. The electrostatic Poisson equation suffices because B0 = 0 and 
δE || k reduce the system to a one-dimensional problem. (In the presence of an ambient 
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magnetic field, the Maxwell–Faraday equation ∇ × E = –∂B/∂t must be incorporated). 
Linearizing the governing equations (1.778) via small-amplitude perturbations yields: 
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The unperturbed solution is assumed to be a stationary, homogeneous state (independent 
of t, x), governed by a Boltzmann velocity distribution f0:  

 
3/2 2

e e
0 0

B B
( ) exp

2 2
m m

f n
k T k Tπ

  
≡ −  

    

vv , (1.780) 

which factors into independent one-dimensional distribution functions: 
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where: 
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First-order linearization of the governing equations (1.778) yields:  
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Assuming planar perturbations δψ = ψ1 exp[i(kx−ωt)] moving along the x-axis yields: 
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Substituting δn from the second equation and δ f from the first equation into the lin-
earized Poisson relation, integration over the velocity coordinates vy and vz yields the 
kinetic dispersion relation: 
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The parameters relate exclusively to the electrons. The challenge is the first-order pole 
in the velocity space at vx = ω/k, corresponding to the wave phase velocity. Such inte-
grals are evaluated via the residue theorem (see Section I.3.2.7 in the Selected Topics I, 
which also defines the Cauchy principal value, V.P.). The integration contour cannot be 
closed via an infinite semicircle in either the upper or lower complex half-plane because 
the integrand diverges at infinity along the imaginary axis due to the factor exp[−αv2]). 
Consequently, the integration path follows the contour illustrated in Fig. 1.118: 

 
Fig. 1.118: Integration contour in the complex velocity plane for evaluating the Landau residue. 

For a holomorphic function g(z) in the numerator, the Cauchy theorem yields: 
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The left-hand contour integral expands into a sum over individual segments: 
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In the limit h → 0, the line integrals over γ2 and γ6 vanish identically. Executing the 
limits R → ∞ and r → 0, the individual segments yield: 
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The first term represents the Cauchy principal value (see I.3.2.7 in the Selected Top-
ics I), evaluated analytically as if the variable were strictly real and the pole did not 
exist, integrating across infinite boundaries. The integral I1 lacks a closed-form analyti-
cal solution. For high-frequencies, a Taylor series expansion in powers of kvx/ω yields: 
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Integrating by parts, where the unperturbed distribution f0x vanishes at the infinite inte-
gration boundaries, yields:  
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Integrals of this Boltzmann form are standard within statistical physics [2]. The remain-
ing task is to evaluate the second component, which constitutes π i times the residue of 
the integrand at the singularity. The mathematical procedure for residue evaluation is 
tabulated in the Selected Topics I, Section I.3.2.6:  
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The final expression executes the derivative of the Boltzmann distribution. Substituting 
both evaluated integral components into the dispersion relation (1.785) yields:  
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Algebraic simplification (multiplying the relation by ω2/k2) yields the kinetic dispersion 
relation in the form: 
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where the squared plasma frequency and thermal velocity are defined as: 
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Both parameters relate strictly to the electrons. The first term represents the classical 
cold plasma oscillations. The second term arises from thermal kinetic processes; if it 
remains small compared to the first term, approximating ω ~ ωp recovers the standard 
warm plasma wave dispersion. The final term is completely new, representing the colli-
sionless Landau damping mechanism, which is typically small compared to the first two 
terms. This smallness allows a binomial expansion of expression (1.787): 
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The resulting complex frequency yields (the imaginary part from (1.787) is negative): 
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Physical Interpretation of Landau Damping 
Equation (1.788) demonstrates that the imaginary part of the frequency is negative, 
confirming wave attenuation. The derivation of this collisionless attenuation via contour 
integration initially represented a surprising theoretical result, subsequently verified by 
experiments. Plasma waves undergo damping without particle collisions. This mecha-
nism is analogous to a surfer on a wave crest; electrons track the longitudinal electro-
static plasma wave. Particles with velocities far from the phase velocity experience 
phase-mixing and exchange no net energy. Conversely, resonant electrons with veloci-
ties close to the phase velocity (corresponding to the pole in the complex integration) 
undergo strong energy exchange. If the initial electron velocity is slightly below the 
phase velocity, particles accelerate by trapping energy from the electric field. If their 
velocity exceeds the phase velocity, particles decelerate, transferring kinetic energy 
back into the wave field. 

 
Fig. 1.119. Physical mechanism of Landau damping in velocity space. 
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According to the Boltzmann distribution, the thermal population contains more slow 
electrons than fast ones. Consequently, net wave attenuation dominates via energy ab-
sorption from the field. This represents the physical basis of Landau damping. The un-
perturbed distribution function deforms, generating a resonant perturbation that appears 
as a secondary peak (δ f ). The resulting velocity distribution exhibits two local maxima, 
potentially triggering a secondary two-stream (Buneman) instability. At extremely low 
phase velocities, Landau damping driven by resonant ions also becomes accessible. 

Laser Wake Field Accelerators (LWFA) 
Conventional particle accelerators utilize circular trajectories within betatrons or syn-
chrotrons, exemplified by the Tevatron facility with a 6.3-km circumference. Alterna-
tive configurations employ linear radio-frequency structures with oscillating electric 
fields. However, the accelerating fields in these conventional cavities are limited to 
approximately 100 MV/m due to material breakdown. In 1979, Toshiki Tajima and John 
Myrick Dawson proposed a novel accelerator paradigm utilizing a plasma wave to ac-
celerate electrons, analogous to a surfer riding a wake. This concept transition to practi-
cal implementation required over a quarter of a century. Modern table-top setups now 
routinely achieve high-gradient electron acceleration.  

 
Fig. 1.120: Electrostatic wakefield generated behind an intense laser pulse  

propagating through a plasma medium. The gray scale indicates  
the longitudinal field intensity. 

An intense laser pulse propagating through a gaseous medium ionizes the gas into 
a plasma and drags the lighter electrons along. This effect generates a localized electron 
density perturbation and a longitudinal electrostatic wakefield directly behind the pulse. 

Under optimal momentum and energy conditions, a co-propagating electron can be 
trapped and accelerated by the electrostatic wave. Only a fraction of the background 
electrons undergo trapping, forming discrete accelerated bunches. This process consti-
tutes the fundamental principle of a Laser Wake Field Accelerator (LWFA). Practical 
devices typically employ short (≤ 1 ps), high-intensity (≥ 1018 W/cm2) laser pulses. The 
generated wakefield routinely reaches gradients of 100 GV/m, exceeding conventional 
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RF cavity limits by three orders of magnitude. Electron bunches containing 109 particles 
(several hundred picocoulombs) accelerate up to energies of 60 MeV. However, this 
represents a minute fraction of the total plasma inventory, and controlling the ambient 
plasma and wakefield parameters remains challenging. Consequently, early single-pulse 
configurations served primarily as proof-of-principle laboratory studies.  

The architecture advanced significantly after 2004 with the introduction of multi-
pulse LWFA configurations. In addition to the primary drive pulse generating the wake-
field, two auxiliary pulses interfere to establish a trailing optical standing wave. The 
longitudinal electric field component provides electron pre-acceleration, while the 
transverse component focuses the electron bunch. These auxiliary pulses permit active 
control over the plasma parameters within the wake. Acceleration in this configuration 
follows a two-stage process. Electrons are initially pre-accelerated in a slowly moving 
(Δω/2k0) standing wave generated by the auxiliary pulses, before injection into the rela-
tivistic (~c) wakefield of the main drive pulse. Modern systems achieve accelerating 
wakefields up to 270 GV/m, yielding monoenergetic electron beams with energies up to 
250 MeV within a 2-mm propagation length. 

LWFA technologies revolutionize charged particle acceleration by significantly re-
ducing the required physical footprint, enabling table-top configurations. Pre-accelera-
tion via auxiliary pulses provides the parameter control necessary for practical applica-
tions. Ongoing development continues at the University of Colorado, UCB, UCLA, 
LLNL, and other research institutions  

Maximum Longitudinal Field δE 
The maximum attainable field magnitude can be estimated from the governing equation 
div E = −eδn/ε0: 
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Consequently, the maximum accelerating gradient scales according to the relation: 
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Ion Landau Damping 
Analogous to electron trapping within electrostatic plasma waves, ions can become 
trapped by ion waves. These structures represent the plasma equivalent of acoustic 
waves, frequently termed ion-acoustic waves. Due to the large mass disparity between 
electrons and ions, their respective Boltzmann velocity distributions differ substantially, 
as illustrated in Fig. 1.121. 

For ion-acoustic waves, the primary restoring force is governed by the macroscopic 
thermal pressure of the hot electron species combined with ion inertia, rather than the 
self-consistent electrostatic field alone. The corresponding ion-acoustic dispersion rela-
tion was derived in Section~1.4.3, yielding expression (1.387): 



1.6  Statistical Description of Plasma 259 

 2 2 2 2 2
pi i pi 2 2 2

e pe

11 /
1 /

c k
c k

ω ω ω
ω

 
 = + −
 + 

. (1.790) 

In the long-wavelength limit (k → 0), this relation reduces to the form: 
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Consequently, the phase velocity of long-wavelength ion-acoustic waves is defined as: 
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Equation (1.791) demonstrates that under thermal equilibrium (Te ≈ Ti), the wave phase 
velocity corresponds to the region vf1 in Fig. 1.121. This velocity coincides with the 
steepest gradient of the ion Boltzmann distribution, allowing a significant population of 
ions to resonate with the ion-acoustic wave. Energy is absorbed from the wave by ions 
traveling slightly slower than the phase velocity, whereas resonant ions traveling faster 
transfer kinetic energy back into the wave field. Because the population of slower ions 
is substantially larger, the ion-acoustic wave undergoes strong attenuation via ion Lan-
dau damping phenomenon.  

Conversely, when Te >> Ti, the wave phase velocity shifts to the region vf2 in 
Fig. 1.121. In this domain, the probability density gradient is minimal and the absolute 
number of resonant ions is negligible. Under these conditions, ion Landau damping 
becomes negligible, allowing the ion-acoustic wave to propagate nearly unattenuated. 
An elevated electron temperature relative to the ion temperature (Te >> Ti) thus ensures 
the propagation of long-wavelength ion-acoustic modes. 

 
Fig. 1.121: Boltzmann velocity distributions for electrons and ions,  

indicating resonant phase velocity domains. 

In the short-wavelength limit, relation (1.790) reduces to ω ≈ cik, yielding the short-
wavelength ion wave phase velocity: 

 f i .c≈v  (1.792) 

For short waves, the phase velocity of the ion-acoustic wave lies in the vf1 region in 
Figure 1.121, and the Landau damping on ions is always substantial. 
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Bernstein Modes 
The presence of an ambient magnetic field introduces substantial complexity to wave-
particle interactions. This problem was first solved analytically by Ira B. Bernstein in 
1958. Consider ion-acoustic waves propagating in the presence of an external magnetic 
field. Comprehensive analysis indicates that wave propagation depends strongly on both 
the propagation angle and the wave frequency. The modes undergo attenuation via ion 
cyclotron resonance as well as ion Landau damping.  

Perpendicular to the magnetic field (k ⊥B0), attenuation decreases significantly, per-
mitting wave propagation provided the frequency does not coincide with harmonics 
(integer multiples) of the ion cyclotron frequency. These waves are designated as Bern-
stein modes; the real part of their frequency lies bounded between two consecutive har-
monics of the ion cyclotron frequency:  

 ci ciRe( ) ( 1) ; 1, 2,3,m m mω ω ω< < + =   (1.793) 

The imaginary frequency component, responsible for attenuation, increases sharply as 
the propagation deviates from perpendicularity (k·B ≠ 0). Furthermore, damping scales 
directly with the mode number m, meaning only the lowest-order Bernstein modes 
propagate nearly unattenuated. The electric field perturbation of Bernstein modes aligns 
approximately parallel to the wave vector k.  

 
Fig. 1.122: Dispersion curves for the first three ion Bernstein modes. The horizontal axis 

represents the dimensionless wave vector, and the vertical axis  
indicates the real part of the dimensionless frequency.  

An analogous family of Bernstein modes exists for the electron species. These electron 
plasma wave modes likewise propagate perpendicular to the ambient magnetic field, 
where damping is minimized, with frequencies bounded between consecutive harmonics 
of the electron cyclotron frequency.  
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1.7   Topics in Nonlinear Phenomena 
The following section addresses several compelling nonlinear phenomena: the dynamics 
of a radiating particle whose momentum is modified by its own electromagnetic emis-
sion, the problem of runaway electrons capable of damaging experimental plasma de-
vices, soliton solutions manifesting as isolated waves propagating through space, and 
specific aspects of turbulent plasma behavior. 1.7.1 Equation of Motion of a Radiating Particle 
An accelerating charged particle emits electromagnetic radiation. The resulting loss of 
momentum and energy due to this self-emission modifies the trajectory of the particle. 
Formulating a completely consistent and satisfactory description of this radiation reac-
tion remains an open problem in classical electrodynamics. 

Potentials Generated in the Vicinity of a Particle 
Consider the retarded and advanced four-potentials generated by a charged particle: 

 30
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( , )( , ) ( , ) d
4

J t tA t A t
α

α α μ
π−

′− Δ ′= =
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rr r r
r r

 (1.794) 
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rr r r
r r

 (1.795) 

Formally, both potentials are expressed compactly as: 

 30 ( , )( , ) d .
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  (1.796) 

In the immediate vicinity of the particle, the time interval between emission and obser-
vation is small. Consequently, a Taylor series expansion of the four-current is executed 
in powers of Δt: 
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 (1.797) 

Substituting the retarded time from the relation 

 | |t
c

′−Δ = r r   (1.798) 

yields the four-potential (assuming interchangeable summation and integration). Here-
after, only the retarded potential is tracked due to causality:  
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The resulting expansion is separated into even and odd terms: 
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 (1.800) 

The even components diverge on the particle worldline (for k = 0), corresponding to 
Coulomb-like fields. Although these fields diverge, the resulting force configuration for 
all even terms is symmetric relative to the particle, yielding a zero net force. Con-
versely, the odd component yields a non-vanishing net force, representing the radiation 
reaction to its own self-field.  

This reaction force is evaluated within a co-moving, locally inertial Lorentz coordi-
nate frame associated with an initial phase of the particle motion. In this localized 
frame, a non-relativistic approximation is valid, and tracking only the first non-vanish-
ing term suffices. The final solution is subsequently transformed back into a general 
inertial frame to restore manifest covariance. For the scalar potential, the k = 1 term 
vanishes identically because the corresponding integral yields the total charge, whose 
time derivative is zero. Thus, the first non-vanishing contribution occurs at k = 3:  
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2 30
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1 | | ( , ) d

4 3! Q t c
c c t
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∂  r r r r   (1.801) 

For the vector potential, the first non-vanishing term occurs at k = 1: 

 30 1 ( , )d
4 Q t

c t
μ
π

∂ ′ ′= −
∂ A j r r   (1.802) 

For a point particle characterized by the worldline x0
α(τ), the current density reduces to: 

 0( , ) ( ) ,Q t Qρ δ ′= −r r r   (1.803) 

 0( , ) ( ).Q t Q δ ′= −j r v r r  (1.804) 

Following integration, the corresponding potentials in the immediate vicinity of the 
particle yield: 
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Abraham–Lorentz Equation of Motion 
The corresponding self-fields are: 
 curl 0 ,= =B A  (1.807) 
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To determine the force on the particle itself, an detector located at position r approaches 
the particle at r0. Consequently, the radiation reaction force takes the form: 
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rad 6
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μ

π
= =F E a  (1.809) 

This mechanism constitutes the Abraham–Lorentz force, named after the German 
physicist Max Abraham, who derived its formulation in 1905 [48]. The corresponding 
governing equation is designated as the Abraham–Lorentz (AL) equation of Motion: 

► 
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0
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Q
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π
= +a F a  (1.810) 

Within the co-moving local Lorentz frame of the particle, the distinction between rest 
mass and relativistic mass vanishes, allowing the equation of motion to reduce to: 
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  (1.811) 

The constant τ0 has the dimension of time, and its physical interpretation is analyzed 
below. For an electron, its value is approximately 10−24 s. Three fundamental patholo-
gies of this equation are immediately apparent:  

I. The third-order time derivative requires an ambiguous initial condition 
Classical mechanics uniquely defines the state of a system via its position and velocity 
(momentum). The initial position and velocity determine the integration constants aris-
ing during the solution of the equation of motion. However, the presence of a third-
order time derivative introduces additional integration constants whose physical signifi-
cance is ambiguous and, from the standpoint of classical mechanics, redundant. 

II. In the absence of an external force, non-physical runaway solutions exist 
One such solution is readily obtained by setting the external force to zero and integrat-
ing equation (1.811) three consecutive times, assuming the first and second integration 
constants vanish:  
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This result represents a runaway solution. Such behavior is non-physical, as a particle 
cannot experience exponential acceleration without any external force acting upon it. 
The Abraham–Lorentz equation thus yields solutions that do not correspond to physical 
reality. The general solution for a free particle (with zero external force) is expressed as:  

 0/
0 1 2( ) e .tt tτ= + +r c c c  (1.813) 

Choosing c0 = 0 eliminates the non-physical runaway solution, thereby reducing the 
number of integration constants to a physically acceptable count. 

III. Abraham–Lorentz equation yields solutions violating causality 
For an external force acting after t0, the solution at t < t0 depends on its future values, 
which is physically unacceptable. Such non-causal solutions exist for any external force 
that depends solely on time, as exemplified by this solution: 
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Differentiating both sides of equation (1.814) with respect to time verifies that it satis-
fies the AL equation. For the derivative of the right-hand side, each occurrence of the 
variable t is differentiated independently via the Leibniz integral rule: 
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yielding: 
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The negative sign in the first term arises from interchanging integration limits to differ-
entiate by the upper bound. Isolating the integral from (1.814) yields: 
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 0 ext 0 0
d( ) ,
d

m t m
t
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which recovers the AL equation, confirming that acceleration formulation (1.814) is a 
valid solution. However, the instantaneous acceleration is computed from the future 
values of the external force Fext(t), rendering the solution manifestly non-causal. The 
future force is integrated with an exponentially decaying weight, dictating the accelera-
tion by the immediate future. The characteristic time constant τ0 is designated as the 
pre-acceleration time. For an electron, this value is approximately 10−24 s. 



1.7  Topics in Nonlinear Phenomena 265 

The power associated with the generation of self-fields is expressed as: 
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P m m
t
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This power vanishes at constant velocity, but the particle radiates during periodic mo-
tion; then, its time-averaged first component vanishes, yielding: 
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Consequently, the particle loses energy via radiation as physically expected, confirming 
that the energy balance of the AL equation remains consistent. Substituting the accel-
eration of an oscillatory motion into this relation recovers the standard Larmor formula 
for dipole radiation (see Selected Topics II). 

Lorentz–Dirac Equation of Motion 
Outside the particle local co-moving Lorentz frame, covariant generalization of the 
equation of motion (1.811) to an arbitrary reference frame takes the form: 
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The second term in the parentheses ensures the correct normalization of the four-vec-
tors. Multiplying the equation containing the external Lorentz force by Uα yields: 
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The left-hand side vanishes because the four-acceleration is always orthogonal to the 
four-velocity (see Selected Topics II, expression II.3.99). The first term on the right-
hand side also vanishes as a contraction of a symmetric and an antisymmetric tensor. 
The third term is modified via the product rule for differentiation, and the fourth term 
incorporates the four-velocity magnitude from the relation UαUα = −c2: 
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The first term in the parentheses vanishes due to the orthogonality of four-velocity and 
four-acceleration, causing the remaining terms to cancel identically: 

 ( )2 2
0 00 0 0m a aτ= + − +   

Without the final compensating term, the Lorentz–Dirac equation (1.821) would lack 
manifest covariance. This relation was derived by the British physicist Paul A. M. 
Dirac) in 1938 utilizing four-momentum conservation of the combined particle-field 
system [49]. The present derivation follows the review article [51]. The compensating 
term can be transformed into its most common formulation by utilizing the identity 
aβU β = 0: 
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Consequently, the Lorentz–Dirac equation can be expressed in an alternative form, 
where the radiation reaction force is proportional to the proper-time derivative of accel-
eration, analogous to the AL equation:  
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Pauli Representation of Radiation Reaction 
In the general Lorentz–Dirac equation (1.821), the radiation reaction force is given by:  
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The transformation from proper time τ to coordinate time t can be derived from the 
spacetime interval invariant: 

 2 2 2 2 2 2 2 2d d d d d ds c c t x y zτ= − = − + + +   (1.824) 

 2 2d d 1 /t cτ = − v  (1.825) 

yields the operational derivative transformation: 
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Dots designate derivatives with respect to coordinate time. Velocity is represented by 
the dimensionless velocity β, whose value is independent of the choice of units: 

 /c≡ vβ   (1.827) 

First, the time derivative of the Lorentz factor γ is evaluated: 
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Evaluating the individual components required to construct the radiation reaction 
(1.823) yields: 
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The resulting expression possesses the correct dimension of acceleration, where the 
leading speed of light provides [c] = m/s, and the coordinate time derivative introduces 
s−1. The condition aαUα = 0 remains satisfied. Next, the scalar a 2 is evaluated: 
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The final component required for the radiation reaction is daα/dτ. Straightforward dif-
ferentiation yields the concise expression: 
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Combining these expressions yields the radiation component of the right-hand side of 
the Lorentz–Dirac equation:  
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The equation of motion (1.821) then takes the form:  
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where pα is the particle four-momentum. Transforming the left-hand side to coordinate 
time yields the radiation component: 
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The final two expressions represent the loss of particle energy and momentum caused 
by self-emission. Expression (1.837) was derived in 1958 by Wolfgang Pauli [50] and is 
widely cited within the runaway electron research community. For ultrarelativistic par-
ticles (γ >> 1), the terms inside the brackets are ordered by decreasing powers of the 
Lorentz factor γ.  
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Iterative Solution: Landau–Lifshitz Equation 
An elegant resolution to these pathologies relies on the assumption that the radiation 
reaction term in equation (1.811) remains small, permitting an iterative estimation of the 
acceleration. The zeroth-order approximation is formulated as: 

 ext
0

0m
=

Fa   (1.838) 

Substituting this first iteration back into the right-hand side of equation (1.811) yields: 

 1 ext 0 ext .m τ≈ +a F F   (1.839) 

This formulation circumvents the ambiguities associated with third-order derivatives. 
However, the precise boundaries validity for higher-order iterations remain a subject of 
discussion. This iterative approach is fundamentally applicable to external forces de-
pending explicitly on time (such as an electron interacting with a laser pulse field). The 
relativistic generalization of this iterative substitution (1.839) is straightforward: 
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When the external force is specified as the Lorentz force, the resulting relation consti-
tutes the Landau–Lifshitz equation: 
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Various equivalent representations of this equation exist. The primary criterion for its 
validity requires the radiation reaction force to be substantially smaller than the driving 
Lorentz force. Additionally, the transit time of an electromagnetic signal across the 
interaction region must be significantly shorter than the characteristic timescale of field 
variations. Generally, these constraints are formulated as [54]:  

 S C/ ; ,E E α λ α λ    (1.842) 

where ES represents the Schwinger limit (the threshold field intensity for electron-posi-
tron pair production from vacuum), λC is the Compton wavelength (characterizing the 
photon wavelength shift during electron scattering), and α denotes the fine-structure 
constant (governing the electromagnetic interaction strength). These three fundamental 
physical quantities are defined as: 
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Avenues for Resolving Pathologies 
The solution to equation (1.811) can be reformulated to eliminate non-physical expo-
nentially growing modes. This formulation is obtained from expression (1.816) via the 
substitution:  

 0( ) /s t t τ′= − , (1.846) 

which yields the regularized solution: 
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Nevertheless, the violation of causality persists. The general solution of equation 
(1.811) for a time-dependent force can be expressed in an alternative integral form: 
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For a step-function constant force initiated at time t0, the integration constant C can be 
selected to eliminate the non-physical exponential runaway behavior. However, the 
solution at times t < t0 remains dependent on the force magnitude at t > t0, which vio-
lates classical causality. These persistent ambiguities suggest that radiation reaction is 
inherently a quantum-mechanical process, and a fully consistent description within 
classical mechanics may be fundamentally unattainable. 
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1.7.2  Runaway Electrons 
An electron moving through a plasma experiences a frictional drag force driven by 
Coulomb collisions (1.765) with background electrons and ions, as derived in Sec-
tion 1.6.4. Initially, this collisional drag force increases proportionally with the electron 
velocity. However, at velocities significantly exceeding the ion thermal velocity, the 
frictional force peaks and subsequently scales as v−2. Consequently, high-velocity colli-
sions become highly inefficient. The maximum drag occurs near the ion thermal veloc-
ity; a detailed derivation of this profile is presented below. 

Consider an external electric field accelerating an electron, while collisions act to 
decelerate it. Within the velocity interval (vΩ, vC) designated as the Ohmic regime in 
Fig. 1.124, these competing processes establish a steady-state velocity vΩ. At lower 
velocities, the electric field dominates and accelerates the electron, whereas at higher 
velocities, collisional drag provides deceleration. The sole exception occurs when the 
applied electric field exceeds the maximum collisional drag force EM. In such strong 
fields, acceleration unconditionally overcomes collisional drag, continuously driving the 
electron to higher velocities.  

If the electron velocity exceeds the threshold value corresponding to the intersection 
point C between the electric field and the collisional drag curve, the particle enters the 
runaway regime. In this domain, collisions cannot compensate for the electric field 
acceleration, allowing the electron to attain substantial kinetic energy. Such high-energy 
electrons pose a severe damage risk to diagnostic and experimental equipment. As il-
lustrated in Fig. 1.124, the runaway regime (conventionally abbreviated as REs) can be 
bounded by the synchrotron radiation emission of the electron. The radiation-induced 
momentum loss of a highly relativistic, accelerating electron exerts a braking effect 
analogous to collisional drag at low velocities.  
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Fig. 1.124: Forces acting on a moving electron (excluding the magnetic Lorentz force).  
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Historical Background 
The runaway electron regime manifests where electrostatic acceleration overcomes both 
collisional drag and radiative momentum loss. At a given velocity, the electric field 
must exceed a critical threshold to trigger continuous acceleration. The possibility of 
generating runaway electrons was first proposed in 1925 by Charles T. R. Wilson [73]. 
A more detailed theoretical framework was formulated by Ronald G. Giovanelli in 1949 
[71]. In 1959, Harry Dreicer analytically evaluated the critical field threshold required 
for absolute runaway generation [69]. In 1992, Aleksandr V. Gurevich proposed an 
avalanche breakdown mechanism for lightning during atmospheric storms [70], initiated 
by relativistic seed electrons from cosmic ray showers. In 2003, Joseph R. Dwyer 
demonstrated that a single megaelectronvolt electron suffices to trigger such an 
avalanche [74]. Extensive research into runaway electrons accelerated primarily due to 
their frequent generation within large-scale tokamak vessels, where runaway electron 
beams present a severe threat to structural integrity.  

 
Fig. 1.125: Historical documentation of structural damage to the inner vacuum vessel wall  

of the JET tokamak caused by localized runaway electron impact. Eurofusion 2015. 

Electrons can also gain energy through synergistic wave-particle interactions. For ex-
ample, within the terrestrial magnetosphere, electrons execute helical motion around 
magnetic field lines. In the presence of right-hand circularly polarized electromagnetic 
waves (R-waves), where the electric field vector rotates in the same direction as the 
electron gyration, resonant energy transfer occurs provided the electron cyclotron fre-
quency matches the wave frequency. This mechanism generates highly energetic “killer 
electrons” capable of damaging satellite instrumentation.  

Runaway electrons manifest across diverse plasma environments, playing a key role 
in lightning dynamics, terrestrial gamma-ray flashes, and astrophysical jets from com-
pact objects. Within magnetic confinement fusion plasma, such as in tokamaks aimed at 
thermonuclear fusion, runaway electrons represent a highly detrimental phenomenon. 
Incidents of localized first-wall damage caused by runaway electron impact are well 
documented. Consequently, understanding and mitigating their behavior has become 
a primary focus for research teams, particularly with the construction of the ITER toka-
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mak. Runaway electrons are generated whenever the ambient electric field exceeds the 
Dreicer limit, or when the initial electron velocity exceeds a critical threshold. A frac-
tion of electrons within the high-energy tail of a Maxwellian distribution naturally sat-
isfy this super-thermal velocity condition. Although initially few, under favorable con-
ditions an avalanche process can occur, where primary runaway electrons secondary-
ionize the background plasma via close collisions, generating exponential populations.  

In tokamaks, runaway electron beams typically form during plasma disruptions. 
During a disruption, the plasma temperature drops rapidly, causing a sharp decline in 
plasma conductivity and a subsequent collapse of the plasma current. This collapse 
induces a rapid decay of the poloidal magnetic field. According to Faraday law of in-
duction, this rapid temporal variation of the magnetic flux generates a strong inductive 
toroidal electric field, triggering the runaway electron population.  

Runaway electrons dissipate energy through multiple channels, including collisions 
with heavy ions, turbulence, kinetic instabilities, scattering by electric and magnetic 
fluctuations, electron-positron pair production, and synchrotron radiation.  

Frictional Collisional Drag Force 
An electron moving through a plasma undergoes Coulomb collisions with background 
electrons and ions, with the corresponding frequencies governed by relation: 

 ( )col e e ee eim ν ν= − +F v   (1.849) 

The collision frequencies are governed by relation (1.765). Substituting these frequen-
cies yields the simplified expression: 
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where ψ denotes the Chandrasekhar function and Zeff represents the effective ion charge 
state summed over all ion species:  
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The total collisional drag force formulation can be rewritten in the form: 
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The first Chandrasekhar function peaks near the ion thermal velocity, and the second 
near the electron thermal velocity (the horizontal coordinate of the maximum evaluates 
numerically to x ≈ 0.967). These maxima scale with the mass ratio (mi/me)1/2. Further-
more, the ion-induced peak is significantly higher because the leading coefficients scale 
as mi/me; thus, the electron-ion (e-i) collision peak exceeds the electron-electron (e-e) 
contribution by three orders of magnitude (see Fig. 1.126.  
The combined maximum practically coincides with the ion contribution, while the elec-
tron maximum manifests only as a minor modulation. Consequently, up to approxi-
mately 50 % of the electron thermal velocity, electron-ion collisions dominate entirely 
and electron-electron contributions are negligible. For higher velocities, both collisional 
terms must be incorporated.  
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Fig. 1.126: Dependence of the collisional drag force on electron velocity in a logarithmic scale, 
illustrating the locations of both maxima. At low velocities, e-i collisions dominate entirely and  
e-e effects are negligible, whereas both components become non-negligible at higher velocities. 

The limiting behavior of the Chandrasekhar function ψ(x) is given by the relations: 
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Consequently, below the maximum, formula (1.852) can be approximated by a linear 
scaling. For velocities exceeding the electron thermal velocity, the asymptotic approxi-
mation (1.854) applies, reducing the collisional force to a simplified form:  
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Formulation (1.852) is non-relativistic; however, this approximation introduces negligi-
ble error at high velocities since collisional drag becomes minor. Nevertheless, if re-
quired for extreme relativistic velocities, the relativistic formulation can be utilized [68]: 
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Executing a Taylor expansion of the Lorentz factor γ in powers of velocity reduces 
(1.856) to the non-relativistic limit (1.855) in the lowest order. For scoping calculations, 
the Chandrasekhar function can be approximated via a simpler rational function: 
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The model G(x) exhibits identical behavior to ψ(x) for small and large x. The maximum 
discrepancy occurs near the peak (< 10 %), which is acceptable for baseline estimates.  

Radiation Reaction 
An accelerating electron emits radiation driven by longitudinal acceleration and gyra-
tion within the magnetic field, causing a systemic loss of particle momentum and en-
ergy. This momentum loss acts as a braking force bounding the runaway regime (ne-
glecting alternative channels, such as electron-positron pair production). The radiation 
reaction force is governed by the Pauli formulation (1.837): 
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where the dot denotes the coordinate time derivative d/dt. A fully four-vector evaluation 
additionally yields the corresponding energy loss rate: 
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The parameter β denotes the dimensionless velocity v/c, and γ represents the Lorentz 
factor. Two limiting configurations exist: (i) radiation associated with a change in ve-
locity magnitude (e.g., bremsstrahlung), and (ii) radiation driven by a change in velocity 
direction (e.g., cyclotron or synchrotron emission). 

Electron Radiation in Tokamaks 
Electrons gyrating within a toroidal field Btor emit synchrotron radiation; their orbital 
motion along the vessel induces betatron radiation, supplemented by bremsstrahlung 
from velocity modulations. Bremsstrahlung scales with the local ion density and impu-
rity content, becoming significant during disruptions. Quantifying this power requires 
explicit knowledge of the specific discharge parameters. For radiation driven strictly by 
electron gyration within the toroidal field, relations (1.858) and (1.859) yield the scaling 
laws:  
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where β⊥ is the dimensionless electron velocity component perpendicular to the local 
magnetic field line. Similarly, formulations (1.858) and (1.859) yield the betatron radia-
tion power generated by electron transit along the toroidal circumference: 
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where β| | is the parallel projection of the dimensionless velocity along the magnetic field 
line, and Rmaj denotes the tokamak major radius. For example, in the COMPASS toka-
mak with a 10° pitch angle at thermal velocity, betatron emission is eight orders of mag-
nitude lower than gyroradiation due to the vastly larger trajectory curvature radius. 
Consequently, betatron radiation is neglected in nearly all operational regimes. 

Key Parameters of the Runaway Regime 
The critical parameters governing the runaway regime (see Fig. 1.124) comprise: the 
maximum collisional drag force M and its associated threshold electric field EM, the 
coordinates of point C defining the onset of the runaway regime, and the coordinates of 
point F representing the termination of the runaway regime driven by self-radiation. 

Point M: Maximum Collisional Drag 
Because e-e collisions are negligible near the peak of the total collisional drag force, 
only the e-i component is utilized to evaluate the coordinates of point M. The 
Chandrasekhar function exhibits an extremum at x ≈ 0,968 with ψ ≈ 0,214, yielding:  
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This extremum directly defines the velocity and electric field corresponding to the coor-
dinates of point M:  
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The conversion of the ion thermal velocity to the electron thermal velocity applies 
strictly to a thermalized plasma. For a given electron thermal velocity, the maximum of 
the collision frequency along the horizontal axis occurs at a value approximately forty 
times lower – scaled by the mass ratio (mi/me)1/2 – than the electron thermal velocity. 
Thus, the horizontal coordinate of the extremum M corresponds approximately to the 
ion thermal velocity. The vertical coordinate defines the critical field EM, above which 
an electron unconditionally enters the runaway regime regardless of its initial velocity. 

Point C: Runaway Onset, Critical Velocity, and the Dreicer Field 
Evaluating the coordinates of point C – representing the threshold velocity and the cor-
responding electric field required for the onset of the runaway regime – depends on the 
electron velocity domain and is classified into three distinct regions. The ion component 
peaks at 0.968 of the ion thermal velocity, whereas the electron component peaks at 
0.968 of the electron thermal velocity. The horizontal coordinates (velocities) differ by 
the factor (mi/me)1/2, while the vertical coordinates (collisional drag force) scale as 
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mi/me. Consequently, for a hydrogen plasma, the ion peak is approximately 1800 times 
higher than the electron peak.  

In the velocity domain between these two extrema (i.e., below the electron thermal 
velocity), the electron contribution is minor and can be neglected. The ion component 
occupies the descending region and is approximated by expression (1.854). Between the 
two maxima (i.e., for velocities exceeding the electron thermal velocity), the electron 
contribution can no longer be neglected, and both components of the collisional drag 
force are approximated via relation (1.854)). Near the electron thermal velocity, the ion 
component remains also scalable via expression (1.854), whereas the electron compo-
nent is replaced by the maximum of the Chandrasekhar function:  
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The first expression corresponds to the formulation introduced in the original 1959 
paper by Harry Dreicer  [69]. The second relation defines the modern Dreicer field ED, 
representing the electric field threshold at which bulk thermal electrons are continuously 
driven into the runaway regime. The electron contribution, which cannot be neglected 
near the thermal velocity, shifts the required electric field to higher values compared to 
the original Dreicer formulation. All three branches of expression (1.866) can be unified 
into a single formula: 
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Equations (1.866) and (1.867) permit the calculation of the threshold electric field re-
quired for a given electron velocity to enter the runaway regime. 

Point F: Termination of the Runaway Regime 
As an electron accelerates within the runaway regime, its kinetic energy increases, caus-
ing a sharp decline in the effective collision cross-section and the associated collisional 
drag force. At the upper bound of the runaway regime, the radiative deceleration force 
balances the accelerating electrostatic force, rendering collisional effects negligible: 
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Determining the threshold field EC required for runaway onset via expression (1.866) 
for a given initial velocity allows the termination velocity to be evaluated from relation 
(1.868) based on the specific problem geometry. This optimization problem reduces to a 
quadratic equation. 
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From the Union Canal to Solitons 
In certain configurations, nonlinear equations provide highly interesting solutions: soli-
tary waves that do not undergo dispersion and propagate through a medium without 
altering their shape. Such a wave constitutes a soliton. Mathematically, solitons are as 
fundamental in nonlinear theories as the harmonic oscillator is in linear theories. Ex-
perimentally, a soliton was first observed in a narrow water channel (the Union Canal in 
Hermiston, near Edinburgh) by the Scottish scientist John Scott Russell in 1834.  

The origins of soliton physics are permanently linked with Russell's name. Russell 
was an outstanding physicist, shipbuilder, steam-car constructor, and innovator. He 
graduated from the University of St Andrews and possessed such profound knowledge 
that he became a professor at the University of Edinburgh at the age of 24. Two years 
later, in 1834, he introduced a steam-car transport service between Glasgow and Pais-
ley. His initial success was opposed by competing operators, who orchestrated a traffic 
accident resulting in four passenger fatalities – likely the first automobile accident in 
history. Consequently, Russell accepted an offer from the Union Canal Company to test 
and design boats. This narrow canal, constructed between 1818 and 1822, connected 
Edinburgh and Glasgow. It primarily served for transporting coal and passengers in 
barges towed by horses along the bank. The canal is 50 kilometers long, mostly follows 
a contour line, and overcomes terrain irregularities via aqueducts or tunnels, the longest 
measuring 631 meters. In August 1834, Russell made an extraordinary discovery, which 
he described as follows: 

“I was observing the motion of a boat which was rapidly drawn along a narrow channel 
by a pair of horses, when the boat suddenly stopped – not so the mass of water in the 
channel which it had put in motion; it accumulated round the prow of the vessel in 
a state of violent agitation, then suddenly leaving it behind, rolled forward with great 
velocity, adopting the form of a large solitary elevation, a rounded, smooth and well-
defined heap of water, which continued its course along the channel apparently without 
change of form or diminution of speed. I followed it on horseback, and overtook it still 
rolling on at a rate of some eight or nine miles an hour, preserving its original figure 
some thirty feet long and a foot to a foot and a half in height. Its height gradually di-
minished, and after a chase of one or two miles I lost it in the windings of the canal. 
Such, in the month of August 1834, was my first chance interview with that singular and 
beautiful phenomenon which I have called the Wave of Translation.”  

 
Fig. 1.127: Historical drawing by John Scott Russell of a horse-drawn barge on the Union Canal. 

Russell was fully aware of the exceptional nature of the phenomenon. The Great Wave 
of Translation he discovered contradicted the hydrodynamics described by Newton and 
Bernoulli. Russell constructed a pond at his Edinburgh New Town home and spent three 
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years conducting various experiments there and on the Union Canal. He discovered that 
the wave possessed highly unusual and unexpected properties: 
 The propagation velocity depends on the wave amplitude, and its width on the wa-

ter depth. This wave is exceptionally stable, retaining its shape over several miles. 
 Unlike normal waves, waves of translation never merge. A faster wave passes 

through a slower one and overtakes it.  
If the wave is too large relative to the canal depth, it splits into a large and a small wave. 
Russell's research initially met a lack of interest. Scholars were unprepared for such a 
discovery, refusing to believe in phenomena contradicting Newton and Bernoulli. Its 
true significance was fully appreciated in the 1960s, when physicists began systemati-
cally investigating nonlinear phenomena. Today, light pulses travel thousands of kilo-
meters through optical fibers without any loss of shape.  

In 1895, the Dutch mathematicians Diederik Korteweg and Gustav de Vries derived 
the governing equation for wave propagation in shallow water. The equation is nonlin-
ear, and wave dispersion can be precisely compensated by nonlinear effects. Sixty years 
after Russell's observations, the problem was solved. Waves can indeed propagate along 
a water channel without changing their shape and size, and their existence can be theo-
retically explained through nonlinear phenomena. The equation describing this wave is 
known today as the KdV (Korteweg–de Vries) equation. Currently, a wide range of 
other equations from various fields of science are known to provide soliton solutions.  

What is the mathematical principle behind solitons? In linear equations, solutions 
are built from plane wave fronts. However, a wave packet undergoes dispersion because 
different wavelengths propagate at different velocities, causing it to spread out. In 
nonlinear theories, certain terms induce modulational instability, making the group 
velocity amplitude-dependent. Smaller amplitudes are suppressed, leading to packet 
collapse. In specific configurations, dispersion balances modulational instability, 
yielding a soliton of constant shape and size. As solutions to nonlinear equations, 
solitons manifest across numerous fields, ranging from hydrodynamics to nonlinear 
electrodynamics, plasma physics, biophysics, elementary particle physics, solid-state 
physics, and even economic market models. 

Three Illustrative Examples 
To analyze the interplay between dispersion and nonlinearity, consider the following 
three foundational equations: 
1. Standard Wave Equation with no dispersion: 
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The angular frequency scales linearly with the wave vector, rendering the phase and 
group velocities equal and constant. Consequently, all wavelengths propagate at 
identical velocities, and the wave packet undergoes no dispersion. 

2. Klein–Gordon Equation with linear mass term and dispersion: 
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Both phase and group velocities depend on the wave vector and thus on the wave-
length (λ = 2π/k). This dispersion causes the wave packet to gradually broaden. For 
a packet of linear dimension L, the spatial spreading scales as:  
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3. Wave Equation with nonlinear term: 
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Due to the nonlinearity, plane waves are no longer valid solutions, nor can solutions 
be constructed via standard linear superposition. Numerical simulations indicate 
that this equation undergoes modulational instability, where localized regions of the 
wave packet collapse depending on their amplitude.  

1 2 3
 

Fig. 1.128: Evolution and profile profiles of the wave packet solutions for Examples 1, 2, and 3. 

Nonlinear effects can balance dispersion, yielding soliton solutions that propagate as 
solitary waves propagating without altering their shape:  
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The added terms represent force densities corresponding to the “Mexican-hat” potential 
configuration V(ϕ) = aϕ2 − bϕ4. This potential is widely utilized in quantum field theory, 
the description of second-order phase transitions, and bifurcation analysis.  

Solitons vs. Solitary Waves 
For a continuous medium, the Lagrangian L, energy E, and momentum P are replaced 
by the Lagrangian density L, energy density E, and momentum density P, respectively. 
These quantities depend on the spacetime events (t, x) rather than time alone. The 
primary quantity of interest is the energy density: 
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If energy conservation is enforced strictly via invariance under time translation, the 
global sign remains arbitrary. However, ensuring that forces directed toward the energy 
minimum recover the classical limit for compact bodies requires the kinetic term 
(squared field derivatives) to be non-negative. This choice depends on the metric tensor 
signature; for the convention utilized here, a negative sign must be chosen for the en-
ergy density expression. For the three preceding examples, formulated in one spatial 
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dimension for simplicity, the Lagrangian density, energy density, and governing Euler–
Lagrange field equations are expressed as: 

Standard Wave Equation 
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Klein–Gordon Equation 
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Nonlinear Klein–Gordon Equation 
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The nonlinear Klein–Gordon equation with a ϕ3 term yields a moving kink (step-like) 
solution. This is not a true soliton because the field is non-localized (it does not vanish 
far from the wave). However, its energy density remains strictly localized, concentrating 
within the step and propagating as a compact packet. This category of solutions is des-
ignated as a solitary wave. Conversely, a true soliton is strictly localized in space, 
translates at a constant velocity without shape deformation, and retains its asymptotic 
identity after colliding with other solitary waves, experiencing at most a spatial phase 
shift. A true soliton inherently features a fully localized energy density distribution. 

Definition: A soliton is defined as a strictly localized solution of a partial differential 
equation that propagates at a constant velocity without changing its shape. If a system of 
N solitons possesses an initial energy density before a collision formulated as: 
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► 0 0
1

( , ) ( )
N

k
k

t x x x t
=

= − − vE E , (1.884) 

then neither the soliton number nor their profiles alter post-interaction. The collision 
induces at most a spatial phase shift; thus, the final state satisfies: 

► fin 0 0
1

( , ) ( )
N

k k
k

t x x x t δ
=

= − − + vE E . (1.885) 
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Fig. 1.129: Profiles of a soliton compared to a solitary wave configuration. 

The property that a soliton retains its structural shape during propagation implies that 
within a co-moving coordinate frame, the solution becomes stationary (time-independ-
ent). Restricting the analysis to a single spatial dimension reduces the governing partial 
differential equation to an ordinary differential equation devoid of time derivatives, 
which may be analytically solvable. Once a solution is established within the co-moving 
reference frame, it is subsequently transformed back into the laboratory coordinate sys-
tem where the soliton translates. 

Sine-Gordon Solitary Wave 
Typical soliton solutions arise directly from physical phenomena. Mathematical reduc-
tion of the underlying partial differential equations frequently yields one of four foun-
dational formulations: the sine-Gordon, Korteweg–de Vries (KdV), nonlinear Schrödin-
ger (NLS), or Burgers equation. The analysis below focuses initially on the first case. 

The potential energy density within the Lagrangian and Hamiltonian frameworks for 
the nonlinear Klein–Gordon equation (1.881)–(1.883) is given by: 

 2 2 41 1
2 4

μ φ δ φ= −V . (1.886) 

The linear quadratic term governs dispersion, whereas the second introduces a nonlin-
earity driving the modulational instability that counteracts this broadening. Close 
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inspection reveals that for specific parameter values, these expressions correspond to the 
first two non-constant terms in the Taylor expansion of the cosine function (the zero-
order constant term is physically irrelevant and vanishes). Utilizing the standard metric 
signature, the Lagrangian density is formulated as: 

 .= − +L T V  (1.887) 

Consequently, a periodic potential can be introduced: 

 2 cosμ φ= −V , (1.888) 

which models physical phenomena near periodic lattice structures and reduces to the 
nonlinear Klein–Gordon potential (1.886) for small field amplitudes ϕ. The correspond-
ing Lagrangian density, energy density, and Euler–Lagrange field equation evaluate to: 

 ( )( ) 21 cos
2

α
αφ φ μ φ= ∂ ∂ −L , (1.889) 

 ( )( ) 21 cos
2

α
αφ φ μ φ= − ∂ ∂ −E , (1.890) 

 2 sin 0.φ μ φ− =  (1.891) 

In the field equation, the negative sign before the second term combines contributions 
from the Lagrangian density, the cosine derivative, and the Euler–Lagrange structure, 
yielding a net negative sign. The presence of the sine function designates this relation as 
the sine-Gordon equation. In a single spatial dimension, these relations reduce to: 

 
2 2

2
2

1 1 cos
22 t xc

φ φ μ φ   ∂ ∂= − + −   ∂ ∂   
L , (1.892) 

 
2 2

2
2

1 1 cos
22 t xc

φ φ μ φ   ∂ ∂= + + −   ∂ ∂   
E , (1.893) 

► 
2 2

2
2 2 2

1 sin .
x c t
φ φ μ φ∂ ∂− =

∂ ∂
 (1.894) 

A mechanical analogy is provided by a particle moving within a periodic cosine poten-
tial, driven by a force scaling as the sine of its position. Expanding the right-hand side to 
first order (sin ϕ ~ ϕ) recovers the standard linear Klein–Gordon equation, which dic-
tates the designation of the coefficient as μ2. A third-order expansion (sin ϕ ~ ϕ − ϕ3/3!) 
yields the nonlinear Klein–Gordon equation with a ϕ3 term, corresponding to the Mexi-
can-hat potential. An analytical solitary wave solution to the full sine-Gordon equation 
is evaluated below, demonstrating that a regularized solitary wave solution exists. The 
solution is evaluated initially within a co-moving frame tracking the wave. Because the 
profile remains invariant at constant velocity, the solution becomes stationary, reducing 
the system to a single ordinary differential equation: 

► 
2

2
2

d sin .
dx

φ μ φ=  (1.895) 
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It can be verified that a valid solution is expressed as: 

► ( ) 4atg e .xx μφ ±
±  =    (1.896) 

Verifying that this formulation satisfies the sine-Gordon equation constitutes a straight-
forward analytical exercise. This can be achieved either by direct second-order differ-
entiation or by differentiating the implicit relation tg(ϕ/4) = exp(±μx) to isolate the first 
derivative before evaluating the second. Wherever the exponential term exp(±μx) ap-
pears, it is substituted via tg(ϕ/4). For clarity, the positive branch (+) is analyzed below, 
as the negative branch follows an analogous procedure: 

2

2

2

2

2
2

2

tg( /4) exp( ) d/d ,
1 d 1 exp( ) exp( ) tg( /4),
4 d cos ( /4)
d 4 cos ( /4) tg( /4) tg( /4) sin( /4) / cos( /4),
d
d 2 sin( /2) d/d ,
d
d d dcos( /2) 2 sin( /2),

d dd
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d

x x

x x
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x

x
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x xx

x

φ μ
φ μ μ μ φ

φ
φ μ φ φ φ φ φ

φ μ φ

φ φ φμ φ μ φ

φ μ φ

=

= =

= =
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This relation satisfies the original governing equation. To transform this solution from 
the co-moving reference frame to the laboratory frame, the relativistic covariance of the 
equation permits the application of the Lorentz transformation: 

 lab 0
sol 2 21 /

x x t
x

c

− −
=

−

v

v
. (1.897) 

Consequently, the propagating solitary wave within the laboratory frame takes the form: 

► [ ]0( )
2 2

1( , ) 4 atg e ; .
1 /

x x tt x
c

μγφ γ± − −
±

 = ≡   −

v

v
 (1.898) 

Evaluating the corresponding energy density according to relation (1.893) yields: 

► 
{ }

{ }0
0

[ 2 ( )]2 2 2 2
[ ( )]2

2
0

8 (1 / )e( , ) cos 4 atg e .
1 exp[ 2 ( )]

μγ
μγμ γ μ

μγ

± − −
± − −

±
+  = −  + ± − −

x x t
x x tct x

x x t

v
vv

v
E  (1.899) 

This solution represents a moving kink (step-like profile). Structurally, this is not a true 
soliton because the field is non-localized; however, its energy density remains strictly 
localized within the step. The solitary wave amplitude is invariant and independent of 
velocity or other parameters. Conversely, the total energy scales explicitly with velocity 
(analogous to how the kinetic energy of a macroscopic wave depends on its speed). The 
profiles for ϕ±, E± are illustrated in Fig. 1.130. 
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Fig. 1.130: Field profiles and corresponding energy density distributions  

for the sine-Gordon equation solutions. 

Numerous physical phenomena are governed by the sine-Gordon equation. Key exam-
ples include mechanical domino chains, electrostatic double layers, crystal dislocations, 
the Josephson effect, and laser pulse propagation through two-level media. 

Mechanical Domino Chains. A row of dominoes standing on their narrow edges repre-
sents a discrete mechanical chain. When perturbed, a cascade occurs where a localized 
wave of falling dominoes propagates through the sequence. If the field variables repre-
sent the height of the upper domino edge above the surface, ϕ = h(t, x), where x denotes 
the horizontal position, this controlled collapse corresponds to the ϕ− solution. The sine-
Gordon equation accurately models this behavior. The potential periodicity reflects the 
periodic spacing of the dominoes, and the propagating wavefront corresponds to the 
localized energy density E−, which acts as a quasiparticle (a translating energy packet). 
The amplitude of this solitary wave is fixed by the physical height of the dominoes and 
is independent of the propagation velocity. 

Electrostatic Double Layers. Plasmas frequently exhibit propagating regions charac-
terized by a sharp spatial transition of the electrostatic potential. Such localized struc-
tures feature a non-zero electric field that redistributes ambient plasma charges into 
a characteristic double layer, with positive charge accumulated on one side and negative 
charge on the opposite (see Subsection Electrical Double Layer, page 108). An electro-
static double layer represents a sine-Gordon solitary wave of the electric potential. The 
localized energy within the double layer, which must exceed the ambient thermal en-
ergy, can accelerate local particles to high kinetic energies. These structures manifest in 
both laboratory and space plasmas. 

Crystal Dislocations. Consider a crystal lattice modeled by two atomic chains, where 
a fixed substrate chain exerts a periodic potential V(x) = A[1−cos(2πx/a)] on a secondary 
mobile chain, with a denoting the lattice constant. This configuration yields a sine-
Gordon equation governing the atomic displacement from equilibrium. The solution 
(1.898) describes a dislocation propagating along the crystal. The solution transitions 
from zero displacement to a displacement exactly equal to one lattice constant a. The 



1.7  Topics in Nonlinear Phenomena 285 

dislocation energy is strictly localized within this transition region, representing a clas-
sical example of a sine-Gordon solitary wave.  

 
Fig. 1.131: Schematic of a crystal dislocation propagating through a periodic lattice potential. 

Josephson Effect. When a current passes through a thin insulating barrier separating 
two superconductors, Cooper pairs tunnel through the insulator via the Josephson effect. 
The current density depends on the external magnetic field and temperature, a principle 
utilized in Superconducting Quantum Interference Devices (SQUIDs). The magnetic 
flux penetrates the Josephson junction in quantized units, which behave as quasiparti-
cles known as fluxons or magnons. The transmission of the magnetic flux ϕ across the 
junction is governed by the sine-Gordon equation and exhibits a solitary wave character. 
The magnon acts as a quasiparticle describing a localized energy packet centered at the 
magnetic flux step. 

Laser Pulse Propagation in Two-Level Media. Consider an optical medium com-
posed of atoms with two distinct energy levels. When a resonant laser pulse matches the 
transition frequency between these levels, its intensity envelope is governed by the sine-
Gordon equation, manifesting as a solitary wave. The ϕ+ solution corresponds to stimu-
lated emission under population inversion, describing pulse amplification. Conversely, 
the ϕ− solution describes resonant absorption, corresponding to pulse attenuation.  

KdV and NLS Solitons 
Korteweg–de Vries Soliton. The most common categories of solitons comprise the 
KdV soliton satisfying the Korteweg–de Vries equation and the NLS soliton satisfying 
the nonlinear Schrödinger equation. The KdV equation constitutes the historically first 
discovered formulation yielding a soliton solution. Diederik Korteweg and Gustav de 
Vries derived this relation within a hydrodynamic description of shallow water waves. 
Its fundamental representation takes the form: 

► 
3

3 0 ,φ φ φα φ δ∂ ∂ ∂+ + =
∂ ∂ ∂c t x x

 (1.900) 

where the constant c determines the phase velocity of perturbations within the given 
medium. The constant α governs the nonlinear term, structurally analogous to a material 
derivative of a velocity field and physically associated with convective fluid transport. 
The final constant δ scales the dispersive term, which is proportional to the third-order 
spatial derivative of the field. A soliton solution exists for arbitrary values of these pa-
rameters, as a wave velocity and amplitude can always be established such that disper-
sion is exactly counteracted by nonlinear compression. Multiplying by the constant c 
reduces the system to two independent coefficients: 
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► 
3

3 0 ;A D
t x x
φ φ φφ∂ ∂ ∂+ + =

∂ ∂ ∂
 (1.901) 

 ; .A c D cα δ≡ ≡  (1.902) 

Here, the dispersion is governed by the constant D, and nonlinear phenomena are scaled 
by the constant A. Although these parameters could be absorbed into the independent 
variables x and ϕ via appropriate substitutions, the KdV equation is retained in the gen-
eral form (1.901) to preserve the manifest physical meaning of A and D. The target 
solution possesses two fundamental properties: 

 lim 0 ,
x

φ
→ ±∞

=  (1.903) 

 0( ) ; .x x tφ φ η η= ≡ − ±v  (1.904) 

The first property (1.903) establishes the strict localization of the solution, meaning the 
field ϕ vanishes asymptotically far from the soliton core. The second property (1.904) 
describes the invariant propagation of the wavefront to the right (−) or left (+). Seeking 
a right-propagating solution (−) and substituting relation (1.904) into expression (1.901) 
yields the ordinary differential equation: 

 
3

3
d d d 0 .
d d d

A Dφ φ φφ
η η η

− + + =v  (1.905) 

Modifying the convective term via ϕϕ′ =(ϕ2/2)′ and integrating the entire equation with 
respect to η yields a second-order ordinary differential equation: 

 
2

2
12

d .
2 d
A D Cφφ φ

η
− + + =v  (1.906) 

The integration constant C1 vanishes identically due to the localized boundary condi-
tions (1.903). Multiplying the resulting equation by the first derivative ϕ′ yields: 

 
2

2
2

dd d d 0,
2 d

φφ φ φ φ φ
η

− + + =A Dv  (1.907) 

where the final term is rewritten via (the prime denotes derivative according to η):  

 ( ) ( )
22 2

2
2 2

dd d d 1 1d d d d d .
d 2 d 2d d

φφ φ φφ η φ φ η η φ
η ηη η

′
′′ ′ ′= = = =  (1.908) 

Substituting this relation into equation (1.907) and performing integration yields:  

 ( )
2

23
22 6 2

A D Cφ φ φ′− + + =v  (1.909) 

Imposing the localization requirement implies that the second integration constant also 
vanishes, reducing the KdV equation to a first-order ordinary differential equation: 

 
2

2d 1 ,
d 3

A
D

φ φ φ
η

   = −   
  
v  (1.910) 
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which is readily separable. Following separation of variables, direct integration via 
appropriate substitution yields the solution: 

 23( ) cosh
4

φ η η−  
=  

 A D
v v . (1.911) 

Consequently, a soliton solution to the KdV equation exists for arbitrary parameters: 

► ( )2
0

3( , ) cosh
4

φ −  
= − − 

 
t x x x t

A D
v v v . (1.912) 

The solution represents a localized crest propagating to the right at velocity v. The 
maximum amplitude is fundamentally coupled to its propagation velocity via: 

► max
3 .
A

φ = v  (1.913) 

Solitons of varying amplitudes propagate at different velocities, a hallmark characteris-
tic of the KdV system. This relation can also be extracted directly from expression 
(1.910); at the peak amplitude, the first derivative on the left-hand side vanishes, 
immediately yielding the matching condition.  

Note 1: The KdV equation is frequently expressed in a dimensionless form with 
coefficients absorbed into the variables, utilizing subscript notation for derivatives: 

 6 0 .t x xxxφ φφ φ+ + =  (1.914) 

The coefficient 6 is chosen conventionally to simplify the analytical solution. 
Within the present SI framework, setting A = 6 and D = 1 immediately recovers the 
normalized solution: 

 ( )2
0( , ) cosh

2 2
φ −  

= − − 
 

t x x x tv v v . (1.915) 

Note 2: The KdV equation serves as the simplest generalization of the wave equa-
tion of the type: 

 0
c t x

φ φ∂ ∂+ =
∂ ∂

. (1.916) 

This elementary wave equation yields the linear dispersion relation: 

 ckω =  (1.917) 

Generalizing this dispersion relation by considering higher-order terms in the ex-
pansion yields: 

 2 3
0 1 0 1( ) ( )c k k c c k k c k c kω = ≈ − = −  (1.918) 

The second term governs energy dissipation (implying a complex wave vector k) 
and must vanish for conservative solitons. The third term must be negative to en-
sure real k. Utilizing expression (1.918) as the baseline dispersion relation requires 
modifying the wave equation to the form: 
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3

1 3
0

0c
c t x x

φ φ φ∂ ∂ ∂+ + =
∂ ∂ ∂

 (1.919) 

This modified wave equation can be formulated as a continuity equation: 

 
2

0 0 1 2 0,φ φφ
 ∂ ∂ ∂+ + = ∂ ∂ ∂  
c c c

t x x
 (1.920) 

where the expression in the brackets denotes the flux of the quantity ϕ. Its primary 
generalization incorporating nonlinear phenomena is expressed as: 

 
2

2
0 0 1 2j c c c

x
φφ αφ ∂= + +

∂
, (1.921) 

yielding the partial differential equation: 

 
3

0 0 1 32 0c c c
t x x x
φ φ φ φαφ∂ ∂ ∂ ∂+ + + =

∂ ∂ ∂ ∂
. (1.922) 

Shifting the independent spatial coordinate via x → x − c0t eliminates the second 
term, transforming the generalized wave equation into the standard KdV formula-
tion (1.901):  

 
3

0 13 0 ; 2 ; .A D A D c c
t x x
φ φ φφ α∂ ∂ ∂+ + = = =

∂ ∂ ∂
 (1.923) 

Originally derived for shallow water waves, the KdV equation provided the first theo-
retical validation of the solitary wave observed by John Scott Russell in 1834. The re-
sulting solution represents a robust solitary wave that retains its identity upon interac-
tion with other waves, and whose velocity is uniquely determined by its height. 

Nonlinear Schrödinger Soliton (NLS). A wide range of problems in quantum theory, 
plasma physics (Langmuir oscillations), and nonlinear optics are governed by the 
nonlinear Schrödinger equation. Its dimensionless representation is formulated as: 

► 
2 2

2 *
D N2 2i 2 0.

t x y
φ φ φσ σ φ φ∂ ∂ ∂+ + + =

∂ ∂ ∂
 (1.924) 

The coefficient σD determines the NLS dispersion regime, yielding three categories:  

 σD = +1: elliptic NLS, 
 σD = −1: hyperbolic NLS, 
 σD = 0: (1+1)D NLS. 

The final term represents the nonlinearity, which is cubic in this configuration but can 
be more complex. The coefficient σN dictates the type of modulational instability:  

 σN = +1: focusing, 
 σN = −1: defocusing. 
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The solution for the focusing (1+1)D NLS framework yields the Davydov soliton:  

► 
2

1
0( , ) cosh ( ) exp i i i i .

2 2
φ ω ω ω δ−    = − − − + +       

xt x x x t t tv vv  (1.925) 

A free parameter ω appears within the solution; the NLS soliton incorporates a plane 
wave modulated by a cosh−1 envelope. The amplitude is independent of velocity, scaling 
instead with the frequency of the wave packet trapped within the envelope. A compari-
son between both soliton classes reveals key distinctions:  

 The KdV soliton is a single localized elevation (e.g., a surface water 
wave), whereas the NLS soliton manifests as a wave packet where 
a high-frequency carrier wave is modulated by a localized envelope. 

 The propagation velocity of a KdV soliton depends on its amplitude, 
whereas the velocity of an NLS soliton is independent of its amplitude. 

 For a KdV soliton, the product of the wave height and the square of its 
width remains constant; no such constraint applies to the NLS soliton. 

 KdV solitons perfectly retain their shape post-collision, experiencing at 
most a phase shift. NLS solitons preserve their identity upon interaction, 
though their profile undergoes minor structural modifications. 

The simplest analytical avenue to derive an equation yielding solitary solutions relies on 
modifying the 1D Navier–Stokes equation 

 u u u u
t

ρ ρ η∂ + ⋅∇ = Δ
∂

 (1.926) 

into the simplified structure: 

 
2 2

22
u u u
t x x

η
ρ

 ∂ ∂ ∂+ =  ∂ ∂ ∂ 
. (1.927) 

This formulation represents the Burgers equation 

► ( )
2

2
2 0u uA u D

t x x
∂ ∂ ∂+ − =
∂ ∂ ∂

 (1.928) 

incorporating both nonlinear and dispersive terms. The Burgers equation similarly pro-
vides solitary wave solutions. The analytical procedure is fully analogous to the KdV 
framework: substituting t and x via the co-moving coordinate η = x − vt reduces the 
partial differential equation to an integrable ordinary differential equation, subsequently 
solved via separation of variables.  

Under specific boundary conditions, multiple solitons can organize into a coherent 
moving formation designated as a soliton train. Alternatively, a solitary wave can ex-
hibit localized periodic internal oscillations while radiating no energy, periodically 
returning to its initial state. Although not constituting a true soliton due to this shape 
modulation, this related phenomenon is conventionally designated as a breather.  
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Solitons in Plasma Environments 
Langmuir Solitons. Under specific assumptions, the fluid equations governing mag-
netohydrodynamics reduce to either the KdV or NLS equation. A key phenomenon 
constitutes the nonlinear modification of electron plasma (Langmuir) oscillations at the 
electron plasma frequency, which become highly localized. This process forms a den-
sity cavity filled with a high-frequency electric field, where the plasma density is de-
pleted according to the relation:  

 
2

E

T B

δ /2
2

pn E
n p nk T

ε≈ ≈ . (1.929) 

Consequently, a Langmuir soliton is frequently referred to as a density well. The elec-
tric field envelope satisfies the relation: 

 1
0 0( ) cosh ( )−≈E x E k x   

and the corresponding energy density is governed by a KdV soliton profile:  

 22 2
00( ) /2 cosh ( )ε −= ≈x E E k xE   

This represents a simplified limiting configuration. Langmuir solitons exhibit significant 
complexity, manifesting as NLS solitons under certain regimes. A Langmuir soliton can 
oscillate, generating low-frequency ion-acoustic waves; conversely, at long wave-
lengths, it can absorb energy from ion-acoustic waves via parametric instability. At 
short wavelengths, it dissipates energy via Landau damping, establishing a stationary 
energy flux in k-space. A soliton exchanging energy with its environment is designated 
as a dissipative soliton. Langmuir solitons typically generate during the decay of intense 
electron plasma oscillations. These structures can be artificially generated in laborato-
ries utilizing the Double Plasma device discussed below.  

Davydov Solitons. This solution relates to Langmuir waves and is governed by the 
Zakharov–Kuznetsov system of partial differential equations:  

► 

2

2

2 2 2 2

2 2 2

i ;

( ) .

t x

x t x

φ φ φψ

ψ ψ φ

∂ ∂+ =
∂ ∂

∂ ∂ ∂− =
∂ ∂ ∂

 (1.930) 

Analogous mathematical structures arise in quantum chemistry and quantum field the-
ory. In plasma physics, this system models electron-beam instabilities and Langmuir 
wave dynamics. The variable ϕ corresponds to the electric field potential, and ψ repre-
sents the ion density perturbation from equilibrium. The electric field satisfies a Schrö-
dinger-type equation with a nonlinear source driven by the ion density perturbation. 
Conversely, the ion density satisfies a wave equation driven by a ponderomotive source 
term (proportional to the second derivative of the electric field square, representing the 
radiation pressure). This system yields a solitary wave solution known as the Davydov 
soliton: 
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 (1.931) 

The parameters comprise the soliton velocity v, a spatial phase shift δ, and a scaling 
parameter ω. Under specific constraints, the Zakharov–Kuznetsov equations reduce to 
either the NLS or KdV equation, where the Davydov soliton simplifies to a standard 
Langmuir soliton.  

Trivelpiece–Gould Solitons. This soliton configuration is associated with electron 
plasma waves propagating within bounded geometry, manifesting as a plasma compres-
sion that scales according to the KdV equation. These solitons are most readily gener-
ated within a Q-machine, which consists of a cylindrical vacuum vessel terminated by 
planar hot metallic plates coated with an alkali metal (such as cesium or potassium). 
Thermionic emission from these heated plates generates electrons and ions. A strong 
axial magnetic field constrains the plasma, suppressing cross-field radial diffusion.  

The resulting plasma features equal electron and ion temperatures (Te ~ Ti), which 
presents a distinct experimental limitation; when the ion temperature matches the 
electron temperature, the phase velocity of the ion-acoustic wave becomes comparable 
to the ion thermal speed. Under this condition, resonant ions travel at the wave speed, 
absorbing wave energy via severe ion Landau damping. Conversely, when Te >> Ti, ion 
Landau damping becomes negligible, which is ideal for soliton excitation. The soliton 
can be driven within the cylinder via an external voltage pulse.  

Experimental validation indicates that the product of the wave height and the square 
of its width remains constant, and the propagation velocity depends strictly on the am-
plitude. A minor oscillatory wake is typically observed trailing the soliton. The bounded 
modes associated with this soliton were first documented in 1959 by Alvin 
W. Trivelpiece and Roy W. Gould at the California Institute of Technology.  

Ion-Acoustic Solitons. This class of solitons evolves from acoustic modes propagating 
through a plasma. Unlike sound waves in neutral gases, these modes are carried by ions 
interacting via self-consistent electrostatic fields. Ion-acoustic solitons represent the 
most thoroughly investigated plasma solitons, generated easily within Double Plasma 
(DP) devices via a tailored voltage pulse. This setup permits the reliable generation of 
planar, cylindrical, or spherical solitons. Structurally, ion-acoustic solitons are governed 
by the KdV equation, and experimental observations align precisely with its analytical 
predictions in laboratory plasma environments. 

The Double Plasma (DP) device constitutes the most significant experimental appa-
ratus utilized in soliton research. A conventional configuration is illustrated in 
Fig. 1.132; the pioneering device of this type was constructed by Rudolf Limpaecher 
and Keneth R. MacKenzie in 1973. The system consists of a dual plasma chamber sepa-
rated by a fine metallic mesh. This grid is electrically isolated, self-biasing to a negative 
potential of several tens of volts, which acts as an electrostatic barrier preventing elec-
tron transport between the two volumes. The voltages ϕHD and ϕHT govern the filament 
heating required for thermionic electron emission, while ϕAD and ϕAT accelerate these 
primary electrons to ionize the background working gas. To optimize plasma confine-
ment, rows of permanent dipole magnets (arranged in an alternating polarity configura-
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tion) line the chamber circumference, numbering between one and two thousand de-
pending on the vessel dimensions. A carefully selected bias voltage ϕB controls ion 
transport between the chambers.  

The baseline configuration provided approximately 1 m3 of quiescent, collisionless 
plasma (where the mean free path exceeded the device dimensions), featuring an elec-
tron density of 107 to 1010 cm−3, an electron temperature of 1 to 3 eV, and an ion tem-
perature below 0.1 Te. This low ion temperature suppresses ion Landau damping, en-
suring that the generated ion-acoustic waves propagate without severe attenuation. The 
permanent magnets provided a surface field of 0.2 T, spaced 10 cm apart. 

A soliton can be triggered via multiple methods, primarily by applying a voltage 
pulse ϕS that induces a localized ion density perturbation propagating from the driver 
chamber into the target (diagnostic) chamber. Alternative excitation techniques include 
direct grid modulation, biasing a metallic object immersed within the driver chamber 
(where a cylindrical object excites a cylindrical soliton), planar photoionization via 
focused light (yielding a planar soliton), or utilizing driven wire arrays. Such devices 
represent the standard framework for investigating ion-acoustic solitons, with modern 
variants incorporating spherical or cylindrical geometry. 

 
Fig. 1.132: Schematic diagram of a Double Plasma (DP) apparatus utilized  

for the excitation and diagnostics of ion-acoustic solitons. 
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The final section of plasma theory addresses turbulence. Turbulent dynamics represent 
some of the most ubiquitous motions in nature. These ubiquitous dynamics lack a closed 
analytical solution. Investigating turbulent processes relies on dimensional analysis, 
magnetohydrodynamics, statistical formulations, or numerical simulations. The follow-
ing overview outlines baseline relations as an introductory summary; comprehensive 
developments are available in specialized textbooks. 

Turbulent Structures 
Turbulence predominantly manifests at high flow velocities, where excess kinetic 

energy triggers a transition from laminar to turbulent regimes. Nonlinear mechanisms 
store this energy within the rotational motion of vortices across a wide spectrum of 
spatial scales. Turbulent fields arise during flow separation around obstacles and govern 
atmospheric dynamics. In plasma environments, turbulent motions occur frequently, 
characterizing the solar wind, astrophysical systems, industrial reactors, and magnetic 
confinement fusion devices. In plasmas, turbulence typically evolves from the growth 
and saturation of various microinstabilities.  

Although turbulence exhibits apparent chaos driven by millions of degrees of free-
dom, its defining attribute constitutes the energy cascade. Flow dynamics generate 
vortices across a vast range of spatial dimensions, where the largest eddies possess 
scales comparable to the macroscopic system boundaries. These structures stretch and 
fragment into smaller configurations. Consequently, kinetic energy is continuously 
transported via nonlinear coupling down to the Kolmogorov scale. At this minimum 
bound, the cascade ceases, and dissipative mechanisms driven by fluid viscosity convert 
the microscopic kinetic energy into chaotic thermal energy. Additionally, these dynam-
ics drive macroscopic transport via turbulent diffusion. The turbulent velocity field can 
be decomposed via a standard Fourier expansion: 

► i[ ] 3( , ) ( , ) e dtt ωω −=  kxu x k k , (1.932) 

where the four parameters ω, k characterizing the Fourier components are coupled via 
the linear or nonlinear dispersion relation. The magnitude of the wave vector k charac-
terizes the spatial dimensions of the structures associated with a given mode: 

► 2 2k
R

π π
λ

=    (1.933) 

The largest vortices possess a scale RC comparable to the system geometry, whereas the 
minimum corresponds to the Kolmogorov scale RK. In magnetized plasmas, the lower 
limit is the ion Larmor radius RLi. Characterizing turbulence requires the energy spec-
trum, where kinetic energy per unit mass is compiled from Fourier modes:  

► 
0

/ 2 ( ) dk k
∞

 ⋅  = u u  . (1.934) 

(k) denotes the turbulent energy spectrum. As illustrated in Fig. 1.133 energy spectrum 
exhibits three distinct operational regimes classified by vortex scale: 
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Fig. 1.133. Schematic representation of the three fundamental regimes in the energy spectrum. 

The largest scales occupy Regime I, designated as the energy-containing range. Viscous 
effects are negligible here, and these large structures undergo minimal energy transfer to 
smaller configurations. These large eddies are neither homogeneous nor isotropic, ren-
dering this range minor for local spectral energy transfer. Conversely, standard turbu-
lence is characterized by Regime II, termed the inertial range, which hosts the turbulent 
energy cascade. Larger vortices transfer energy strictly to smaller scales. Fluid viscosity 
influences these dynamics but does not dominate. For conventional unmagnetized 
fluids, the vortex distribution is homogeneous and isotropic, yielding an energy 
spectrum proportional to k−5/3 (the Kolmogorov spectrum). The existence of this sub-
range and the associated directional energy cascade distinguishes turbulence from other 
stochastic or chaotic phenomena. In plasma media, vortices are strongly modified by the 
background magnetic field, inducing severe anisotropy where the spectral scaling dif-
fers between the parallel and perpendicular wave vector components. The final domain 
constitutes the dissipative range (Regime III), where viscous mechanisms dominate, 
rapidly suppressing small-scale vortices and converting their kinetic energy into heat. 

Kolmogorov Turbulence Model 
The first successful phenomenological model of turbulence was formulated by the So-
viet mathematician Andrey Nikolaevich Kolmogorov in 1941, conventionally desig-
nated as the K41 model. Kolmogorov postulated that all vortices within the inertial 
subrange are spatially and temporally microscopic relative to the macroscopic system 
scales (r << L, δt << L/u). These small-scale eddies possess no preferred orientation, 
exhibiting local homogeneity and isotropy. All directional memory from the large-scale 
forcing is lost during the cascade. Consequently, the resulting vortex statistics exhibit a 
universal character, depending strictly on the wave number k and the energy dissipation 
rate P ≡ d(u2/2)/dt governed by viscous processes. The scaling laws can be derived via 
dimensional analysis. Evaluating the dimensions of the core quantities from relation 
(1.934) and the energy dissipation rate P  yields: 

 [u2/2] = m2s−2;         [ k ] = m−1;        [] = m3s−2;         [P ] = m2s−3. (1.935) 

Dimensional analysis dictates that the energy spectrum can only satisfy the unique 
functional scaling law: 
►  = K0 P 2/3 k−5/3 , (1.936) 
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where K0 represents a universal dimensionless constant. This scaling governs numerous 
unmagnetized fluids within the inertial range. In plasma applications, electrostatic po-
tential fluctuations are highly significant, with their spectrum expressed as:  

 2

0
( ) ( )d .S k kδφ

∞
  =   (1.937) 

Dimensional analysis yields the scaling law: 

 5( )S k k− . (1.938) 

However, expression (1.938) remains valid strictly under the assumption that the elec-
trostatic potential fluctuations are independent of the ion Larmor radius. Incorporating 
the Larmor radius would introduce an additional spatial parameter (with dimensions of 
meters) into the dimensional formulation, preventing a unique algebraic solution. Con-
sequently, relation (1.938) must be interpreted with caution. 

Similarly, the Kolmogorov microscale RK can be evaluated via dimensional analysis. 
Combining the kinematic viscosity ν and the energy dissipation rate P  to form a unique 
parameter with the dimension of length yields the scaling law: 

 RK ≈ ν3/4 / P 1/4. (1.939) 

This relation applies exclusively to processes where ion gyration dynamics do not dic-
tate the baseline interactions. Consequently, its application is restricted to conventional 
fluid turbulence in the absence of external magnetic fields.  

Turbulence in Magnetohydrodynamics 
Consider the foundational framework of magnetohydrodynamics (MHD) incorporating 
viscous incompressible fluid. The governing equations are expressed as: 

► L L
1( ) curl ,p

t
ρ ρ η

μ
∂ + ⋅ = Δ − + ×
∂
u u u u B B∇ ∇   (1.940) 

► 1 curl .
t σμ

∂ = Δ + ×
∂
B B u B   (1.941) 

The first expression represents the plasma equation of motion, where the right-hand side 
sequentially incorporates the viscous force density, the pressure gradient force density, 
and the Lorentz force density. The second equation governs the temporal evolution of 
the magnetic field, where the first term describes magnetic diffusion and the second 
represents magnetic field freezing. These formulations are supplemented by the diver-
gence constraints. For an incompressible fluid, these relations reduce to 
 div 0,=B   (1.942) 

 div 0.=u   (1.943) 

Equation (1.943) dictates that the plasma is incompressible, rendering its mass density 
constant. Dividing equation (1.940) by the density and absorbing the magnetic per-
meability into the magnetic field yields 
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► L L( ) curl ,P
t

ν∂ + ⋅ = Δ − + ×
∂
u u u u b b∇ ∇  (1.944) 

► M curl ,
t

ν∂ = Δ + ×
∂
b b u b  (1.945) 

where the rescaled fields are defined as: 

 L
L M

1; ;pP ν
ρ σμμρ

≡ ≡ ≡Bb  (1.946) 

The rescaled magnetic field b possesses the dimensions of velocity, corresponding di-
rectly to the Alfvén velocity associated with the local field configuration. Consequently, 
the equations for the velocity and magnetic fields share identical dimensions. Compar-
ing the individual terms yields the dimensionless characteristics of the flow:  

 Re
L L

| ( ) |#
| |

Lu
ν ν

⋅≡ ≈
Δ

u u
u

∇ ; (1.947) 

 Re M
M M

| curl |#
| |

Lu
ν ν

×≡ ≈
Δ
u b

b
; (1.948) 

 Re M M
Pr

Re L

##
#

ν
ν

≡ ≈ ; (1.949) 

The Reynolds number #Re expresses the ratio of the convective term to the viscous term. 
High Reynolds numbers signify an excess of kinetic energy, triggering a transition to 
the turbulent regime. Thus, the magnitude of #Re dictates the spontaneous onset of tur-
bulence, which can be further accelerated in plasmas by the growth of microinstabilities.  

The magnetic Reynolds number #Re M represents the ratio of the convective freezing 
term to the magnetic diffusion term. In most laboratory and astrophysical plasmas, #Re M 
is exceptionally high, rendering magnetic freezing dominant over diffusion. The mag-
nitude of #Re M does not explicitly govern the onset of fluid turbulence. 

Finally, the magnetic Prandtl number #Pr expresses the ratio of magnetic diffusion to 
kinematic viscosity. In astrophysics, #Pr is 1029 in the intergalactic medium, ~ 1 in the 
solar wind and << 1 in the solar convective zone, quantifying the relative impact of 
Ohmic versus viscous dissipation. 

Elsässer Variables 
Equations (1.944) and (1.945) can be cast into a symmetric formulation by expanding 
the vector triple products on the right-hand sides. In the equation of motion, this decom-
position separates the Lorentz force density into a magnetic pressure gradient and 
a magnetic tension contribution driven by field line curvature. In the induction equation, 
this transformation yields a total time derivative on the left-hand side. The resulting 
symmetric formulations are expressed as: 

 ( )L L M( ) ( ,P P
t

ν∂ + ⋅ = Δ − + + ⋅
∂
u u u u b b∇ ∇ ∇)  (1.950) 

 M( ) (
t

ν∂ + ⋅ = Δ + ⋅
∂
b u b b b u∇ ∇) . (1.951) 
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The magnetic pressure contribution within the equation of motion is expressed as: 

 
2 2

M
M 2 2

pP
ρ μρ

≡ = =B b   (1.952) 

Equations (1.950) and (1.951) share identical dimensions. In a co-moving reference 
frame, the fields decompose into background and fluctuating components: 

 δ=u u , (1.953) 

 0 δ= +b b b . (1.954) 

The velocity field retains only fluctuations, while the magnetic field comprises back-
ground and fluctuating fields. In 1950, Walter M. Elsässer introduced new variables: 

 δ δ= −z u b , (1.955) 

 δ δ= +w u b . (1.956) 

These Elsässer variables are frequently designated via the symbols z±. Summing and 
subtracting the equations of motion and induction (1.950)–(1.951) yields: 

► ( )L M L M
0 L M( ) ( ) ,

2 2
P P

t
ν ν ν ν− +∂  + ⋅ + ⋅ = Δ + − + ∂  

z b z w z w z∇ ∇ ∇  (1.957) 

► ( )L M L M
0 L M( ) ( ) .

2 2
P P

t
ν ν ν ν+ −∂  − ⋅ + ⋅ = Δ + − + ∂  

w b w z w w z∇ ∇ ∇  (1.958) 

The formulations for the Elsässer variables serve as the foundational starting point for 
analytical, scaling, and numerical investigations of MHD turbulence. Neglecting the 
background magnetic field, or assuming homogeneous and isotropic fluctuations where 
the characteristic timescale is driven exclusively by nonlinear interactions, i.e., 

 1 1
NL ( ) ( )kw kzτ − −  , (1.959) 

which recovers the standard Kolmogorov spectrum via dimensional analysis: 

► 2/3 5/3
K kε − . (1.960) 

Conversely, the primary focus concerns the influence of a strong background magnetic 
field, where the characteristic timescale is governed by the Alfvén transit time: 

 A
A 0

L L
b

τ =
v

. (1.961), 

Maintaining the assumption of isotropic fluctuations (valid for weak background fields 
and small-scale eddies) yields the IK64 model, named after the Soviet astrophysicist 
Pyotr Savich Iroshnikov and the American theorist Robert Henry Kraichnan. Iroshnikov 
formulated this turbulence model in 1964, and Kraichnan derived it independently in 
1965. The resulting spectral scaling relation is expressed as: 

► ( )1/2 3/2
IK A( )k kε − v . (1.962) 

Thus, the IK64 energy spectrum depends on the background magnetic field. 
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Fig. 1.134: Turbulent structures within Jupiter's northern hemisphere atmosphere,  

captured by the Juno spacecraft on May 23, 2018 (NASA/JPL). 
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Strong Anisotropic Turbulence 
A strong background magnetic field introduces severe anisotropy into the plasma, ren-
dering the assumption of homogeneous and isotropic turbulence invalid. Unlike the one-
dimensional Kolmogorov description (1.934), the energy spectrum must be defined via 
a three-dimensional formulation: 

 3

0
/ 2 ( , ) dk k

∞

⊥ ⋅  = u u k . (1.963) 

The dimensions of the energy spectrum differ from the one-dimensional representation. 
Anisotropic turbulence models are classified into weak and strong regimes. In weak 
turbulence (WT), both Elsässer fluctuations are significantly smaller than the back-
ground magnetic field, a constraint that breaks down in the strong turbulence regime. 
The weak MHD turbulence framework yields the energy spectrum scaling: 

► 1/2 2
WT ( ) .k k k−

⊥  (1.964) 

However, weak turbulence conditions are rarely sustained in fully developed plasma 
systems; once turbulence develops, it typically transitions into a strong regime. The 
conditions for strong MHD turbulence were investigated by the American astrophysicist 
Peter Goldreich and the Indian physicist Seshadri Sridhar. Their 1995 results are desig-
nated as the GS95 model. The resulting energy spectrum exhibits highly interesting 
properties. Assuming the fluctuations remain isotropic at least within the plane perpen-
dicular to the background magnetic field, the spectrum collapses into a one-dimensional 
form, recovering the Kolmogorov scaling: 

► 2/3 5/3
GS( )k kε −

⊥ . (1.965) 

For the parallel component, a critical balance is established between both wave vector 
components, satisfying the relation: 

► 2/3k k⊥  . (1.966) 

The proportionality coefficients within the GS95 model depend explicitly on the Alfvén 
velocity and other local parameters, rendering direct experimental validation challeng-
ing. Numerical simulations indicate that in fully developed turbulence with a back-
ground magnetic field, the results for weak fields approach the GS95 scaling, whereas 
strong background fields align with the IK64 model. The physics of plasma turbulence 
remains an open discipline with numerous unresolved questions. 
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2.1  Particle Motion Simulations  
Analytical expressions for the trajectory of a charged particle in a homogeneous electric 
or magnetic field were derived in the previous chapters. In a more general case, obtain-
ing an analytical expression for the trajectory is either highly difficult or entirely impos-
sible. The systems of differential equations resulting from the equations of motion are 
nonlinear and rarely solvable analytically. Although solutions can be expanded into an 
infinite series with subsequent truncation to the first few terms, or simplification can be 
achieved via specific approximations – such as the adiabatic approximation for slowly 
varying fields – numerical simulations remain the primary recourse in most scenarios.  

Physics was traditionally considered to consist of two inseparable components: ex-
periment and theory. With the rapid advancement of computing technology in recent 
decades, all physical branches can now be described as comprising three interconnected 
and indispensable components: experiment, theory, and numerical simulations. Numeri-
cal simulations assist in verifying theories without costly experiments, obtaining infor-
mation on the behavior of the investigated subject, and designing experiments to maxi-
mize results with minimal resources. Numerical simulations are also instrumental in 
processing large volumes of experimental data. Contemporary plasma physics can no 
longer be conceptualized without numerical simulations.  

This textbook does not primarily focus on numerical methods in plasma physics. 
Nevertheless, the opportunity to simulate the discussed phenomena on a computer is 
provided for the inquisitive reader proficient in basic programming. This part of the 
textbook therefore serves as a sort of “cookbook” of selected algorithms that will make 
this possible. This selection comprises only one or a few algorithms out of many, pre-
sented without detailed explanation. Readers interested in numerical methods are re-
ferred to specialized publications dedicated to numerical simulations in plasma physics.  2.1.1  Newton-Euler Scheme (NE) 
The simplest method for solving differential equations involves their conversion into 
difference equations, where derivatives are replaced by finite differences. This proce-
dure is demonstrated using a simple problem of charged particle motion in a capacitor:  
 
 Example 2.1: Find a difference scheme for the acceleration of a charged particle 
between capacitor plates. Consider the electric field to be homogeneous and the motion 
to be non-relativistic. 

 
Fig. 2.1: Particle in Capacitor. 
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Solution: The equation of motion follows from the Newton second law: 

 .mh QE=  (2.1) 

The resulting differential equation d 2h/dt 2 = QE/m is exceptionally simple, and its 
analytical solution could be easily found. The formulation of the difference scheme is 
intentionally demonstrated on this simple equation. The same procedure can be applied 
to more complex equations that lack analytical solutions. 

First, the second-order differential equation is converted into a system of two first-
order equations, utilizing the definition of velocity as the first derivative of the position 
variable with respect to time: 

d ,
d

d .
d

h
t

QE
t m

=

=

v

v
 

Solutions are sought only at discrete time intervals (difference equations) rather than for 
all continuous times. In practice, the actual solution is approximated by a piecewise 
linear curve. The focus is therefore restricted to specific values: 
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=
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The actual derivatives are replaced by finite differences: 
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.
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n
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t
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−
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≅
Δ

v
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 (2.2) 

The values at time tn + 1 are calculated using the values from time tn:  

 
1

1

,

.

n n n

n n

h h t
QE t
m

+

+

= + Δ

= + Δ

v

v v
 (2.3) 

A difference scheme is thus obtained, through which individual sequential values are 
calculated: 

0 0 1 1 2 2, , , .   h h hv v v  

For the numerical construction of the solution, knowledge of the initial height and initial 
velocity (the initial conditions) is sufficient: 

0 0, 0 .h H= =v  
 

Although the described procedure appears simple and straightforward, specific limita-
tions exist. The computer-generated trajectory eventually deviates from the actual tra-
jectory due to both rounding errors and the replacement of derivatives with differences. 
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Rounding errors can be partially eliminated by an appropriate choice of dimensionless 
variables. The error resulting from the use of differences instead of derivatives can be 
reduced by selecting a smaller time step. However, a compromise between the number 
of executed operations and the achieved accuracy must always be made. The time step 
does not need to remain constant throughout the entire calculation. In regions with large 
field gradients where the particle rapidly changes its position and velocity, a finer time 
step can be chosen compared to regions with minimal particle motion changes.  

The derived scheme is designated as the Newton-Euler scheme and belongs to the 
class of explicit schemes. This classification arises because the right-hand side of equa-
tion (2.2) is expressed using the earlier time tn after replacing the derivatives with dif-
ferences. This choice enables an explicit expression (2.3) for the variables at the new 
time tn+1. If the right-hand sides of (2.2) were expressed at the newer time tn+1, 
an algebraic system of equations for hn+1 and vn+1 would be obtained. The new values 
hn+1 and vn+1 could then be determined from hn and vn only after solving this system. 
Such a scheme is called implicit. Although generally more stable and accurate than an 
explicit scheme, it requires solving a system of algebraic equations at each time step. 

Order of the Scheme 
Difference schemes are thus categorized as either explicit or implicit. Another important 
characteristic is the order of the scheme. When derivatives are replaced by differences, 
a certain error is introduced, which can be denoted as R (residual): 

 1( ) ( )
( ) ( )+ −

=′ + Δ
Δ

n n
n

f t f t
f t R t

t
. (2.4) 

The objective of any numerical method is to minimize the residual R. If its dependence 
on the time step is linear, the method is classified as a first-order method. If the residual 
behaves as (Δt)n, the method is termed an n-th order method. A higher order of the 
method corresponds to a more robust difference scheme that provides superior results. 
The derived Newton-Euler scheme is an explicit first-order scheme. For instance, if this 
scheme is used to describe harmonic oscillations, the amplitude of the oscillations 
grows numerically (non-physically). Consequently, the Newton-Euler scheme can only 
be utilized for short-term simulations. 

Stability of the Scheme 
Only stable schemes can be utilized for numerical simulations. Stable schemes are de-
fined as those in which a numerical error introduced in one time step does not cause an 
error growth in subsequent time steps.  

 Example 2.2: Design a Newton-Euler difference scheme for the motion of a charged 
particle in a homogeneous magnetic field 
Solution: The corresponding difference scheme is easily obtained from the Hamilton 
equations (1.13) to (1.18): 
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Due to numerical errors, the Larmor radius of a particle moving in a homogeneous 
magnetic field slowly increases. Achieving better results requires a refined time step, 
increasing the operation count and subsequent rounding errors. 

 2.1.2  Leap-Frog Scheme (LF) 
The deficiencies of the Newton-Euler scheme can be mitigated easily. If position and 
velocity are calculated at alternating times, the order of the scheme increases by one. 
The calculation of new velocities utilizes intermediate position values, and vice versa. 
In Example 2.1, the right-hand sides of the equations contain intermediate values in-
stead of old or new values. The scheme remains explicit and as fast as the Newton-Euler 
scheme, but achieves second-order accuracy. In harmonic motion simulations, the Leap-
Frog method preserves the genuine sinusoidal wave form.  

 
Fig. 2.2: Principle of leap-frog scheme. 

The described procedure involves a single complication. Initially, the velocity at time 
t0−Δt/2 must be calculated; subsequently, new values are computed analogously to the 
Newton-Euler scheme. The calculation process for a one-dimensional case is outlined 
below. The differential equations are assumed to be:  

 

d ,
d

d ( , ) .
d

x
t
F x
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=

=

v

v v
 (2.5) 

First, the velocity value at time t0−Δt/2 is calculated in a standard manner. The Newton-
Euler scheme is utilized to step backward by a negative time step −Δt/2: 

 0 0
1/2 0

( , )
.

2
F x t

m−
Δ= −

vv v  (2.6) 
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Subsequently, a repetitive computational cycle is initiated: 
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The sequential values are determined as: 

1/2 0 1/2 1 3/2 2 5/2 3, , , ,x x x x− → → → → v v v v  

The Leap-Frog scheme is widely utilized in plasma physics. The explicit nature and 
high computational speed of the Newton-Euler scheme are retained, but the accuracy is 
improved to the second order. 2.1.3  Higher-Accuracy Schemes (RK, BB) 
Runge-Kutta Scheme (RK)a 
If higher demands are placed on simulation quality, numerical schemes with a higher 
order of accuracy must be utilized. The fourth-order Runge-Kutta method is among the 
most popular. The system of equations of motion is assumed to be converted into 
a system of first-order ordinary differential equations in the form: 

 1
d

( , , , )
d

k
k Nf t

t
ξ ξ ξ=  . (2.8) 

First, a set of four constants is determined at time t for each variable ξk: 
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 (2.9) 

The components of the quadruplet must be calculated in the specified order, as each 
subsequent constant utilizes the value of the preceding constant. These quadruplets are 
calculated for each of the N sought variables. The numerical solution at time t + Δt is 
obtained from the relations:  

 1, 2, 3, 4,
1( ) ( ) ( 2 2 ) ; 1, , .
6k k k k k kt t t K K K K t k Nξ ξ+ Δ ≅ + + + + ⋅ Δ =   (2.10) 

The solution at time t + ∆t is thus known, and the procedure can be repeated. As an 
example, this scheme is applied to the Lorentz equation of motion:  
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First, auxiliary fields are calculated at the particle position: 
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Next, the vector constants K (for position) and L (for velocity) are determined:  
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 (2.13) 

The new values of positions and velocities are determined from the relations: 
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 (2.14) 

Boris-Buneman Scheme (BB) 
The Boris-Buneman scheme is tailored for calculating charged particle trajectories in 
electric and magnetic fields. First, half of the acceleration in the electric field is calcu-
lated (2.16), followed by the particle rotation in the magnetic field (2.17), and the 
remaining part of the acceleration in the electric field is executed in the final step (2.18). 
The BB scheme is a highly efficient and fast fourth-order difference scheme:  
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 (2.15) 

 ,n= +v v E  (2.16) 
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 1 ,n+ = +v v E   (2.18) 

 1 1 .n n n t+ += + Δx x v  (2.19) 
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At high velocities, the relativistic Lorentz equation of motion must be applied: 
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The primary issue is that velocity appears on both the left and right sides of this differ-
ential equation. If the substitution is applied: 
 γ≡u v , (2.21) 

the Lorentz equation of motion can be rewritten into the form: 
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which serves as the initial relation for the formulation of relativistic numerical schemes: 

Newton-Euler Leap-frog 
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2.2  Difference Schemes in 
Magnetohydrodynamics 

Magnetohydrodynamics is based on partial differential equations. Analytical solutions 
can be obtained only in exceptional cases; thus, reliance on numerical methods is neces-
sary. Solutions can be determined via series expansions, variational methods, Green 
functions, characteristics, or finite element methods. Very frequently, partial differential 
equations are solved using difference schemes on a grid, analogously to ordinary differ-
ential equations in Chapter 2.1. Unlike ordinary differential equations, discretization in 
magnetohydrodynamics must be performed not only in time but also in space. At each 
time instant tn, space is replaced by a discrete grid, and values are determined exclu-
sively at the grid nodes. This textbook does not serve as a comprehensive manual of 
numerical methods, therefore it presents only the fundamentals of difference scheme 
formulation to enable simple computer simulations.  2.2.1  Partial Differential Equations 
Classification of the Equations 
Second-order partial differential equations are encountered most frequently in plasma 
physics. A general equation is assumed in the form: 

 
2

, , , 0 ; , 1,2, , .ψ ψ ψ
 ∂ ∂ = =  ∂ ∂ ∂ 

k
k l k

F x k l N
x x x

 (2.23) 

The unknown is a function of N variables, typically comprising one temporal and three 
spatial variables. An equation is classified as quasilinear if it is linear with respect to the 
second derivatives, taking the form: 

 
2

,
( , , ) ( , , ) 0kl

k lk l
A B

x x
ψψ ψ ψ ψ∂ + =

∂ ∂ x x∇ ∇ , (2.24) 

where the coefficients Akl and B depend on xk, ψ, and ∂kψ. An equation is classified as 
linear if it takes the form: 

 
2

,
( ) ( ) ( ) ( )kl k

k l kk l k
A B C f

x x x
ψ ψ ψ∂ ∂+ + =

∂ ∂ ∂ x x x x . (2.25) 

The function f (x) is designated as the right-hand side of the equation. If f = 0, the equa-
tion is referred to as homogeneous. An equation is termed linear with constant coeffi-
cients if the coefficients Akl, Bk, and C are constant.  

An equation can be converted into a simpler form via an appropriate transformation 
of variables. Linear equations are classified into three groups based on the coefficients 
of the second derivatives. An equation is defined as elliptic at a point x0 if a transforma-
tion exists that converts it at this point into the form:  
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Examples of elliptic equations include the Laplace equation and the Poisson equation. 
An equation is defined as hyperbolic at a point x0 if a transformation exists that converts 
it at this point into the form: 
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One of the second derivatives thus possesses an opposite sign compared to the others. 
The wave equation serves as an example of such a hyperbolic equation. If minus and 
plus signs occur more than once among the second derivatives, the equation is termed 
ultrahyperbolic. An equation is defined as parabolic at a point x0 if a transformation 
exists that converts it at this point into:  
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meaning that one second derivative (typically temporal) is absent. Examples include 
heat conduction, magnetic field diffusion, and time-dependent Schrödinger equations. If 
multiple second derivatives are absent, the equation is parabolic in a broader sense. 
Because equations are typically parabolic, hyperbolic, or elliptic over a domain in RN, 
this classification does not exclusively constitute a single-point property. 

 Example 2.3: Examples of typical equations are presented in the following table 
 

Equation Name Type 
2 0φ =∇  Laplace equation Elliptic 

2 ( )fφ = x∇  Poisson equation Elliptic 

2
2

2 2
1 0
c t

ψψ ∂− =
∂

∇  Wave equation Hyperbolic 

2T T
t

κ∂ =
∂

∇  Heat conduction Parabolic 

2 2 2 2

2 2 2 2 0
x y z w
ψ ψ ψ ψ∂ ∂ ∂ ∂+ − − =

∂ ∂ ∂ ∂
  Ultrahyperbolic 

2

2 0
y zx

ψ ψ ψ∂ ∂ ∂+ − =
∂ ∂∂

  Parabolic in 
a broader sense 

2 2

2 2 0y
tt x

ψ ψ ψ∂ ∂ ∂+ − =
∂∂ ∂

  
y = 0   Parabolic, 
y > 0   Hyperbolic, 
y < 0   Elliptic 

 
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Initial and Boundary Conditions 
Analogously to ordinary differential equations, solving time-dependent partial differen-
tial equations requires an initial condition. However, initial conditions are insufficient 
for obtaining a solution. The problem is solved over a spatial domain Ω, and a solution 
requires defining the function behavior on the domain boundary. For instance, in deter-
mining circular membrane oscillations, the solution depends on whether the boundary of 
the membrane is free or fixed.  

Evidently, the initial and boundary conditions imposed on the equation or systems of 
equations must be correctly formulated prior to solving partial differential equations: 

t

x

y

t = 0
(initial condition)

Boundary of domain Ω
(boundary condition)

Ti
m

e

 
Fig. 2.3: Initial and boundary conditions of problem. 

In most cases, a unique solution for a function ψ(t, x) requires the specification of the 
initial condition: 
 0(0, ) ( )gψ =x x , (2.29) 

and a boundary condition, with the most frequent types outlined below: 
Dirichlet boundary condition – the value of the sought function is specified on the 
domain boundary: 

 0 0 0 0( , ) ( , ) prot G tψ Ω= ∀ ∈ ∂x x x . (2.30) 

The symbol ∂Ω denotes the boundary of the domain Ω. The Dirichlet boundary 
condition is utilized, for example, in the heat conduction equation if the boundary of a 
rod or domain is maintained at a constant temperature, in the Laplace equation if the 
domain boundary has a specified potential, or in the wave equation if the boundary of an 
oscillating domain is fixed. 
Neumann boundary condition – the normal derivative of the sought function is specified 
on the domain boundary, such as a free end of an oscillating membrane: 

 0 1 0 0( ( , ) ( , ) prot G tψ Ω⋅ = ∀ ∈ ∂n x x x∇) . (2.31) 

Mixed boundary condition – a linear combination of the function and its derivatives is 
specified on the domain boundary: 

 0 0 2 0 0( , ) ( , ) ( , ) prok k
k

t t G tαψ β ψ Ω+ ∂ = ∀ ∈ ∂x x x x . (2.32) 

Cauchy problem – for an N-th order equation, initial conditions are specified for the first 
N−1 derivatives, with no boundary conditions required. 
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2.2.2  Designing Differential Schemes 
Temporal and spatial discretization is performed for the sought function, meaning that 
values are determined exclusively at times tn and at nodes of the spatial grid xj, yk, zl:  

 
, ,
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( , , , ) ; 0,1, 2, ; , , 0, 1, 2,

, , , .
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j k l n j k l

n j k l

t x y z n j k l

t t n t x j x y k y z l z

ψ ψ= = = ± ±

= + Δ = Δ = Δ = Δ

 
 (2.33) 

The superscript represents the discrete time, whereas the subscripts denote the discrete 
spatial dependence. The fundamental principle of difference scheme formulation is 
demonstrated first in one spatial dimension: 

tn

tn+1

tn–1
xj xj+1xj–1  

Fig. 2.4: Spatiotemporal discretization. 

Spatial values at the new time layer tn+1 must be determined from known spatial values 
at the time layer tn, and potentially tn−1. Analogously to ordinary differential equations, 
schemes can be classified as either explicit or implicit:  

 
Fig. 2.5: Various difference schemes. 

An explicit scheme is illustrated on the left in Figure 2.5, predicting the new time-level 
value from three known values at the current time level. An implicit scheme is shown in 
the center. A relationship among three values at the new level is obtained from values at 
two preceding time levels. For implicit schemes, solving a system of algebraic equations 
for the values at the new level is unavoidable. An implicit scheme where interconnected 
information about three values at the new level is obtained from three values at the 
current time level is depicted on the right. Explicit schemes are computationally simple, 
but their stability domain is generally significantly smaller than that of implicit 
schemes. Difference scheme formulation is introduced by defining spatial differences:  
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All four expressions can replace ∂ψ/∂x in a partial differential equation. These represent 
the forward difference, backward difference, centered difference, and two-point cen-
tered difference, respectively. In certain scenarios, a more complex three-point substitu-
tion for the spatial derivative can be utilized, such as: 

► 1 1( 1) 2 ( 1)
.

2
j j jD

x
α ψ αψ α ψ

ψ + −+ − + −
=

Δ
 (2.35) 

The expression yields D − for α = −1, D c for α = 0, and D + for α = +1. Second deriva-
tives can be replaced by various combinations of these differences, for instance  
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An identical result is obtained using two centered differences: 

► 
( )

2 1 1+ c c
2 2

2j j jD D D D
x x

ψ ψ ψψ ψ ψ + −− − +∂ → = = =
∂ Δ

 . (2.36) 

Other substitutions for the second derivative are obtained by utilizing alternative com-
binations from (2.34); however, expression (2.36) is utilized most frequently. Temporal 
derivative differences are formulated analogously to ordinary differential equations: 
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n n
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f f
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∂ Δ
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 (2.37) 

The first variant leads to an explicit scheme, whereas the second variant results in an 
implicit scheme. For the constructed scheme, the order of accuracy, conditions for con-
vergence to the actual solution, and stability conditions must be verified to ensure that 
the obtained variables do not oscillate or diverge exponentially from the true solution. 
Frequently utilized schemes are outlined below. 

Simple Explicit Scheme for the Diffusion Equation 
A diffusion equation is assumed in the form: 

 
2

2t x
ψ ψη∂ ∂=
∂ ∂

. (2.38) 

Discretization leading to an explicit scheme is performed: 

 
1

1 1
2

2
,

( )

n n n n n
j j j j j

t x

ψ ψ ψ ψ ψ
η

+
− +− − +
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Δ Δ

 (2.39) 

from which follows: 
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► 1 11
2

2
.

( )

n n n
j j jn n

j j t
x

ψ ψ ψ
ψ ψ η − ++ − +

= + Δ
Δ

 (2.40) 

Values at the layer tn+1 are determined from the layer tn if boundary conditions for cal-
culating values at the boundary points are specified. This scheme corresponds to the 
graphical symbol on the left in Fig. 2.5. The scheme is highly efficient and convenient; 
however, stability requires the fulfillment of the condition (see Example 2.4, p. 319): 

► 2
1
2( )

t
x

ηΔ ≤
Δ

. (2.41) 

Du Fort-Frankel Scheme for the Diffusion Equation 
Unconditional stability of the difference scheme for the diffusion (2.38) can be achieved 
via a simple modification. Discretization is chosen in a form analogous to (2.39): 
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 (2.42) 

A central temporal difference is now on the left, and the middle term of the spatial de-
rivative is replaced by the arithmetic mean of the current and new values. This scheme 
is implicit in the spatial value xj since the new value appears on both the left and right 
sides. However, no numerical complication arises in this case, as the sought values at 
the new time level can be easily calculated from relation (2.42): 

► 1 1
1 1 2

1 2; .
1 1 1 ( )

n n n n
j j j j

K K K tK
K K K x

ηψ ψ ψ ψ+ −
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− Δ     = + + ≡     + + +      Δ
 (2.43) 

This approach is designated as the Du Fort-Frankel scheme and is unconditionally sta-
ble. It can also be utilized for a diffusion equation with an added convective term: 

 
2

2C
t x x

ψ ψ ψη∂ ∂ ∂+ =
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. (2.44) 

The formulation procedure remains identical; the first derivative with respect to x in the 
second term is replaced by the centered difference Dcψ, and the sought value at the new 
time level is subsequently calculated. 

Lax-Wendroff Scheme 
The flow behavior of specific variables is solved numerically. The corresponding equa-
tions are assumed to be written in conservative form: 

 0F G HA
t x x x

∂ ∂ ∂ ∂+ + =
∂ ∂ ∂ ∂

. (2.45) 

Variables describing the flux represent ordered n–tuples: 
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     
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   . (2.46) 
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Spatial discretization of the final term on the left side is solved first: 
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Since A = A(F), the values at half-arguments are given by the relations:  
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A relatively robust explicit scheme for equations (2.45) is: 

► 
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 (2.47) 

The values of Fj at the new time layer are easily determined from the expression. The 
Lax-Wendroff scheme can be generalized to two or three spatial dimensions. 

Crank-Nicolson Scheme 
The implicit scheme utilizing the arithmetic mean of the current and new time layers for 
spatial derivatives exhibits high stability; for the diffusion equation, this scheme is un-
conditionally stable: 

► 
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 (2.48) 

This configuration corresponds to the diagram on the far right in Fig. 2.5. 

Richtmyer-Morton Scheme 
Another widely utilized implicit scheme incorporates a standard expression for spatial 
derivatives and expresses the temporal derivative using an optional parameter: 
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 (2.49) 

For α = 2, a frequently used asymmetric relation for the temporal derivative is obtained: 
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► 
1 13 4 .

2

n n n

t t
ψ ψ ψ ψ+ −∂ − +→
∂ Δ

 (2.50) 

Multiple Spatial Dimensions 
Difference schemes in multiple spatial dimensions are formulated analogously. In cer-
tain scenarios, predicting the solution by performing difference operations exclusively 
in one specific spatial direction is advantageous. The resulting estimate is subsequently 
corrected via operations in another direction, with these directions alternating cyclically. 
This algorithm is designated as the Alternating Direction Implicit (ADI) method, and its 
detailed description can be found in specialized literature. 

Tridiagonal Matrices 
Equations of the following type are frequently encountered in implicit schemes: 

 1 1 1
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n n n n
j j j j j j jA B C Dψ ψ ψ+ + +

+ −− + − = . (2.51) 

The new values at adjacent points are linked in triplets, analogously to the center dia-
gram in Fig. 2.5. Determining these values requires solving a system of numerous equa-
tions with a sparse tridiagonal matrix: 
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The boundary values ψ1 and ψN are known at any time from the boundary conditions. 
The solution is sought in the form: 

 1 1
1

n n
j j j jE Fψ ψ+ +

−= + . (2.53) 

Substituting this expression into (2.51) yields the relations:  
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 (2.54) 

Expression (2.53) is applied to the final grid point j = N, where the value of the sought 
function is determined at all times by the right boundary condition: 

1
1

n
N N N NE Fψ ψ +

−= + . 

Since the right boundary condition is predetermined and cannot depend on the sought 
solution, EN = 0. The constant FN must equal ψN, meaning: 

 0 , .N N NE F ψ= =  (2.55) 
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At this stage, the values of both constants E and F at the right boundary are known. 
From equations (2.54), the following values are determined sequentially: 

 , 1, 1 1 1,N N N NE F E F E F− −→ → → . (2.56) 

Once all constants Ej and Fj are known, the sought solution is determined sequentially 
from equation (2.53): 

 1 1
1 2 1

n n
Nψ ψ ψ+ +

−→ → → . (2.57) 

The grid is thus traversed from right to left, starting from the right boundary condition, 
to determine coefficients E and F. Subsequently, the grid is traversed from left to right 
starting from the left boundary condition to determine the sought solution. 2.2.3  Assessment of Scheme Stability 
The von Neumann method for assessing the stability of a numerical scheme is de-
scribed. For simplicity, the method is derived in one temporal and one spatial dimen-
sion, with generalization being straightforward. Numerical calculations are invariably 
performed on a finite grid. If the wave vector is denoted as κ, a Fourier decomposition 
of the sought solution into partial waves can be executed: 

 i( ) ( ) eFψ ⋅≡ xx κ
κ κ . (2.58) 

In one dimension, the expression takes the form: 

 i( ) ( ) e xx F κ
κψ κ≡ . (2.59) 

On a finite grid, both space and the wave vector are discrete, with the wave vector being 
multiples of the fundamental spatial frequency κ0 = ∂φ/∂x = 2π/Δx:  

 2; ; , 1, 2,j kx j x k j k
x
πκ= Δ = =

Δ
  (2.60) 

The subscript j indexes the spatial grid, and k the wave vector. The partial wave from 
which the solution is superposed is given by:  

► i 2( ) e ;k j
k j kx F πψ ≡ . (2.61) 

and the total composite solution is expressed as: 

 i 2( ) e k j
j k

k
x F πψ = . (2.62) 

The selected difference scheme is stable if individual partial waves do not grow with 
time, meaning that the following condition is satisfied 

► 
1

1 ; .
n

k
n

k

F
g g

F

+
≤ ≡  (2.63) 

This relation is designated as the von Neumann stability criterion. In practice, a less 
stringent condition for scheme stability suffices: 
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 1 ( ) .g t≤ + Δ  (2.64) 

To determine whether a designed scheme is stable, a single specific partial wave (2.61) 
is substituted into the scheme, the amplification factor g is determined, and the condi-
tions under which its absolute value is less than or equal to unity are verified. 
 
 Example 2.4: Investigate the stability of scheme (2.40) for the diffusion equation. 
Solution: The analyzed difference scheme takes the form: 

1 11
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2
.
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n n n
j j jn n

j j t
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ψ ψ η − ++ − +

= + Δ
Δ

 

Substituting the partial wave (2.61) into the scheme yields: 
i 2 ( 1) i 2 i 2 ( 1)
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π πη+
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[ ]2
21 cos(2 ) 1 .
( )

k
tg k

x
η πΔ= + −
Δ

 

Since the cosine function ranges between −1 and +1, it follows that: 

21 4 /( ) ,1kg t xη∈ − Δ Δ . 

Condition (2.63) is satisfied in the right part of the interval; in the left part, the value 
must not drop below −1, meaning: 

2
2

11 4 /( ) 1
2( )

tt x
x

ηη Δ− Δ Δ ≥ −  ≤
Δ

, 

which yields criterion (2.41). 
 

 Example 2.5: Investigate the stability of an explicit scheme utilizing centered differ-
ences for the wave equation. 
Solution: A wave equation is assumed in the form: 

2 2

2 2 2
1 0 .

x c t
ψ ψ∂ ∂− =

∂ ∂
 

The corresponding difference scheme is: 
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1 1
1 1

2 2 2

2 21 0 .
( ) ( )

n n n n n n
j j j j j j

x c t

ψ ψ ψ ψ ψ ψ+ −
+ −− + − +

− =
Δ Δ

 

The scheme exhibits second-order accuracy in both Δx and Δt and is explicit, as the 
value of ψ at the new time level appears only once. After substituting the partial wave, 
an equation for the factor g is obtained: 
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2
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which constitutes a quadratic equation for g1/2. The solution is easily found as:  

2
1/2 2 2i sin( ) 1 sin ( )t tg c k c k

x x
π πΔ Δ = ± ± −  Δ Δ 

. 

Evidently, |g| and |g1/2| are bounded by unity if the Courant-Friedrichs-Lewy (CFL) 
condition is satisfied: 

► 1tc
x

Δ ≤
Δ

. (2.65) 

This constitutes a general condition for explicit schemes, expressing that the informa-
tion propagation speed determined by the discretization must exceed all physical ve-
locities tracked by the scheme, in this case Δx/Δt ≥ c.  

 
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2.3  Numerical Root-Finding for 
Polynomial Equations 

Analyzing dispersion relation properties frequently requires finding the roots of a poly-
nomial equation in the complex domain:  

 
0

( ) 0
N

k
k

k
P z c z

=
≡ = . (2.66) 

The polynomial coefficients ck are real. Numerous algorithms exist; in this brief over-
view, three distinct methods suitable for practical application are presented. 2.3.1  Weyl Algorithm 
This efficient numerical algorithm is purely geometric and was formulated by the Ger-
man mathematician Hermann Klaus Hugo Weyl. In the complex plane, a square large 
enough to contain all roots of equation (2.66) is initially constructed. Subsequently, the 
square is subdivided into four smaller quadrants, and sub-squares containing no roots in 
their vicinity are discarded. The remaining potential areas are further subdivided, con-
tinuously eliminating sections devoid of roots. After sufficient iterations, the roots are 
localized within the immediate vicinity of the remaining squares. The entire algorithm is 
structured into four sequential steps:  

1. Input 
The polynomial degree, coefficients, and the desired accuracy ε for solving equation 
(2.66) are specified. 

2. Polynomial Rescaling 
The roots zk of the polynomial equation (2.66) are generally complex; the maximum 
absolute magnitude of all roots does not exceed the upper bound explicitly estimated by 
the American computer scientist Donald Erwin Knuth as:  

► { }max 2 max /k N
k

A c c= ⋅ . (2.67) 

An alternative bound is expressed as: 

► { }max 1 max /k N
k

A c c= + . (2.68) 

The polynomial P(Amaxz) possesses roots zk/Amax, therefore, it is rescaled to: 

 max
max0

( ) ; ,
N

k k
k k k

k

zQ z c z z c c A
A=

≡ ≡ ≡ . (2.69) 

The roots of the new polynomial satisfy: 
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 ( ) 0 1k kQ z z=  < , (2.70) 

meaning all roots lie within the unit circle in the complex plane. After locating these 
roots, transformation back to the original variables is required. 

3. Generation and Testing of Square Systems 
A system of potential squares is constructed. In the initial step, a single square centered 
at the origin with a side length a = 2 is defined. Its vertices possess coordinates (+1,+i), 
(+1,−i), (−1,−i), (−1,+i), and relation (2.70) guarantees that all sought roots lie within 
this boundary. In the subsequent step, each existing square is subdivided into four 
smaller quadrants, and a test is conducted to determine whether a root lies within the 
circumscribed circle (coefficients ck are recalculated relative to the square center). Only 
squares satisfying the following test are retained:  

► 0
1

N
k

k
k

c c r
=

<  , (2.71) 

where r is the radius of the circle circumscribed around the square with side length a:  

 2
2

ar = . (2.72) 

Root containment is guaranteed only for the initial square. For subsequent sub-squares, 
test (2.71) merely indicates a root within or near the boundary. The number of active 
squares initially increases exponentially but later decreases linearly.  

 
Fig. 2.6: Weyl algorithm after four steps. Potential squares are shaded gray, indicating the im-
mediate vicinity of the polynomial roots. The region on the bottom-left will likely separate into 
two sub-regions upon further refinement. 
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4. Root Estimation 
The system of squares is clustered into groups, where each group comprises a set of 
mutually touching squares. For each group, the center or centroid z̄K is determined. This 
center constitutes an estimate of the root for the rescaled polynomial equation. The 
unscaled root value is obtained via: 
 maxk kz A z= . (2.73) 

Steps 3 and 4 are repeated iteratively until the specified accuracy is achieved. The com-
putation can be terminated, for instance, when the dimension of the square or the largest 
group reaches a predefined value ε. The described algorithm does not determine root 
multiplicities; however, simple methods exist to estimate root multiplicity.  2.3.2  Newton Algorithm 
The Newton algorithm is the simplest method for solving an equation f (x) = 0. Initial-
izing from an arbitrary point x0 on the x-axis as shown in Fig. 2.7, the subsequent point 
is obtained as the intersection of the x-axis with the tangent line to the function graph at 
[x0, f (x0)]. If the initial point is chosen appropriately, the sequence of constructed points 
converges to the intersection of the function graph with the x-axis, representing the 
solution to f (x0) = 0:  

 
Fig. 2.7: Newton algorithm 

The mathematical formulation of the algorithm is highly straightforward. The equation 
of the tangent line at xn is expressed as: 

 ( ) ( )( )n n ny f x f x x x′− = −  (2.74) 

The new point constitutes the intersection with the x-axis, which requires: 

 1 ; 0 .nx x y+= =  (2.75) 

Substituting condition (2.75) into the tangent line equation (2.74) immediately yields 
the fundamental formulation of the Newton algorithm:  

 1
( )
( )

n
n n

n

f x
x x

f x+ = −
′

. (2.76) 

Analogously, complex and real roots of equation (2.66) can be determined: 

 1
( )
( )

n
n n

n

P z
z z

P z+ = −
′

. (2.77) 
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Although the Newton algorithm is computationally fast, a major limitation involves the 
selection of the initial point. The method converges to different roots from different 
initial regions, and regions where the method fails to converge to any root also exist. 
While attempting random initial points to verify convergence is possible, this approach 
is inefficient for high-degree polynomials and does not guarantee locating all roots. If 
the Newton algorithm is utilized, determining a specific set of initial points to ensure 
convergence to all roots of the given polynomial equation is critical. 2.3.3  Generalized Newton Algorithm 
John Hubbard, Dierk Schleicher, and Scott Sutherland [34] augmented the Newton 
method with an efficient grid-selection algorithm for initial points, ensuring conver-
gence to all solutions of the polynomial equation (multiple grid points may converge to 
identical solutions, but no solution is omitted). The baseline algorithm comprises five 
steps: 

1. Input 
The polynomial degree, coefficients, and target accuracy ε are specified. 

2. Polynomial Rescaling 
Ensuring that all roots lie within the unit circle is necessary for method success. There-
fore, identical rescaling to the Weyl algorithm is performed 

► { }max 1 max /k N
k

A c c= +  (2.78) 

and operations are conducted with the polynomial 

 max
max0

( ) ; ,
N

k k
k k k

k

zQ z c z z c c A
A=

≡ ≡ ≡ , (2.79) 

whose roots lie within the unit circle in the complex plane. 

3. Initial Grid Selection 
The initial grid ensures that points converging to all roots of the polynomial via the 
Newton method are included. The derivation of this grid is provided in [34]. First, a grid 
of appropriate radii and angles for the initial points in the complex plane is determined: 

 ( )
2 1
411 2 ; 1, , ; 0, 26632 ln ,
l
L

l
Nr l L L N

N

−
− ≡ + = ≡    

 
  (2.80) 

 2 ; 0, , 1 ; 8,32547 ln .m
m m M M N N

M
πϕ ≡ = − ≡     (2.81) 

The sought initial grid of points is subsequently given by: 

 exp(i ) ; 1, , ; 0, , 1 .lm l mz r l L m Mϕ= = = −   (2.82) 
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The initial grid contains LM points. The brackets ⌈x⌉ denote the ceiling function, repre-
senting the smallest integer greater than or equal to x, commonly designated as 
CEILING or CEIL in programming languages. 

4. Iteration 
Iteration ensuring that the K-th term of the sequence solves the equation Q(z) = 0 with 
an accuracy of | Q(z̄K) | < ε is performed via the standard Newton scheme for each grid 
point (2.82). This point is considered to be the initial value of the generated sequence, 
meaning z0 = zlm: 

 1
( ) ln(1 2) ln; 1 ;
( ) ln ln( 1)

k
k k

k

Q z
z z k K K

Q z N N
ε

+
 + −= − = ≡  ′ − − 

 . (2.83) 

The method outlined above guarantees that the specified accuracy is achieved in fewer 
than K steps. Many roots are obtained duplicately from the initial grid, yet none of the 
roots are omitted. Iterations failing to converge are identified when the final term fails 
to satisfy the relation | Q(z̄K) | < ε.  

5. Roots 
The approximation of the sought root after back-scaling is given by: 

 maxk kz A z= . (2.84) 
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2.4  PIC Simulations 
The Particle-in-Cell (PIC) algorithm is widely utilized method in plasma physics. It 
constitutes a hybrid simulation approach where particles move freely in continuous 
space according to the equation of motion, whereas fields are evaluated exclusively at 
the nodes of a predefined grid. Rather than interacting with all other individual particles, 
each particle interacts with the mean field generated by the entire ensemble. If N de-
notes the particle count, this approach reduces the computational complexity from N2 
(for binary interactions) to N log N. In numerous simulations, each simulation particle 
represents a macroparticle comprising an entire cluster of actual particles. 

The PIC algorithm is suitable for describing plasma waves and instabilities, magnetic 
reconnection, plasma heating, laser-plasma interactions, and turbulence evolution. 
Simulation accuracy is conditioned on an appropriate choice of temporal and spatial 
steps. Generally, the time step of the particle integrator must be significantly shorter 
than the period corresponding to the electron plasma frequency, and the spatial grid step 
must be smaller than or at least comparable to the Debye length in the simulated plasma. 
The baseline cycle of the PIC method is structured into four core steps: 

Field 
Solver

Field
Weighting PIC

Particle 
Weighting

Particle
Solver

 
Fig. 2.8: Baseline cycle of PIC algorithm. 

1. Particle Weighting. Charge and current densities at the grid nodes are determined 
from known particle positions and velocities. Particles are typically distributed 
among the nearest nodes according to a specific assignment rule ensuring that the 
largest fraction is allocated to the closest node. Following this step, the source 
terms of the Maxwell equations are defined at the grid nodes. 

2. Field Solver. Electric and magnetic field values at the grid nodes are determined 
from the Maxwell equations, typically solved for potentials prior to evaluating the 
electromagnetic fields. Any available method for solving partial differential equa-
tions can be utilized (grids, finite elements, fast Fourier transform, etc.). Following 
this step, field values are known at the grid nodes. 
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3. Field Weighting. Since fields are evaluated at the grid nodes, field values must be 
determined at the continuous particle positions. The fields are interpolated to the 
position of a specific particle, reversing the particle weighting procedure. Follow-
ing this step, the field value at the position of any selected particle is known. 

4. Particle Solver. Individual particles are processed with known local fields, updating 
their positions and velocities in accordance with the equations of motion. Integra-
tion of the equations of motion is performed using standard numerical methods 
(e.g., Runge-Kutta, Leap-Frog; see Chapter 2.1). 

Although this baseline cycle constitutes the core of the PIC method, implementation 
requires numerous auxiliary procedures. Initial conditions (generating the initial particle 
distribution in the plasma) and boundary conditions (defining plasma behavior at the 
domain boundaries) are critical. Visualization of particles and fields is indispensable, 
offering numerous methodologies: particle colors can represent charge, color shades can 
indicate temperature, particles can leave decaying tracks, or they can be rendered as 
moving points, spheres, or polyhedra. Fields are typically visualized via field lines, 
either in three dimensions or across various cross-sections. Plasma diagnostics are es-
sential, calculating macroscopically verifiable plasma parameters (temperature, concen-
tration, specific heats, susceptibility, permeability, permittivity, etc.) during runtime. 
Collisions between charged particles and neutrals can be incorporated using Monte 
Carlo methods. Since intra-cell interactions between charged particles are underrepre-
sented in the standard PIC method, the computation can be augmented by a Monte 
Carlo module that accounts for random binary collisions within individual grid cells. 
Because a simulation particle usually represents an entire cluster, the method is alterna-
tive designated as the Cloud-in-Cell (CIC) method. 

 
Fig. 2.9: Graphical user interface of PIC software package developed at author workplace. 
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Weighting is performed twice within the PIC method. First, particles are weighted to the 
grid nodes, and subsequently, fields are interpolated from the grid nodes to the particles. 
Both weighting types must be of the identical order of accuracy. The particle weighting 
procedure is described below; reverse field weighting is analogous.  

The simplest approach is zero-order weighting, assuming a particle belongs entirely 
to the nearest grid node. Although this scheme is computationally highly efficient, spe-
cific disadvantages exist. Consider a particle traversing the grid and observe the charge 
density at a specific node. The charge density remains zero until the particle approaches 
the observed node sufficiently, at which point it jumps to a maximum value, subse-
quently dropping to zero after particle departure. Such step changes can induce numeri-
cal instabilities.  

Consequently, first-order (or higher-order) weighting is typically utilized, outlined 
here for a two-dimensional case. A particle is distributed to the nearest nodes (four 
nodes in a plane) proportionally to the opposite areas, ensuring that the closest node 
receives the largest fraction and the most distant node receives the smallest.  

In a three-dimensional scenario, weighting is performed to the nearest eight 
neighbors proportionally to the opposite volumes. Higher-order weighting schemes 
exist, providing superior quality at significantly higher computational cost. 

 
Fig. 2.10: First-order weighting illustrating particle weighting  
on left and field interpolation on right. Principle is identical. 

ρQ

x

Order 0 Order 1 Order 2

 
Fig. 2.11. Charge density profile at grid node induced by traversing  

particle across variable weighting schemes. 
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A vast number of diverse methods exist for solving fields at grid nodes. If fields vary 
minimally over the selected time step, solving the Poisson equations for potentials suf-
fices (ρQ denotes charge density, jQ is current density): 

 Q2 2
0 Q

0
; .

ρ
φ μ

ε
= − = −A j∇ ∇  (2.85) 

Following potential determination (via any numerical method), fields are evaluated 
from the relations: 
 ; .φ= − = ×E B A∇ ∇  (2.86) 

A solution method based on the Fourier transform is described briefly, suitable for 
a cuboidal domain (Lx×Ly×Lz) with periodic boundary conditions. The entire algorithm 
comprises five steps:  

1. Discretization of Poisson equation. 
2. Discrete Fourier transform (DFT) of equations. 
3. Algebraic solution in k-space. 
4. Inverse discrete Fourier transform (IDFT) to obtain potential. 
5. Calculation of fields at grid nodes. 

These steps are described for the electric field potential Poisson equation. Discretization 
can be performed, for instance, via centered differences (charge density is denoted as ρ):  
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 (2.87) 

The discrete Fourier transform (DFT) of a function F and the inverse discrete Fourier 
transform (IDFT) are given by the relations:  
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Applying the DFT transforms equation (2.87) into k-space: 
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The continuous Fourier transform for a continuous variable would yield k 
2ϕ = ρ /ε0. 

The squared sine functions appearing in the result are caused by grid effects. The alge-
braic solution of the equation is straightforward: 
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The sought potential is obtained via the inverse discrete Fourier transform: 

 IDFT( )ϕ ϕ=  . (2.90) 

The electric field at the grid nodes is easily determined from the potential. Instead of the 
DFT/IDFT algorithm, a fast Fourier transform (FFT/IFFT) algorithm can be utilized, 
accelerating the process by requiring N log N operations instead of N 2; it is imple-
mented in most numerical libraries. 

 
Fig. 2.12: Temporal evolution of magnetic field lines in transverse cross-section of plasma fila-
ment (400,000 electrons and ions). Result of PIC simulation by author, with field visualized via 
line integral convolution (LIC) method. 2.4.3  Particle Motion Solvers 
The solution of charged particle motion in a known field was covered in detail in 
Chapter 2.1. For solving the ordinary differential equations, any of the described meth-
ods or other techniques documented in literature suitable for simulating charged particle 
trajectories in electric and magnetic fields can be selected. 
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2.5  Monte Carlo Simulations 
The Monte Carlo methods represent a prominent group of numerical techniques in sta-
tistical physics, based on random number sequences. In physics, these methods were 
reportedly first utilized by Enrico Fermi in the 1930s to describe neutron properties. 
However, was not published and has not been preserved. The first documented applica-
tion dates to the late 1940s at the Los Alamos National Laboratory. Pioneers included 
Nicholas Metropolis (who reportedly named the method), John von Neumann, Enrico 
Fermi, Stanislaw Ulam, Edward Teller, and Marshall Rosenbluth. Since then, Monte 
Carlo calculations have expanded across physics, mathematics, chemistry, economics, 
and alternative scientific disciplines. 

Analogous techniques, termed statistical sampling, were utilized by mathematicians 
in the 18th century for multidimensional definite integrals, using specialized tables in-
stead of computers. Today, nearly all programming languages implement random num-
ber generators for the interval <0, 1), though their quality may be insufficient for robust 
Monte Carlo calculations. The fundamental principles and specific applications are 
demonstrated in this chapter, beginning with two introductory examples.  
 
 Example 2.6: The calculation of the Ludolf constant π serves as a highly illustrative 
demonstration of Monte Carlo methods. The procedure requires generating random 
points within the unit square<0, 1>×<0, 1>. 

 
Fig. 2.13: Monte Carlo calculation of constant π. 

A built-in generator of numbers γk within the interval <0, 1) is utilized to generate nu-
merous points falling inside the square area: 

2 1

2

,
, 1, 2,

k k

k k

x
y k

γ
γ

−=
= = 

 

The total number of points generated within the unit square (N□) and the number of 
points falling inside the unit circle (N○, satisfying the relation x2 + y2 < 1) are monitored 
according to Fig. 2.13. For a sufficiently large number of points, these counts are pro-
portional to the geometric areas: 
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4(2 )
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By counting the generated points, the constant π can be determined with high precision 
given a substantial number of steps.  

 Example 2.7: An algorithm for calculating a definite integral is presented: 

( )d
b
a

I f x x=  . 

A point is repeatedly generated from the domain of the sought integral (a, b): 

( )k kx a b aγ= + − . 

The mean value of the integrated function f over the integration interval (a, b) is: 

1

1 ( )
n

k
k

f f x
n =

=  . 

The integral is then approximately equal to the area of a rectangle with a height equal to 
the mean value of f: 

( ) d ( )
b
a

f x x f b a⋅ −  . 

This method is inefficient for evaluating one-dimensional integrals. The integral equals 
the area under the curve, and approximating this area using a larger number of trape-
zoids with subsequent summation is significantly faster. However, multidimensional 
integrals exist where Monte Carlo methods often constitute the unique option for esti-
mating their value.  2.5.1  Random Number Generators 
The quality and speed of the random number generator are critical for Monte Carlo 
calculations. An ideal generator is derived from a genuinely random variable, such as 
electronic component noise or a quantum phenomenon. Such hardware generators are 
utilized exclusively for specialized calculations, with their primary disadvantage being 
the inability to replicate a previously executed calculation. Typically, software genera-
tors based on pseudorandom sequences generated by a specific mathematical algorithm 
are utilized. The period of these generators is finite, and the generated numbers repeat 
after a certain duration. The baseline requirements for a robust generator comprise: 

1) a sufficiently long generator period, 
2) high generation speed of pseudorandom numbers, 
3) uniform distribution of generated numbers, 
4) minimal correlation between individual groups of generated numbers. 

The DIEHARD software suite developed at Florida State University can be utilized to 
test generator quality. The most frequently utilized generators in Monte Carlo calcula-
tions include: 
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Linear Multiplicative Congruential Generator (LCG) 
The generator was proposed in 1949 by the American mathematician Derrick Henry 
Lehmer. The sequence of pseudorandom numbers is generated using the relation: 

 1( ) mod ,k k C Pγ λ γ −= ⋅ +  (2.91) 

where the generation process is influenced by four parameters: λ, C, P, and γ0. The 
maximum possible period is P − 1. The initial value of the sequence, γ0, constitutes the 
seed, deterministically defining the subsequent sequence. Utilizing the identical seed 
enables the replication of a previously executed calculation. The IBM RANDU LCG 
generator was highly popular between the 1960s and 1980s, utilizing the parameters: 

31 162 , 2 3 , 0 .P Cλ= = + =  
However, correlations of the type 2n occur in sequences generated this way, entirely 
invalidating specific calculations. Points generated within a 3D cube are not distributed 
uniformly but are localized within fifteen planes, clearly discernible from certain view-
ing angles. Today, LCG generators are utilized exclusively as components of combined 
systems, such as coupling two interdependent LCG generators:  

 
1 1 1 1

2 1 2 2

1 2

( ) mod ,

( ) mod ;

( ) mod max( , ) .

k k

k k

k k k

C P

C P

P P

ξ λ ξ
η λ η

γ ξ η

−

−

= ⋅ +

= ⋅ +

= +

 (2.92) 

 
Fig. 2.14: Example of unsuitable random number generator IBM RANDU. Within a 3D cube, 

numbers are generated exclusively across fifteen planes. 

Fibonacci Generators 
These generators utilize preceding terms of the sequence to generate random numbers: 
 ( , ) modk k p k qf Pγ γ γ− −= . (2.93) 

These generators typically exhibit excellent properties, although storing a specific num-
ber of generated values is necessary. The function f can represent simple multiplication, 
subtraction, or addition. A robust generator suitable for Monte Carlo calculations is the 
Lehmer-L'Ecuyer generator: 
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=
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 (2.94) 

or a highly efficient combined L'Ecuyer generator: 

 

1

1 1 2 2 3 3 1

1 1 2 2 3 3 2

1 2 3

1 2 3
31

2

( ) mod ;

( ) mod ;

( ) mod ;

0 , 63308 , 183326 ,
86098 , 0 , 539608 ,

2 1 , 2145483479 .

k k k

k k k k

k k k k

P

a a a P

b b b P

a a a
b b b

P P

γ ξ η
ξ ξ ξ ξ
η η η η

− − −

− − −

= −

= + +

= + +

= = = −
= = = −

= − =

 (2.95) 

Alternative specialized random number generators can be utilized in Monte Carlo 
simulations, but their description exceeds the scope of this textbook. 2.5.2  Implementation of Probability Distributions 
Generators alternative to the uniform type are frequently required. For instance, con-
structing a generator that simulates events in accordance with a specific probability 
distribution may be necessary. Methods for realizing probability distributions are intro-
duced in this section.  

Rejection Method 
Assume N events exist with probabilities w1, w2, wN. A random variable ξ is intro-
duced, where the first row denotes the event order and the second row represents the 
event probability:  

 
1 2 3

1 2 3

N

N
w w w w

ξ  
=  
 




 (2.96) 

The probability distribution can be visualized graphically (five events are selected in the 
illustration): 

 
Fig. 2.15: Discrete probability distribution. 

Steps are constructed where the height of each increment corresponds to the magnitude 
of the event probability. In mathematics, such steps are designated as a distribution 
sequence (or a distribution function in a continuous case). The final step must be at 
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a height of unity, representing the sum of all probabilities. The distribution sequence is 
defined by a simple relation: 

 
1

.
k

k j
j

D w
=

≡   (2.97) 

The sequence is illustrated in the subsequent figure, where the step height always corre-
sponds to the given probability, and the total height of the staircase equals unity. 

 
Fig. 2.16: Distribution sequence for discrete case. 

The sequence is invariably monotonically increasing, with values ranging between 0 
and 1. This property is exploited in the Monte Carlo realization of an event. A random 
number from the interval <0, 1) is generated repeatedly, conceptualized as a projectile 
striking the staircase from the left to determine which step is hit (see Figure 2.16). If it 
falls into step k, event k is declared to have occurred. Since the step height corresponds 
to the event probability, random events are generated precisely in accordance with the 
probability distribution. A similar procedure is applied in continuous scenarios. If the 
probability density is f (x), a distribution function is defined by the relation:  

 ( ) ( )d .
x

D x f x x
−∞

=   (2.98) 

The function is monotonically increasing, with the limit at the right boundary defined by 
the sum of all probabilities: lim ( ) 1.

x
D x

→∞
=  

 

 
Fig. 2.17: Probability density and corresponding distribution function for continuous case. 
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Analogously to the discrete case, the rejection method allows the realization of a distri-
bution using a uniform generator γ from the interval <0, 1). An event x0 is declared to 
occur if D(x0) = γ. For the realized event, the following relation holds:  

 1( ) .x D γ−=  (2.99) 

The procedure for realizing a given continuous distribution is structured as follows: 
 

1. The distribution function D(x) is determined. 
2. The inverse function to D(x) is found. 
3. A uniformly distributed random number γ ∈ <0, 1) is generated. 
4. The event x = D−1(γ) is declared to have occurred. 

 Example 2.8: Realize a uniform distribution on the interval (a, b). 
Solution: The probability density of a uniform distribution is a constant function f (x). 
The constant value is determined from the normalization condition: 

( ) ; ( )d 1

( ) 1

1( )

b

a
f x K f x x

K b a

f x
b a

= = 

− = 

=
−



. 

The distribution function is easily obtained: 

( ) ( )d
x

a

x aD x f x x
b a

−= =
−  

and set equal to a random number γ from the interval <0, 1), followed by inversion: 

( ) ( ) .x aD x x a b a
b a

γ γ γ−=  =  = + −
−

 

The result is natural: the random number γ between 0 and 1 is scaled to the required 
interval by the coefficient (b−a) and shifted by the value a to the interval origin.  

 

 Example 2.9: Realize the distribution Kx2 on the interval (−1, +1). 
Solution: First, the normalization constant K of the distribution is determined: 

1
2 2

1

3 3( ) ; ( )d 1 ( ) .
2 2

f x Kx f x x K f x x
+

−
= =  =  =  

As the next step, the distribution function D(x) is found: 
3

1

1( ) ( )d .
2

x xD x f x x
−

+= =  



2.5  Monte Carlo Simulations 337 

The distribution function is set equal to a random number γ from the interval <0, 1), and 
inversion is performed:  

3
31( ) 2 1 .

2
xD x xγ γ γ+=  =  = −  

The result is a non-uniform generator on the interval (−1, +1). In accordance with the 
parabolic probability density, values occur most frequently at the interval boundaries 
and least frequently in the center. The distribution function clearly indicates that hitting 
the position x = 0 with a “projectile arriving from the left” is nearly impossible: 

 
Fig. 2.18: Probability density and corresponding distribution function. 

 

 Example 2.10: Realize the distribution exp[−x] on the interval (0, ∞). 
Solution: The normalized probability density is f (x) = exp[−x], and integration yields 
the distribution function D(x) = 1−exp[−x]. Setting D(x) = γ yields 1−exp[−x] = γ, which 
upon inversion results in x = −ln(1−γ). Since γ and 1−γ share the identical uniform dis-
tribution on the interval (0, 1), selecting the following expression suffices: 

lnx γ= − . 
 

Note: Attention must be paid to the terminology: in physics, the probability den-
sity is alternative termed the distribution function. In mathematics, the distribution 
function is invariably defined as the integral of the probability density with an up-
per variable limit. 

Von Neumann Method 
Let a probability density f (x) be defined on a finite interval (a, b). A bounding rectangle 
of minimal area enclosing the curve f (x) is determined. The choice of height M is arbi-
trary provided M > f (x) for all x; however, the method is most efficient for the minimal 
possible value of M. First, a random point within the rectangle is generated:  

 
1 1

2 2

( ) ,

.

a b a

M

η γ
η γ
= + −

=
 (2.100) 

The probability of an event within the interval Δx is proportional to the area under the 
curve since ΔP = fΔx. Therefore, augmenting the algorithm suffices: 
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 (2.101) 

The von Neumann method is universally applicable but lacks the efficiency of the re-
jection method (inverse function method). The latter approach is superior if the inverse 
to the distribution function can be analytically determined. 

 
Fig. 2.19: Von Neumann method. 

Superposition Method 
Let the following three conditions be satisfied: 
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 (2.102) 

The probability density is given by a sum (superposition) of several functions. Each 
partial probability density is normalized to unity, as is the total probability density. This 
requirement leads to the condition that the sum of the superposition coefficients equals 
unity. A sum of partial distribution functions for individual functions fk is introduced:  

 
1

( ) ( )
m

k k
k

D x c D x
=

=  . (2.103) 

The following algorithm is utilized to realize the distribution: 
1. A random variable is introduced: 

1 2

1 2

m

m

c c c
ξ

 
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 




 

A uniformly distributed random number γ1 ∈ <0, 1) is generated. According to one 
of the preceding techniques (preferably the rejection method), an k ∈{1, 2, , m} 
is subsequently selected based on the probabilities of the coefficients c1, c2, , cm. 
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2. A random number γ2 ∈ <0, 1) is generated, and the distribution fk(x) is realized via 
the inverse function or von Neumann method. 

 Example 2.11: Realize the distribution 45( ) 1 ( 1)
12

f x x = + −   on the interval (0, 2). 

Solution: Utilizing the rejection method for the entire probability density is theoreti-
cally possible but unnecessarily complex. The probability density is decomposed as 
follows (partial functions f1 and f2 are determined with coefficients such that they are 
normalized to unity, and subsequent coefficients c1 and c2 are found): 

4
1 2 1 2

1 5 5 1( ) ; ( ) ( 1) ( ) ( ) ( ) .
2 2 6 6

f x f x x f x f x f x= = −  = +  

The distribution function is expressed as: 

5
1 2 1 2

5 1 1( ) ( ) ( ) ; ( ) ; ( ) 1 ( 1) .
6 6 2 2

xD x D x D x D x D x x = + = = + −   

First, the number γ1 is generated, and a decision is made according to the relation: 

1

1

5 Event 1 occured;
6
5 Event 2 occured.
6

γ

γ
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Subsequently, the rejection method is applied. Generating γ2 utilizes the relation: 

2

5
2

For event 1: 2 ;

For event 2: 1 2 1 .

γ

γ

=

= + −

x

x
 

The entire method can be summarized as follows: a pair of random numbers within the 
interval (0, 1) is generated, utilizing the relation: 

2 1

5
2 1

52 , ;
6
51 2 1 , .
6

x
γ γ

γ γ

 <= 
 + − ≥
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 
Useful Implementations of Specific Distributions 
Gaussian Distribution 

 
21( ) exp[ ] ; ( , )

22
xf x x

π
= − ∈ −∞ ∞ . (2.104) 

A pair of random numbers γ1, γ2 is generated from the interval (0, 1). Two values of the 
Gaussian distribution are subsequently expressed as: 

 
1 1 2

2 1 2

2ln cos (2 ) ;

2 ln sin (2 ) .

x

x

γ πγ
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= −
 (2.105) 
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Gamma Distribution 

 1( ) exp[ ] ; (0, ) ; ; 0; 1, 2,
( 1)!

n
naf x x ax x a n

n
−= − ∈ ∞ > =

−
 . (2.106) 

Numbers  γ1, γ2 γn are generated, determining the values: 

 1 2
1 ln( )n nx
a

γ γ γ= − ⋅  . (2.107) 

Points Inside Sphere of Radius R 
Uniformly generated points within a sphere of radius R in spherical coordinates (r, φ, θ): 

 3 1 2 3; 2 ; cos 2 1.r R γ ϕ πγ θ γ= = = −  (2.108) 2.5.3  Metropolis Method 
One of the most successful numerical algorithms, currently known as the Metropolis 
method, was published in 1953. The algorithm was formulated by a research group 
working on the development of the first nuclear reactors at the Los Alamos National 
Laboratory. The authors primarily comprised the Greek-American physicist Nicholas 
Metropolis, the American theorist Edward Teller, and the American plasma physicist 
Marshall Rosenbluth. 

The Metropolis algorithm enables a straightforward approach to sampling the 
Boltzmann distribution. A system is assumed to be in thermodynamic equilibrium at a 
temperature T. The corresponding statistical ensemble undergoes the equilibrium 
Boltzmann distribution: 
 eq ( ) exp[ ]P H C Hβ= − . (2.109) 

In realizing the distribution, the primary limitation involves determining the normaliza-
tion constant C. This determination requires evaluating the partition function by sum-
ming or integrating the exponential factors on the right-hand side over all degrees of 
freedom. Since the factor exp[−βH] can vary by many orders of magnitude, numerical 
integration is complicated. 

The Metropolis method enables generating a representative sampling sequence of 
states Sn with energies Hn = H(Sn). If a sufficient number of sequence terms is gener-
ated, the sequence simulates the Boltzmann distribution. Consequently, evaluating the 
mean values of dynamic variables via integration over the phase space is not required: 

( ) exp[ ( )] d

exp[ ( )] d

A S H S
A

H S

β Γ

β Γ

−
=

−



. 

Instead, if the sequence contains a sufficiently large number of terms, determining the 
arithmetic mean of the sequence terms suffices: 
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1lim ( ) .
N
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N n

A A S
N→∞ =

=   (2.110) 
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The Metropolis algorithm enables the formulation of such a representative sequence 
without calculating the partition function: 

1) An initial state of the system is chosen randomly. The algorithm guarantees 
that the generated sequence simulates the properties of the Boltzmann distribu-
tion regardless of the initial term choice. 

2) An alternative state of the system is chosen using a random number generator, 
which uniformly covers the possible generalized coordinates and momenta. 

3) The new state is accepted with a probability: 

 1 1
exp[ ] pro 0

; ( ) ( )
1 pro 0n n n n

H H
P H H S H S

H
β

→ + +
− Δ Δ >

= Δ ≡ − Δ ≤
. (2.111) 

4) The procedure continues from step 2. 

Note 1: Step 3 can be realized as follows: if ΔH ≤ 0, the state Sn+1 is considered 
the subsequent term of the representative sequence. If ΔH > 0, a random number 
γ ∈ (0, 1) is generated; for γ ≤ exp[−βΔH], Sn+1 is accepted as the new sequence 
term, whereas for γ > exp[−βΔH], the original state is retained. Thus, a state with 
lower energy is invariably selected. The probability of choosing a higher energy 
configuration decreases exponentially with the energy difference. 

Note 2: The generation of the representative sequence is performed at a constant 
temperature. Subsequent calculations can be initiated with incrementally modified 
temperatures to simulate the thermal dependence of variables. If the temperature is 
decreased sufficiently slowly, the ground state of the system can be located via the 
simulated annealing method. Although locating the ground state is critical, the 
Metropolis algorithm may occasionally isolate a local minimum rather than the ab-
solute energy minimum. 

Note 3: Monte Carlo methods typically fail near phase transitions, where relaxa-
tion times and the required number of sequence terms increase disproportionately. 

Note 4: The Metropolis generation of a representative sequence belongs to the 
class of Markov processes, as the subsequent term depends exclusively on the pre-
ceding term rather than the historical generation of the sequence. 

Note 5: This algorithm was generalized for arbitrary statistical distributions by the 
Canadian mathematician Keith Hastings in 1970. Let Peq(S) be a given probability 
distribution and Pn→n+1 denote the proposed transition probability. A random 
number γ ∈ (0, 1) is generated, and the new state is accepted if the following rela-
tion holds: 

eq 1 1

eq 1

( )
min ,1

( )
n n n

n n n

P S P
P S P

γ + → +

+ →

  <  
  

. 

Due to the ratio formulation, normalization of the probabilities to unity is not re-
quired. 
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In multi-particle plasma, calculating actual collision trajectories is generally impossible, 
requiring Monte Carlo simulations. The procedure is structured as follows: 

1) A decision is made whether a collision between two particles occurs (e.g., if 
they are within the Debye sphere) based on a predefined criterion. 

2) A distribution sequence is constructed from the cross-sections σk of various 
possible processes (Coulomb collision, excitation, ionization, charge exchange, 
etc.), and the rejection method is applied to select the occurring process:  

 1
tot

tot 1
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k N
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l k
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D
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σ σ
σ
=

=
= ≡


 . (2.112) 

3) A suitable post-collision state is generated from the pre-collision state using a 
Monte Carlo algorithm. 

Although Monte Carlo estimates of final states are inaccurate for a single specific colli-
sion, statistically correct results are obtained for large ensembles. A widely utilized 
Monte Carlo algorithm for Coulomb collisions, proposed by Tomonori Takizuka and 
Hirotada Abe in 1977, is described below. 

Coulomb Collisions 
Two particles with masses mα, mβ and laboratory velocities vtα, vtβ are assumed to col-
lide at time t. The relative velocity at time t is denoted as:  

 t t t
α β≡ −g v v  (2.113) 

Let gz and gxy represent the projections of the relative velocity onto the z-axis and the 
xy-plane, respectively. Furthermore, angles θ and φ are introduced:  

 
Fig. 2.20: Decomposition of relative velocity into projections gxy and gz. 

To describe the collision, a rotated coordinate system S ′ is chosen, rotated by angle φ 
about the z-axis and angle θ about the y-axis, aligning the relative velocity vector with 
the third axis:  
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The total transformation matrix takes the form: 

 
cos cos cos sin sin

sin cos 0
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θ ϕ θ ϕ θ
ϕ ϕ

θ ϕ θ ϕ θ

− 
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To return to the original system, the inverse matrix  is required, obtained by transposing 
this unitary matrix: 

 1
cos cos sin sin cos
cos sin cos sin sin

sin 0 cos

θ ϕ ϕ θ ϕ
θ ϕ ϕ θ ϕ

θ θ

−
− 

 =  
 − 

 . (2.116) 

During a Coulomb collision, the magnitude of the relative velocity remains constant, 
whereas only its direction changes. Therefore, the vector (0, 0, g)t is rotated by angles Θ 
and Φ.  

Generation of Angles Θ and Φ 
Due to symmetry, generating the angle Φ is straightforward by assuming a uniform 
distribution, where a random number γ1 ∈ (0, 1) is generated to define:  
 12Φ πγ= . (2.117) 

The selection of the angle Θ depends on the cross-section of the specific collision type. 
Takizuka and Abe demonstrated that a correct statistical representation is achieved by: 

 arctg(2 ) ,Θ δ=  (2.118) 

where δ ∈ (−∞, ∞) is a normally distributed random variable with a mean of zero and a 
standard deviation σ given by:  
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where μ is the reduced mass, ln Λαβ denotes the Coulomb logarithm, g is the relative 
velocity magnitude, and Δt represents the time step.  

Return to Original Variables 
The new relative velocity in the rotated system S ′ is evaluated from angles Θ and Φ. 
Laboratory velocity in system S is then found via the inverse matrix −1: 
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The difference between the post-collision and pre-collision relative velocities is defined 
by the relation: 

 t t t+ΔΔ = −g g g . (2.121) 

Substitution from (2.120) yields: 
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 (2.122) 

The variable g denotes the magnitude of g, and gxy represents the magnitude of the pro-
jection gxy: 

 ( ) ( ) ( ) ( ) ( )2 2 2 2 2
, .t t t t t t t

x y z xy x yg g g g g g g= + + = +  (2.123) 

The velocities of the particles after the collision are ultimately determined using trans-
formation (1.646): 

 , .t t t t t tm m
m m m m

β α
α α β β

α β α β

+Δ +Δ= + Δ = − Δ
+ +

v v g v v g  (2.124) 

The described algorithm is repeated iteratively for the observed particle system. 
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#Al Alfvén number 
#Bt Batchelor number 
#dr driven reconnection index 
#DL double layer parameter 
#DL,rel relativistic double layer 

parameter 
#GS GS95 model reconnection 

index  
#Ha Hartmann number 
#Lu Lundquist number 
#M Mach number 
#MA Mach-Alfvén number 
#P Petschek model  

reconnection index 
#Re Reynolds number 
#Re,M magnetic Reynolds number] 
#rec reconnection index 
#sp spontaneous reconnection 

index 
#St Stuart number 
A vector potential 
A additive variable 
A additive variable density 
A four-potential 
B magnetic field vector 
BP poloidal magnetic field 
BT toroidal magnetic field 
b impact parameter 
b magnetic field to plasma 

density ratio (B/ρ) 
c speed of light 
cs speed of sound 
D diffusion coefficient, 

distribution function, 
boundary layer thickness, 
Stix coefficient D 

Da ambipolar diffusion 
coefficient 

Dk distribution sequence 
Dkl dynamic pressure tensor 
D electric displacement field 
ek unit vector in k-th axis 

direction 
eB unit vector in B direction  
e elementary charge,  

internal energy density 

E energy 
E electric field intensity 
f function,  

probability density,  
number of degrees of freedom 

f1 probability density 
perturbation 

fLE local equilibrium  
probability density 

fα probability density  
of species α 

f force density 
F force magnitude 
Fext external force field 
g statistical weight,  

relative velocity magnitude, 
amplification factor, 
gravitational acceleration 

g gravitational acceleration 
vector 

g relative velocity g = vα−vβ 
G gravitational constant 
G, G Green function 
Gαβ  Second Rosenbluth potential 
h distance, 

height 
ħ Plancka constant 
H Hamiltonian 
Hαβ first Rosenbluth potential 
 helicity density 
H magnetic field intensity 
i linear electric current density 
i imaginary unit 
I electric current,  

ionization potential, 
integral value 

Im modified Bessel function 
j flux,  

current density 
jC conduction current 
jM magnetization current 
jN particle flux 
jm mass flux 
jQ charge flux 
J flux four-vector 
J0, J1 Bessel functions 
J2 second adiabatic invariant 
kB Boltzmann constant 
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k wave vector 
kαβ unit vector in relative  

velocity direction 
K constant, 

helicity 
Km modified Bessel function, 
l length 
L Lagrange function,  

distance, 
Stix coefficient L 

L Lagrangian density 
Lkl kinetic coefficients 
Lelmg field Lagrangian 
Lint interaction Lagrangian 
Lpart particle Lagrangian 
m mass, 

instability mode 
m0 rest mass 
M magnetization vector 
Mkl angular momentum density 
n number density 
n normal vector 
N number of particles, 

refractive index 
ND number of particles  

in Debye sphere 
NL Left-handed wave  

refractive index 
NO ordinary wave  

refractive index] 
NR right-handed wave  

refractive index 
NX extraordinary wave  

refractive index 
 linear particle density 
Nklm angular momentum flux 
p pressure,  

momentum magnitude 
pM magnetic pressure 
p momentum 
pE electric dipole moment 
pM magnetic dipole moment 
pq generalized momentum 
P period, 

power, 
polynomial function 

Pkl pressure tensor, 
transition probability, 
Legendre polynomial 

P transition probability density, 
power density 

q generalized coordinate, 
safety factor 

q heat flux 
Q charge 
r radial distance 
r position vector 
R guiding center position vector 
R major radius in tokamak, 

plasma filament radius, 
stellar radius, 
Stix coefficient R 

Rk radius of curvature 
RD drift radius 
RL Larmor radius 
s lenth parametrization, 

specific entropy 
S area,  

collision term,  
entropy, 
Stix coefficient S 

t time 
T kinetic energy,  

period,  
temperature 

Tkl momentum flux tensor,  
Maxwell stress tensor 

u rescaled velocity, u= γ v,  
velocity field magnitude 

u continuum velocity field 
U voltage 
v velocity vector 
vA Alfvén velocity vector 
vαβ relative velocity 
v(αβ) center-of-mass velocity 
v velocity magnitude 
vf phase velocity 
vg group velocity 
v parallel velocity component 
v⊥ perpendicular velocity 

component 
vA Alfvén velocity 
vD drift velocity 
vT mean thermal velocity 
V potential energy,  

volume 
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VG gravitational potential energy 
VE electric potential energy 
Vkl viscosity tensor 
V vector field 
V Verdet constant 
V.P. principal value of integral 
w probability,  

velikost chaotické složky 
rychlosti 

w chaotic velocity magnitude 
W⊥ perpendicular kinetic energy 
WI ionization energy 
WM magnetic energy 
x position 
x coordinate x 
X generalized force, 

Stix coefficient X 
y coordinate y 
Ym Bessel functions  

of the second kind 
Ylm  spherical harmonics 
z coordinate z, 

complex argument 
Z ionization degree 
α angle,  

constatnt 
β angle,  

inverse temperature (1/kBT), 
beta parameter (p/pM) 

β0 unit vector in magnetic field 
direction 

γ relativistic coefficient,  
polytropic index, 
random number, 
angle, 
instability growth rate 

γ elestromagnetic field 
momentum density 

δ Dirac delta distribution, 
diffusion region thickness, 
skin depth 

δkl Kronecker delta 
Δ diffusion region length 
Δ difference value, 

Laplacian 
ε expansion parameter,  

quantum state energy, 
permittivity 

ε0 vacuum permittivity 
εF Fermi energy 
εklm Levi-Civita tensor 
ζ second viscosity coefficient 
η first viscosity coefficient, 

resistivity 
ηM magnetic viscosity 
κ thermal conductivity 

coefficient 
λ wavelength,  

multiplicative constant, 
Lagrange multiplier 

λD Debye length 
Λ Coulomb logarithm argument 
θ angle, 

poloidal angle 
μ first adiabatic invariant,  

magnetic moment,  
mobility,  
reduced mass,  
permeability, 
KG equation constant 

μ first adiabatic invariant,  
magnetic moment vector 

μ0 vacuum permeability 
νc collision frequency 
ξ complex coordinate,  

substituted variable, 
random variable 

ξ displacement vector 
Π total pressure 
ρ density,  

tokamak chamber radial 
distance 

ρ gyration radius vector 
ρQ charge density 
ρm mass density 
ρW energy density 
σ cross-section,  

differential conductivity, 
surface tension 

τ gyration time, 
damping time 
pre-acceleration time 

τA Alfvén time 
τc mean free time 
τR resistive time 
τREC reconnection time 
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φ phase, 
azimuthal/toroidal angle 

ϕ potential,  
summation invariant, 
error function 
dispersion relation 

ϕE  electric potential 
ϕG  gravitational potential 
χ scattering angle 
ψ summation invariant, 

Chandrasekhar function, 
wave function, 
magnetic surface 

ψk  partial wave 
ω angular frequency 
ωc cyklotron frequency 
ωd lower hybrid frequency 
ωh upper hybrid frequency 
ωL left cutoff frequency 
ωp plasma frequency 
ωR right cutoff frequency 
ω vorticity 
Ω solid angle, 

shifted frequency 
spatial integration domain 

 
Subscripts and Superscripts 
a particle index 
A, Al Alfvén 

c cyclotron 
dr driven reconnection 
DL double layer 
e electrons 
E electric 
EM electromagnetic 
Ha Hartman 
i ions 
i,.j, k Cartesian axes 1, 2, 3 
L left-handed 
Lu Lundquist 
M Mach 

magnetic 
MA Mach-Alfvén 
O ordinary 
p plaama 
P Petschek, 

poloidal 
particles 

R right-handed 
Re Reynolds 
rec reconnection 
s sound 
sp spontaneous reconnection 
T toroidal 
X extraordinary 
α species α 
 parallel 
⊥ perpendicular 
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Plasma Theory 
Abraham, Max (1875–1922), a German physicist primarily 
concerned with electromagnetic field theory. He graduated from 
Humboldt University and worked at the University of Göttingen, 
completing his doctorate under Max Planck. Upon invitation 
from Tullio Levi-Civita, he accepted a mechanics professorship 
at the Technical University of Milan. Independently of others, he 
derived the force exerted on a particle by its own radiation emis-
sion, known today as the Abraham-Lorentz force. Skeptical of 
new paradigms, he formulated an alternative framework to gen-

eral relativity, which violated the equivalence principle. He also proposed an electron 
theory, conceptualizing it as a rigid sphere with surface-distributed charge. During 
World War I, he returned to Germany to research military radio communication at the 
Technical University of Stuttgart. Following his death, Max Born and Max von Laue 
remarked: “He loved his absolute ether, his field equations, his rigid electron just as 
a youth loves his first flame, whose memory no later experience can extinguish.”  
Alfvén, Hannes Olof Gösta (1908–1995), a Swedish physicist 
and astrophysicist, regarded as a founder of modern plasma 
physics. He developed initial formulations of magnetohydrody-
namics and introduced the frozen-in magnetic field concept. In 
1939, he published a theory of magnetic storms and auroras, 
laying the foundations of Earth's magnetosphere theory. In 1950, 
he elucidated the formation of auroral vortex structures via dio-
cotron instability. The Alfvén velocity and Alfvén number are 
named in his honor. Although some conjectures were subse-
quently disproven – notably his opposition to the Big Bang the-
ory and his belief in a matter-antimatter symmetric universe – he achieved broad recog-
nition. He graduated from Uppsala University. For his work, he received the Lo-
monosov Gold Medal, the Dirac Medal, the William Bowie Medal, and membership in 
the Royal Society. He was awarded the Nobel Prize in 1970. 
Van Allen, James Alfred (1914–2006), an American space 
scientist who pioneered the placement of Geiger counters aboard 
the initial American satellites Explorer I and Explorer III. These 
satellites discovered tori of high-energy charged particles sur-
rounding Earth, designated today as the Van Allen radiation 
belts. Consequently, the majority of his active career was dedi-
cated to magnetospheric phenomena. He was a leading figure in 
American space exploration during the Cold War, contributing 
to the development of the Pioneer and Mariner probes, as well as 
the Orbiting Geophysical Observatory (OGO). He graduated 
from the University of Iowa. For his work, he received numerous accolades, including 
the Elliott Cresson Medal, the William Bowie Medal, the Gold Medal of the Royal 
Astronomical Society, the National Medal of Science, the Crafoord Prize, and the Van-
nevar Bush Award. Both the Van Allen radiation belts and the Van Allen Probes space-
craft mission are named in his honor. 
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Appleton, sir Edward Victor (1892–1965), an English physi-
cist and astronomer who investigated the atmosphere and dem-
onstrated the existence of the ionosphere. He received the Nobel 
Prize in Physics in 1947. Named in his honor are the Appleton 
layer of the ionosphere, which reflects radio waves, the Apple-
ton-Hartree equation for electromagnetic wave propagation in 
plasma with a homogeneous magnetic field, and the Rutherford 
Appleton Laboratory (RAL), one of the most prominent British 
national laboratories. He studied at the University of Edinburgh 
and later at Cambridge. In addition to the Nobel Prize, he received numerous accolades, 
including the Hughes Medal, the Faraday Medal, the Royal Medal, the Albert Medal of 
the Royal Society of Arts, and the Chree Medal (now the Appleton Medal) in 2008. 
Beltrami, Eugenio (1835–1899), an Italian mathematician and 
physicist who investigated non-Euclidean geometry, electricity, 
and magnetism. Named in his honor are Beltrami theorem 
regarding curved surface mapping, the Beltrami field (whose 
curl is proportional to the field itself), and the Laplace-Beltrami 
operator. In plasma physics, Beltrami fields play a crucial role in 
describing helical structures. He worked extensively on applying 
tensor calculus to theoretical physics. He studied at the Univer-
sity of Pavia, but his studies were terminated due to his political 
views. Nevertheless, he became a professor at the University of Bologna in 1862 and 
subsequently worked at universities in Bologna, Rome, Pisa, and Pavia. In 1898, the 
former young rebel became a venerable senator of the Kingdom of Italy. 
Bennett, Willard Harrison (1903–1987), an American scientist 
and inventor born in Findlay, United States. He investigated gas 
ionization by electric fields and invented radiofrequency mass 
spectrometry, currently utilized on various space probes. His 
spectrometer first flew into space aboard the Soviet Sputnik 3 
satellite in 1958. In 1934, he derived a mathematical solution for 
plasma filament (pinch) equilibrium under constant current den-
sity, designated today as the Bennett pinch, which is highly 
significant for thermonuclear fusion. He predicted the existence 
of Earth's radiation belts six years prior to their actual discovery. He studied at the Car-
negie Institute of Technology, Ohio State University, and the University of Michigan. 
Bhatnagar, Prabhu Lal (1912–1976), an Indian mathematician 
and astrophysicist who investigated astrophysics, white dwarfs, 
and the origin of the Solar System. In plasma physics, he fo-
cused on statistical calculations and, together with Eugene Gross 
and Max Krook, formulated the BGK approximation of the 
Boltzmann equation in 1954. In later years, he dedicated his 
research to non-linear hydrodynamics. He studied at the Univer-
sity of Allahabad and Agra University, subsequently receiving a 
Fulbright scholarship at Harvard University. In 1950, he became 
a fellow of the Indian National Science Academy, and in 1955, a fellow of the Indian 
Academy of Sciences. In 1956, he became a professor of applied mathematics at the 
Indian Institute of Science. For his work, he received the Padma Bhushan order in 1968, 
presented by the President of India, which constitutes the third-highest civilian honor. 
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Birkeland, Kristian (1867–1917), a Norwegian physicist and 
inventor. He manufactured artificial fertilizers, developed an 
electromagnetic gun, and investigated auroras and charged parti-
cle trajectories in magnetic fields. He deduced that specific solar 
phenomena release charged particle beams into space, which 
occasionally strike Earth and trigger auroras. In his laboratory, 
he constructed a terrella – a small Earth model – to investigate 
aurora formation conditions. The Birkeland currents flowing 
along magnetic field lines are named in his honor. He worked at 
the University of Oslo. In 1994, his portrait alongside the terrella 

appeared on the Norwegian 200-kroner banknote, which was, however, replaced by a 
cod motif in 2017. His research was misunderstood during his lifetime, which contrib-
uted to his suicide. Birkeland's legacy was subsequently expanded by Hannes Alfvén. 
His aurora formation theory was verified much later via satellite measurements. 

Boltzmann, Ludwig, see section Statistical Physics, “Selected Topics II.” 
Buneman, Oscar, see section Numerical Simulations, this textbook. 
Carlqvist, Per (1938), a Swedish physicist who investigated stellar evolution, the solar 
wind, and double layer theory. Together with Hannes Alfvén, he proposed a solar flare 
theory where double layers play a fundamental role. He generalized the Bennett pinch 
equilibrium solution. He graduated from the KTH Royal Institute of Technology in 
Stockholm, where he continues to work today. 
Coulomb, Charles, see section Electromagnetic Field, “Selected Topics II.” 

Cowling, Thomas George (1906–1990), an English astronomer 
who proved in 1934 that stellar and planetary magnetic fields 
cannot be generated by axisymmetric current ring (Cowling anti-
dynamo theorem). He correctly understood sunspots as mani-
festations of an internal fluid dynamo. He classified non-radial 
stellar oscillations, establishing the foundations of helioseismol-
ogy, and was the first to construct a stellar model with a convec-
tive core and radiative envelope (Cowling model). Cowling 
studied mathematics at Oxford. He worked at universities in 
Dundee and Manchester, and became a professor at the Univer-

sity of Wales and the University of Leeds. He received the Hughes Medal. From 1965 
to 1967, he served as the president of the Royal Astronomical Society. 

Davydov, Aleksandr Sergeyevich (1912–1993), a Soviet and 
Ukrainian physicist who graduated from Moscow State Univer-
sity. For several decades, he served as the director of the Insti-
tute for Theoretical Physics of the Ukrainian Academy of Sci-
ences. He primaly investigated molecular crystals and their in-
teraction with light, focusing on scattering, absorption, and dif-
fraction. He discovered Davydov splitting in vibrational spectra 
and identified soliton solutions for crystal excitations. In 1973, 

he applied solitons to the propagation of nerve impulses in animal muscles, spanning 
theoretical physics and biophysics. He also investigated collective excitations in atomic 
nuclei. For his scientific achievements, he was awarded several prominent state honors, 
including Shevchenko National Prize, the Lenin Prize and the Order of Lenin. 
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Debye, Peter Joseph William (1884–1966), a Dutch physicist 
and chemist. He was the first to describe asymmetric molecular 
behavior using the dipole moment, investigating them via X-ray 
diffractometry; molecular dipole moments are still measured in 
Debye units. His research extended Einstein's specific heat 
theory with low-frequency phonons, addressed electrolyte elect-
rical conductivity and atomic envelopes, and elucidated the 
Compton effect. In 1936, he received the Nobel Prize in Chem-
istry for the study of molecular structures behaviour. Within pla-
sma physics, the Debye shielding length is named in his honor. 

Dreicer, Harry (1927–2025), a German-American plasma 
physicist focused on controlled thermonuclear fusion. His par-
ents fled the Bolshevik Revolution to Germany, where he was 
born, later moving to Italy and eventually emigrating to the 
United States due to Jewish persecution. He graduated from the 
Massachusetts Institute of Technology (MIT), defending a doc-
torate on runaway electrons. In his doctoral thesis, he derived the 
electric field value required for electrons to enter the runaway 
regime, where acceleration by the field dominates over colli-

sional damping (known today as the Dreicer field). He spent most of his active career 
(42 years) at the Los Alamos National Laboratory. 

Drude, Paul Karl Ludwig (1863–1906), a German physicist. 
He conducted experiments in electricity and magnetism, verify-
ing Maxwell electromagnetic field theory. He introduced the 
symbol c for the speed of light in vacuum. In 1900, he developed 
a model to calculate the electrical, thermal, and optical proper-
ties of matter. In plasma physics, Drude elementary conduction 
theory is widely utilized. He linked optics directly to electro-
magnetic field theory. Drude studied mathematics and physics at 
the University of Göttingen. His name is borne by a lunar crater 

and the Paul Drude Institute for Solid State Electronics in Berlin. 

Fick, Adolf Eugen (1821–1901), a German physiologist who develop glass contact 
lenses. He pioneered the technique for measuring cardiac output (heart blood flow) and 
formulated the law of material diffusion, known in physics as the Fick law. 

Fokker, Adriaan Daniël (1887–1972), a Dutch physicist and 
musician, cousin of the famous aircraft designer Anthony Fok-
ker. Together with Max Planck, he derived the Fokker-Planck 
equation in 1913, which remains the standard for the statistical 
description of plasma during Coulomb collisions. Fokker also 
published several papers on special and general relativity. 
Mathematically, he investigated musical scales and successfully 
designed musical instruments, most notably the 31-ton Fokker 
organ located at the Teyler Museum in Haarlem. 

Fourier, Jean-Baptiste de, see section Mathematics for Physics, “Selected Topics I.” 

Gibbs, Josiah, see section Statistical Physics, “Selected Topics II.” 
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Giovanelli, Ronald Gordon (1915–1984), an Australian as-
tronomer and physicist. He investigated solar flares and the 
electron acceleration mechanism within variable magnetic fields. 
In 1946, he was the first to propose that magnetic X-line null 
points could serve as sources for plasma heating and particle 
acceleration, initiating research into magnetic field line recon-
nection and predicting the existence of this phenomenon. In 
1949, he conducted a detailed analysis of scenarios where elec-
tron acceleration by an electric field dominates over collisional 
damping. This results in a population of runaway electrons, a 
phenomenon first noted by cloud chamber inventor Charles Wilson in 1925. Giovanelli 
founded the Fleurs Observatory near Sydney. He graduated from the University of Syd-
ney, where he also obtained his doctorate, and received the Edgeworth David Medal. 

Goldreich, Peter (*1939), an American astrophysicist, co-for-
mulator of the magnetohydrodynamic turbulence model (with 
Seshadri Sridhar) and a pioneer of planetary migration theory. 
He graduated from Cornell University, obtaining his doctorate 
under Thomas Gold. In 1969, he became a professor of plane-
tary science at Caltech, and since 2003, he has also served as a 
professor at Princeton. For his research, he received dozens of 
medals and accolades, most notably the Chapman Medal, the 
Gold Medal of the Royal Astronomical Society, the National 
Medal of Science, the Gerard P. Kuiper Prize, and the Shaw 

Prize. The asteroid 3805 Goldreich is named in his honor.  
Gould, Roy Walter (1927–2022), an American electrical engi-
neer and physicist specializing in plasma physics. Together with 
Alvin Trivelpiece, he discovered electrostatic waves in 1959 
that propagate as solitons along the surface of a magnetized 
plasma column, known today as the Trivelpiece-Gould soliton. 
He investigated microwaves and their propagation in plasma, 
including solar radio noise, and contributed to rocket engine 
development at the NASA Jet Propulsion Laboratory. In 1994, 
he received the James Clerk Maxwell Prize for Plasma Physics. 
Gould graduated from Caltech (bachelor's) and Stanford Univer-
sity (master's), subsequently returning to Caltech for his doctorate. 
Gordon, Walter, see section Quantum theory, “Selected Topics I.” 

Gross, Eugene (1926–1991), an American theoretical physicist. 
He investigated boson interactions in quantum field theory, 
boson condensates, oscillations and waves in plasma, and 
plasma kinetic theory. Together with Prabhu Lal Bhatnagar and 
Max Krook, he derived the BGK approximation of the Boltz-
mann equation in 1954, which serves as a suitable substitution 
for the collision term. Gross graduated from Princeton Univer-
sity and received a Fulbright scholarship at the University of 
Rome. He worked as a visiting professor at the Massachusetts 
Institute of Technology (MIT) and held positions at Syracuse 
University and Brandeis University. 
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Gurevich, Aleksandr Viktorovich (1930–2023), a Soviet and 
Russian physicist who proposed in 1992 that runaway electrons, 
accelerated either within our atmosphere or by cosmic rays, 
serve as the triggering mechanism for lightning. Gurevich 
investigated plasma kinetic theory, ionospheric physics, and in 
later decades focused on neutron star magnetospheres and dark 
matter. He graduated from Moscow State University. For his 
research, he received the Landau Gold Medal, the Appleton 
Prize, the Mandelstam Prize, and the Friedman Prize. 

Hartmann, Julian, Frederik (1881–1951), a Danish engineer and physicist who pub-
lished a mathematical solution for conducting fluid flow within a homogeneous mag-
netic field in 1937 and designed an electromagnetic conduction pump for molten metals. 
This device was experimentally verified on mercury by Freimut Lazarus. Within plasma 
physics, the Hartmann number and the Hartmann layer are named in his honor. 
Hartree, Douglas Rayner (1897–1958), an English mathematician and physicist. He 
focused on numerical analysis and its application within quantum theory and atomic 
physics. Named in his honor are the Hartree-Fock numerical method and the Appleton-
Hartree equation for electromagnetic wave propagation in plasma with a magnetic field. 
Helmholtz, Hermann Ludwig Ferdinand von (1821–1894), a 
German physician and physicist of immensely broad scope who 
investigated electromagnetic theory, thermodynamics, mechan-
ics, color vision theory, and acoustics. In plasma physics, the 
Helmholtz equation is utilized, which is satisfied by Beltrami 
helical fields. The Kelvin-Helmholtz instability, occurring at the 
interface of two media with different velocities, is named in his 
honor. Electrical engineers recognize the Helmholtz resonator 
and the Helmholtz coil, both of which he first constructed. 
Hugoniot, Henri Pierre (1851–1887), a French engineer and inventor, who co-devel-
oped the theory of fluid shock waves. Together with William Rankine, he derived the 
conditions for parameter discontinuities across a shock wave, known as the Rankine-
Hugoniot relations. He also worked for the French Navy, achieving the rank of captain.  

Chandrasekhar, Subrahmanyan (1910–1995), an Indian astro-
physicist who worked in England and later in the United States. He 
primarily investigated stellar structure theory, the mathematical 
theory of black holes, and general relativity. Utilizing the equation 
of state, he derived the maximum possible mass of a white dwarf, 
known as the Chandrasekhar limit. The Chandra X-ray Observa-
tory, launched into space in 1999, was named in his honor. Within 
statistical and plasma physics, the Chand-
rasekhar function is widely utilized. In 
1983, he received the Nobel Prize in Phy-

sics for his contributions to stellar structure and evolution processes. 
Joule, James Prescott (1818–1889), an English physicist and 
brewer who investigated the nature of heat and its relationship to 
mechanical energy. He collaborated with Lord Kelvin to estab-
lish the absolute temperature scale, investigated magnetostric-



358 Biographical Index 

tion, and derived the relationship for heat generated by electric currents passing through 
matter. This Joule heating constitutes the primary dissipation process in plasma. The SI 
unit of energy is named in his honor. Joule constructed highly precise measuring in-
struments, demonstrating that heat is a form of energy rather than a fluid substance. 
Kelvin, lord (1824–1907), born William Thomson, a prominent 
Scottish physicist. He investigated heat conduction and calo-
rimetry, and designed instruments for measuring electrical 
quantities, such as the Kelvin (Thomson) bridge for measuring 
low resistances. He participated in laying transatlantic telegraph 
cables. Named in his honor are the absolute temperature scale, 
the Kelvin-Helmholtz instability occurring at the interface of 
two media with different velocities, and the Joule-Thomson 
effect describing the cooling of a gas during rapid expansion. 

Klein, Oskar Benjamin, see section Quantum Theory, “Selected Topics I.” 

Kolmogorov, Andrey Nikolayevich (1903–1987), a Soviet 
mathematician who investigated probability theory, topology, 
logic, algorithmic information theory, and computational com-
plexity. In mathematical physics, he focused on turbulence, 
continuum mechanics, and classical mechanics. His scientific 
scope was immense; over thirty concepts and theorems are 
named in his honor. In plasma physics, his turbulence theory 
(Kolmogorov turbulence) is highly significant, applicable alter-
native to non-plasma mediums like the atmosphere, where it 

causes astronomical seeing (intensity and phase fluctuations of incoming light). Kolmo-
gorov graduated from Moscow State University, where he spent his entire scientific 
career. For his research, he received the Wolf Prize, the Lobachevsky Prize, and the 
Balzan Prize, alongside Soviet state he gained the Stalin Prize and the Lenin Prize. 

Korteweg, Diederik Johannes (1848–1941), a Dutch mathe-
matician known for the Korteweg-de Vries (KdV) equation, 
which describes soliton in shallow water. The KdV equation is 
the prototype for describing solitons that retain their shape 
during interactions. Korteweg intended to become an engineer, 
but his strong affinity for mathematics led him to graduate from 
the University of Amsterdam. Gustav de Vries, who co-derived 
the KdV equation, was his student. Korteweg was a member of 
the Royal Netherlands Academy of Arts and Sciences for 60 
years. The asteroid 9685 Korteweg is named in his honor. 

Krook, Max (1913–1985), an American mathematician and 
astrophysicist, who investigated complex variable functions. In 
plasma physics, together with Prabhu Lal Bhatnagar and Eugene 
Gross, he derived the BGK approximation of the Boltzmann 
equation to simplify transport phenomena derivations. He stud-
ied at the University of the Witwatersrand and obtained a Cam-
bridge doctorate under Sir Arthur Eddington. From 1950, he 
lived and worked in the United States, holding several academic 
positions before becoming a professor at Harvard in 1959.  
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Kruskal, Martin David (1925–2006), an American mathemati-
cian and physicist. He investigated nonlinear physics, partial 
differential equations for continuum description, plasma physics, 
and general relativity. While researching KdV equation solu-
tions, he introduced the concept of the soliton (named by Martin 
Kruskal). He introduced Kruskal coordinates in Schwarzschild 
geometry, and the Kruskal procedure in Markov process theory 
is named in his honor. In plasma physics, he investigated theo-
retical pinch stability conditions, described the Rayleigh-Taylor 
instability for magnetized plasma, and co-discovered the 
Kruskal-Shafranov instability. Kruskal studied at New York University and the Univer-
sity of Chicago, spending most of his active career at Princeton. He received the 
Heineman Prize, the National Medal of Science, the Steele Prize, the Maxwell Prize, 
and the Howard Newcomb Potts Medal. 
Kuznetsov, Evgeny Aleksandrovich (*1947), a Russian mathematician and physicist, 
professor at the Lebedev Physical Institute, who significantly contributes to soliton 
theory. The Zakharov-Kuznetsov system of equations, which governs the Davydov 
soliton, is named in his honor. This soliton manifests in chemistry, quantum theory, 
electron beam instabilities, and can alternative develop from Langmuir waves. 

Landau, Lev Davidovich (1908–1968), a Soviet theoretical 
physicist, awarded the 1962 Nobel Prize in Physics for his the-
ory of superfluidity. Landau made fundamental contributions to 
all branches of theoretical physics, including quantum mechan-
ics, quantum electrodynamics, superconductivity, phase transi-
tions, and plasma physics. In plasma physics, the Landau equa-
tion for probability density during Coulomb collisions and Lan-
dau damping, describing particle-wave interactions in the veloc-
ity domain of phase space, are named in his honor. 
Langmuir, Irving (1881–1957), an American physicist and 
chemist, who received the 1932 Nobel Prize in Chemistry. He 
investigated metallurgy, inert gases, and plasma physics, and 
was the first to introduce the term plasma for an ionized me-
dium. Named in his honor are the Langmuir probe for measur-
ing plasma potential and the Langmuir soliton. Independently of 
Meghnad Saha, he derived the Saha equation for thermal ioni-
zation in 1923. He was alternative the first to experimentally 
detect a double layer. Langmuir graduated from Columbia Uni-

versity and the University of Göttingen. For his research, he received the Hughes 
Medal, the Perkin Medal, the Willard Gibbs Award, the Franklin Medal, and the Fara-
day Medal. The Langmuir Laboratory for Atmospheric Re-
search near Socorro is named in his honor. 
Larmor, Joseph (1857–1942), an Irish mathematician and 
physicist. He explained the FitzGerald contraction independ-
ently of Hendrik Lorentz, derived the radiated power of an ac-
celerated charge (Larmor formula), and elucidated spectral line 
splitting in magnetic fields. He was among the first to conjec-
ture that geomagnetic storms relate to solar flares and are caused 
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by electrons arriving from the Sun. The Larmor radius of a charged particle in a mag-
netic field is named in his honor. Larmor studied at Queen's University Belfast and 
Cambridge. For his research, he received the Royal Medal, the Smith's Prize, the Adams 
Prize, the De Morgan Medal, and the Copley Medal. 

Lorentz, Hendrik Antoon (1853–1928), a Dutch physicist who 
began studying at Leiden University at sixteen, graduated at 
twenty-two, and became a professor of theoretical physics there 
two years later. Guided by Heinrich Hertz's experiments, he 
moved past the Helmholtz electromagnetic theory and embraced 
Maxwell's theory as a profound success, entirely restructuring 
physics on its foundation. He was the first to consider oscillating 
charged particles as the sources of electromagnetic fields, de-
riving Maxwell's equations by conceptualizing matter as a sys-
tem of oscillators. He predicted that strong magnetic fields cause 

spectral line splitting, a phenomenon experimentally demonstrated by his student Pieter 
Zeeman; both shared the 1902 Nobel Prize in Physics. He discovered a coordinate trans-
formation under which Maxwell's equations retain their form. The Lorentz force acting 
on a charged particle and the Lorentz transformation in special relativity are named in 
his honor. 

Maxwell, James Clerk (1831–1879), a Scottish mathematician 
and physicist who published the mathematical and physical 
theory of the electromagnetic field. He derived that light com-
prises transverse modes caused by magnetic and electric phe-
nomena. He published his theory of electricity and magnetism in 
1873 in the book A Treatise on Electricity and Magnetism, 
which included relations known today as Maxwell's equations. 
Maxwell's theory directly implies the existence of electromag-
netic waves, demonstrated experimentally by Heinrich Hertz 
after Maxwell's death. Maxwell correctly deduced that Saturn's rings comprise small 
rocky material. With Rudolf Clausius, he developed the kinetic theory of gases, a study 
that led him to formulate the Maxwell's demon paradox in 1967. He demonstrated that 
the second law of thermodynamics is purely statistical, describing large particle ensem-
bles. In 1871, he became the first director of the Cavendish Laboratory at Cambridge. 
Named in his honor are Maxwell's equations, the Maxwell distribution, Maxwell's de-
mon, the Maxwell unit of magnetic flux, a mountain range on Venus, a gap in Saturn's 
rings, the James Clerk Maxwell Telescope (JCMT), and the Maxwell Foundation. 

Moffatt, Henry Keith (*1935), a Scottish astrophysicist and 
mathematician who investigated fluid dynamics, magnetohydro-
dynamics, and turbulence theory. He focused on knotted mag-
netic fluxes and vortices, introducing the concept of helicity into 
fluid theory. He co-developed the fluid dynamo theory, which 
explains the generation and reversal of magnetic fields in stars 
and planets. Moffatt studied at the University of Edinburgh and 
Cambridge. He was appointed professor of applied mathematics 
at the University of Bristol, returning to Cambridge three years 

later. For his research, he received the Smith's Prize, the Whitehead Prize, and the 
Hughes Medal, and became a Fellow of the Royal Society. 
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Neumann, John von, see section Numerical Simulations, this textbook. 

Ohm, Georg Simon, see section Electromagnetic Field, “Selected Topics II.” 

Onsager, Lars (1903–1976), a Norwegian-American chemist 
and theoretical physicist who won the 1968 Nobel Prize in 
Chemistry. He investigated electrolyte theory and the Brownian 
motion of ions, focusing on statistical physics and thermody-
namics. He researched particle diffusion driven by temperature 
and concentration gradients and the accompanying entropy 
production. He generalized these findings into the Onsager 
reciprocal relations, which describe symmetries between ther-
modynamic fluxes and forces. Onsager graduated from Yale 

University and the Norwegian University of Science and Technology, and worked at 
Brown, Johns Hopkins, and Yale. He alternative received the Lorentz Medal, the 
Willard Gibbs Award, the Peter Debye Award, and the National Medal of Science. 

Parker, Eugene (1927–2022), an American theorist and astro-
physicist who investigated solar wind theory and cosmic and 
interplanetary magnetic fields. Parker was the first to introduce 
the term solar wind for particles escaping the Sun, deriving the 
governing equation for this phenomenon (Parker equation). 
Named in his honor are the Parker sector boundary of the solar 
magnetic field, the Parker model of magnetic reconnection, the 
Parker fluid dynamo theory, the Parker spiral, and the Parker 
limit. The Parker Solar Probe remains the only NASA spacecraft 
named after a living individual, with Parker attending its launch 
at the age of 91. He graduated from Michigan State University 

and the California Institute of Technology. For his extensive research on solar and in-
terplanetary plasma, he received over ten major awards, including the George Ellery 
Hale Prize, the William Bowie Medal, the Gold Medal of the Royal Astronomical Soci-
ety, the Bruce Medal, the James Clerk Maxwell Prize, and the Crafoord Prize. 

Pauli, Wolfgang, see section Statistical Physics, “Selected Topics II.” 

Poynting, John, see section Electromagnetic Field, “Selected Topics II.” 

Rankine, William John Macquorn (1820–1872), a Scottish 
engineer who investigated fluid dynamics and thermodynamics. 
He studied civil and railway engineering at the University of 
Edinburgh and worked at the University of Glasgow. Early in 
his career, he focused on the wave theory of light, later shifting 
toward thermodynamics and hydrodynamics. He developed a 
complete theory of the steam engine and alternative pursued 
interests in botany and music. Together with Henri Pierre Hugo-
niot, he derived the Rankine-Hugoniot relations for parameter 
discontinuities across shock waves, which are alternative gener-

alized for plasma physics applications. Named in his honor are the thermodynamic 
temperature scale he created, the Rankine cycle, and the Rankine method for laying 
curved railway tracks. For his comprehensive research in thermodynamics and hydro-
dynamics, he received the Keith Medal.  
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Rayleigh, see section Electromagnetic Field, “Selected Topics II.” 

Reynolds, Osborne (1842–1912), an English physicist and 
pioneer of fluid mechanics who alternative contributed to ther-
modynamics by improving boiler and condenser designs for 
steam engines and participating in steamship engineering. In 
fluid theory, the Reynolds number is named in his honor, as is 
the magnetic Reynolds number in plasma physics, which repre-
sents the ratio of terms describing magnetic field freezing and 
diffusion. He investigated the criteria governing the transition from laminar to turbulent 
flow. He graduated from Queens' College, Cambridge, and spent the majority of his 
professional career at the institution now known as the University of Manchester. 
Richtmyer, Robert Davis, see section Numerical Simulations, this textbook. 

Rosenbluth, Marshall, see section Numerical Simulations, this textbook. 

Russell, John Scott (1808–1882), a Scottish engineer who first 
observed solitons on the Union Canal in Hermiston. Based on 
this discovery, he constructed a research pond in his garden to 
investigate solitary wave properties. Throughout his life, Russell 
remained convinced of their significance, though nineteenth- 
and early twentieth-century scientists disagreed. He achieved 
recognition for other engineering feats, notably a wave-line ship 
design system that revolutionized naval architecture, earning an 
award from the Royal Society of Edinburgh in 1837. In 1834, he 
established a steam carriage service between Glasgow and Pais-

ley, and performed the first experimental observations of the Doppler frequency shift 
using a passing train. He founded the Institution of Naval Architects and became a fel-
low of the Royal Society of London in 1849. He designed the first British armored war-
ship Warrior, formulated technical education curricula, and historical records recently 
revealed his diplomatic peace efforts during the American Civil War. Russell's solitons 
are now integral to the physics of nonlinear partial differential equations, where nonlin-
ear phenomena such as modular instability compensate for dispersion to create solitary 
waves. These waves find applications in plasma physics (Langmuir soliton), nonlinear 
optics, and hydrodynamics. 
Saha, Meghnad (1893–1956), an Indian astrophysicist who 
derived the governing equation for thermal plasma ionization in 
1920 (Saha equation), opening pathways for astrophysical and 
laboratory plasma research. He was intensely interested in 
quantum radiation theory and special and general relativity, 
preparing English translations of Albert Einstein's papers. In 
1919, he identified that radiation pressure within stars counter-
balances gravitational contraction. Today, the Saha Institute of 
Nuclear Physics in Kolkata is named in his honor. He alterna-
tive served as a chief architect for river development planning in India. He graduated 
from the University of Calcutta, where his classmate was Satyendra Nath Bose, author 
of the Bose distribution for integer-spin particles. He worked at various institutions 
across India and England, including the University of Allahabad, Rajabazar Science 
College, the University of Calcutta, and Imperial College London. 
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Schwarzschild, Martin (1912–1997), a German-American 
astronomer and son of physicist Karl Schwarzschild. Martin 
investigated stellar structure and evolution. Together with 
Kruskal, he resolved the equilibrium and stability of plasma 
filaments (pinches) and described the Rayleigh-Taylor instabil-
ity for magnetized plasma. In astrophysics, he researched stellar 
evolutionary tracks on the Hertzsprung-Russell diagram, pulsa-
tion phases, the helium flash, and developed the first model for 
the red giant branch. During the 1950s and 1960s, he led stratospheric research balloon 
projects. Schwarzschild graduated from Göttingen and spent most of his career at 
Princeton. He received the Newcomb Cleveland Prize, the Karl Schwarzschild Medal, 
the Henry Draper Medal, the Bruce Medal, the Brouwer Award, the Balzan Prize, and 
the National Medal of Science. Asteroid 4463 Marschwarzschild is named in his honor. 

Spitzer, Lyman (1914–1997), an American astrophysicist and 
co-founder of theoretical plasma physics. He intensively investi-
gated the interstellar medium, gases, dust, and magnetic fields. 
The relation for plasma conductivity is named in his honor. 
Spitzer served as the first director of Project Matterhorn at 
Princeton, which aimed to achieve controlled thermonuclear 
fusion. For this purpose, he developed a completely new de-
vice—the stellarator. In 1946, long before the foundation of 
NASA, he was the first to propose placing a telescope into orbit. 
His immense efforts eventually led NASA to deploy the Coper-

nicus and Hubble Space Telescope (HST) missions into space. The Spitzer Space Tele-
scope for infrared astronomy is named in his honor. Spitzer graduated from Yale Uni-
versity and Princeton University. For his research, he received the Henry Draper Medal, 
the National Medal of Science, and the Crafoord Prize. 

Sridhar, Seshadri, an Indian physicist working at the Raman 
Research Institute and an active member of the International 
Astronomical Union. Together with Peter Goldreich, he devel-
oped a model of magnetohydrodynamic turbulence as a viable 
and experimentally successful alternative to the Kolmogorov 
theory of turbulence. → 

Stix, Thomas Howard (1924–2001), n 
American plasma physicist. He investigated plasma heating 
using electromagnetic waves to reach thermonuclear tempera-
tures and studied stochastic processes during charged particle 
motion in plasma. He authored the very first mathematical trea-
tise on plasma waves. During World War II, Stix addressed 
radio communication problems. After the war, he graduated 
from the California Institute of Technology and Princeton Uni-

versity. He worked on Project Matterhorn – a classified American project aimed at 
achieving thermonuclear fusion conducted at Princeton. He held numerous awards, 
including the James Clerk Maxwell Prize (1980) – the highest honor awarded by the 
American Physical Society for plasma physics. Named in his honor are the Stix coeffi-
cients in the high-frequency permittivity relation and the Stix coil for plasma heating. 
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Sweet, Peter Alan (1921–2005), see section Numerical Simulations, this textbook. 
Taylor, Geoffrey Ingram (1886–1975), an English physicist, 
mathematician, and expert on fluid dynamics and wave theory. 
He dedicated his work to meteorology, quantum wave theory 
(demonstrating that interference occurs in the double-slit ex-
periment even when only a single photon is present in the sys-
tem at a given time), ocean turbulence, vortex structure genera-
tion, and instabilities at fluid interfaces. Named in his honor are 
the Rayleigh-Taylor instability, the Taylor vortex, Taylor-Cou-
ette flow, Taylor dispersion (in viscous fluids), and the Taylor 
length (a characteristic scale of turbulence). Taylor graduated 
from Cambridge. He received many awards, including the Royal Medal, the Copley 
Medal, the Symons Gold Medal, the Wilhelm Exner Medal, and the Franklin Medal. 

Trivelpiece, Alvin William (1931–2022), an electrical engineer 
and plasma physicist after whom a specific soliton is named. 
Trivelpiece graduated from the California Institute of Technol-
ogy (Caltech) and became a professor at the University of 
Maryland. He held a wide variety of professional roles, serving 
longest as the director of the Oak Ridge National Laboratory (21 
years). He alternative entered political spheres, holding a high-
level position at the U.S. Department of Energy (DOE), serving 

on various boards, and acting as a technical consultant for numerous corporations. He 
co-authored two books on plasma physics (Principles of Plasma Physics, Slow-Wave 
Propagation in Plasma Wave Guides). For his physics research, he won the Albert Nel-
son Marquis Award, alongside several awards for his engineering contributions to the 
energy sector. He held several patents. 

Vlasov, Anatoly Alexandrovich (1908–1975), a Soviet theo-
retical physicist who dedicated his life to statistical physics. In 
plasma physics, the Vlasov equation for the statistical de-
scription of collisionless plasma is named after him. Besides 
plasma physics, he investigated optics, crystal physics, and 
gravitation theory. He graduated from Moscow State University, 
working alongside Pyotr Kapitsa and Lev Landau. His doctoral 
studies were supervised by Igor Tamm. For his research, he 
received the Lenin Prize. He became a professor in 1944 and 

served as dean of the Faculty of Physics at Moscow State University from 1944 to 1953. 
Vries, Gustav de (1866–1934), a Dutch mathematician who, together with Dirk 
Korteweg (his doctoral advisor), co-authored the famous KdV equation. This equation 
first described the observed motion of solitons on a canal water 
surface. Vries graduated from the University of Amsterdam and 
later earned his living as a secondary school teacher. 
Zakharov, Vladimir Evgenievich (1939–2023), a Soviet and 
Russian mathematician and physicist who investigated nonlinear 
waves and solitons. The Zakharov equation is named in his 
honor. He graduated from Novosibirsk State University and 
received the Dirac Medal for his research of the turbulence. → 
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Buneman, Oscar (1914–1993), a prominent plasma physicist 
who investigated electromagnetic phenomena and numerical 
simulations. Born in Italy, he grew up in Germany and emi-
grated to England in 1935. He worked alternately in England 
and Canada before joining Stanford University in 1960. He 
researched scattering on plasma fluctuations, whistler wave 
theory, and numerical solutions to plasma physics equations. He 
co-authored the TRISTAN code. Named in his honor are the 
Buneman instability, the Buneman difference scheme, the Bun-
eman potential, and the Buneman-Hartree criterion for the volt-

age threshold in magnetrons. He is widely considered the father of numerical simula-
tions in plasma physics. 
Courant, Richard (1888–1972), a German-American mathe-
matician who investigated methods of mathematical physics, 
differential and integral calculus, and numerical techniques for 
describing natural phenomena, focusing on difference schemes 
for partial differential equations. He applied the finite element 
method to simulate planar torsion. Courant graduated from the 
University of Göttingen, where he later worked, and conducted 
research at Cambridge and New York University. Named in his 
honor are the Courant number, the Courant minimum-maximum principle, and the 
Courant-Friedrichs-Lewy stability condition for difference schemes. His doctoral advi-
sor was David Hilbert, one of the most influential mathematicians in history. 

Crank, John (1916–2006), an English mathematical physicist 
who investigated numerical schemes for solving partial differ-
ential equations, focusing heavily on the heat equation. He 
graduated from the University of Manchester and later worked 
at Brunel University, serving as the first director of its mathe-
matics department. His doctoral advisor was Nobel laureate 
William Bragg. The Crank-Nicolson difference scheme is 
named in his honor. Crank was a passionate gardener, and the 
Brunel University garden, which he personally designed and 
maintained, is named after him. 

Fridrichs, Kurt Otto (1901–1982), a German-American 
mathematician and co-founder of the Courant Institute at New 
York University. He investigated partial differential equations, 
numerical methods, differential operators, airfoil turbulence, the 
emergence of soliton solutions, magnetohydrodynamic shock 
waves, relativistic fluid dynamics, and quantum mechanics 
scattering theory. Friedrichs graduated from Göttingen. Named 
in his honor are the Courant-Friedrichs-Lewy stability condition 
and the Lax-Friedrichs numerical method. For his outstanding 
contributions, he received the National Medal of Science. 
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Hubbard, John Hamal (*1945), an American mathematician who contributed signifi-
cantly to complex number theory. He investigated the Mandelbrot set in detail and co-
authored a scheme for finding algebraic equation roots. He graduated from Cornell and 
Harvard, and serves as a professor at Cornell University. 

Knuth, Donald Erwin (*1938), an American computer scientist 
and mathematician widely considered the father of the analysis 
of numerical algorithms. He studied at Case Western Reserve 
University and earned his doctorate from the California Institute 
of Technology. Knuth created the TeX typesetting system. For 
algebraic equations, he developed a method to estimate the 
maximum absolute value of all roots, which is crucial for root-
finding algorithms. For his work, he received numerous honors, 
most notably the Turing Award. He alternative received the 

IEEE John von Neumann Medal, the Faraday Medal, the National Medal of Science, 
and the Harvey Prize, and became a foreign member of the Royal Society. 
Kutta, Martin Wilhelm (1867–1944), a German mathematician 
who investigated numerical methods for solving second-order 
ordinary differential equations in physics. He co-authored the 
Runge-Kutta well-known difference scheme. He alternative re-
searched aerodynamics, co-authoring the Kutta-Joukowski theo-
rem for calculating aerodynamic lift on airfoils. He studied at the 
University of Breslau and the University of Munich. He worked 
at several universities, spent six months at Cambridge, and 
eventually settled as a professor at the University of Stuttgart. 

Lax, Peter David (1926–2025), an American mathematician 
born in Hungary whose work spanned both applied and rigorous 
mathematics. He investigated integrable systems, fluid dynam-
ics, shock waves, and solitons. He resolved partial differential 
equations, particularly of the hyperbolic type, developing several 
numerical methods, including the famous Lax-Wendroff 
scheme. Among his prominent results is finding a matrix repre-
sentation for third-order hyperbolic polynomials. Lax graduated 
from the Courant Institute of Mathematical Sciences, where he 
later worked for many decades as a professor. For his discover-
ies, he received the National Medal of Science, the Wolf Prize, the Norbert Wiener 
Prize, the Abel Prize, the Chauvenet Prize, and the Lomonosov Gold Medal. 

Lewy, Hans (1904–1988), an American mathematician born in 
Germany who investigated partial differential equations and 
their numerical solutions. He focused on complex analysis, re-
searching functions of multiple complex variables. He graduated 
from the University of Göttingen, studying both mathematics 
and physics under Max Born, David Hilbert, Emmy Noether, 
and Alexander Ostrowski. His doctoral thesis was supervised by 
Richard Courant. In the United States, he worked at Brown 
University and as a professor at the University of California, 
Berkeley. For his research, he received the prestigious Wolf Prize. The Courant-Frie-
drichs-Lewy stability condition for explicit numerical schemes is named in his honor. 
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Metropolis, Nicholas Constantine (1915–1999), a Greek-
American mathematician and physicist. He studied physics at 
the University of Chicago and spent most of his productive 
career at the Los Alamos National Laboratory, where he partici-
pated in the construction of the first nuclear reactors. He worked 
closely with Enrico Fermi, Edward Teller, and Marshall Rosen-
bluth. In 1953, he co-authored one of the most successful nu-
merical techniques of all time – the Monte Carlo algorithm, 
which samples statistical distributions. The Metropolis algo-
rithm is widely used not only in plasma physics, but across all 
scientific fields, including economics. A derivative method is the simulated annealing 
optimization. For his research, Metropolis received the Computer Pioneer Award. 

Morton, Keith William (*1930), a British mathematician and 
physicist who investigated partial differential equations and their 
analysis and numerical solutions. He studied at Cambridge and 
earned his doctorate from the Courant Institute at New York 
University with a thesis on finite amplitude waves in a colli-
sionless plasma. Influenced by Richard Courant and Peter Lax, 
he co-authored a classic treatise with Robert Richtmyer and 
derived the Richtmyer-Morton scheme. Upon returning to Eng-
land, he became a professor of mathematics at Oxford. For his 
achievements, he received the De Morgan Medal. 

Neumann, John von (1903–1957), a Hungarian-American 
mathematician, physicist, and computer scientist whose research 
spanned quantum mechanics, set theory, economics, computer 
science, numerical simulations, fluid dynamics, and statistics. 
Widely considered the father of digital computing, he co-created 
the mathematical theory of games and contributed to the devel-
opment of the hydrogen bomb at Los Alamos. The von Neu-
mann computer architecture and the von Neumann method for 
assessing the stability of difference schemes are named in his 

honor. Nearly a hundred other theorems, principles, and procedures in physics, mathe-
matics, and computing bear his name. He graduated from Pázmány Péter University, 
ETH Zurich, and the University of Göttingen. For his work, he received the Bôcher 
Memorial Prize, the Enrico Fermi Award, the Medal for Merit, and the Presidential 
Medal of Freedom. 

Nicolson, Phyllis (1917–1968), a British mathematician who co-
developed the celebrated difference scheme for solving partial 
differential equations alongside John Crank. She graduated from 
the University of Manchester, where she alternative earned her 
doctorate. She originally researched cosmic radiation, but with 
the outbreak of World War II, Douglas Hartree's research group, 
which she belonged to, shifted focus to defense problems. One 
of these challenges involved the heat equation. Together with 
Crank, she investigated the stability of various computational 
algorithms, leading to the highly effective scheme for the heat 
equation known today as the Crank-Nicolson scheme (published after the war). 
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Rosenbluth, Marshall Nicholas (1927–2003), an American 
plasma physicist. He is one of the three co-authors of the Me-
tropolis algorithm for Monte Carlo simulations, one of the most 
successful algorithms of all time. He investigated electron scat-
tering, plasma waves, instabilities, and tokamak turbulence. In 
statistical plasma theory, he introduced the Rosenbluth poten-
tials. Until 1999, he participated in the design and preparation of 
the ITER experimental thermonuclear power plant. 

Sweet, Peter Alan (1921–2005), an English astronomer and 
professor of astronomy at the University of Glasgow. He inves-
tigated magnetic fields in the interstellar medium and authored a 
foundational model of magnetic reconnection (Sweet-Parker 
model, 1958). During the early era of particle simulations, he 
developed suitable numerical algorithms and demonstrated them 
for just 8 particles using a pocket calculator. Today's advanced 
computing technology allows for tracking billions of charged 
particles. Sweet studied at Cambridge under the supervision of Fred Hoyle. 

Richtmyer, Robert Davis (1911–2003), an American physicist 
who completed his education in Germany. He worked at Los 
Alamos, Stanford, Cornell University, and the University of 
Colorado, among other institutions. During World War World 
War II, he conducted research at Los Alamos, later becoming 
the leader of the Theoretical Division. He investigated numerical 
methods in plasma physics, difference schemes, and instabilities. 
Named in his honor are the Richtmyer-Meshkov instability and 

the Richtmyer-Morton scheme. He alternative worked as a publisher, played violin in a 
philharmonic orchestra, and established a foundation to support talented students. 

Carl David Tolmé (1856–1927), a German mathematician and 
physicist. He co-developed the Runge-Kutta scheme for ordin-
ary differential equations. He focused on spectroscopy, detecting 
element lines, and investigated the applications of spectroscopy 
in astronomy. He graduated from the University of Berlin and 
worked at Leibniz University Hannover and the University of 
Göttingen. A crater on the Moon is named in his honor, and his 
name is carried by the Schumann-Runge molecular bands. 

Wendroff, Burton (*1930), an American mathematician who 
developed methods for solving hyperbolic partial differential 
equations, notably co-developing the Lax-Wendroff scheme. His 
primary domain was applied mathematics and particularly the 
description of fluid behavior using partial differential equations. 
Wendroff graduated from New York University and MIT. He 
worked at Los Alamos, the University of Denver, and the Uni-
versity of New Mexico under doctoral advisor Peter Lax. He is a 
fellow of the Society for Industrial and Applied Mathematics. 
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Hartmann solution 75–78 
heat conductivity coefficient 229, 230 
heat equation 315, 316 
helicity 80–83, 89, 92 
Helmholtz equation 80, 84, 357 
holomorphic function 254 
holographic analogy 18–19 
Hubbard scheme (root finding) 323 
hybrid resonance 
 lower 143, 146, 148 
 upper 143, 148 
hybrid frequency 
 lower 148 
 upper 143, 148 
implicit scheme 313 
index of refraction 19, 139–147, 155 
Iroshnikov-Kraichnan model (IK64)  

297, 299  
islands – see magnetic island 
Jeans criterion 122–124 
Joule heating density 218, 219, 229 
Kelvin-Helmholtz instability 181–184 
kinetic coefficient 230 
Klein-Gordon equation 118, 280–281 
Kolmogorov model (K41) 294 
Kozai mechanism 44 
kvazineutrality 12, 14, 60, 61, 108, 109, 

127, 130, 185, 203, 223, 224, 231 
Lagrange 
 equations 17 
 function 16–17, 25, 233, 279, 282 
 multipliers 83 
laminar-turbulent transition 362 
Landau equation 201, 359 
Landau damping 
 Bernstein modes 260 
 electron 252–258 
 ion 258–259 
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Landau-Lifshitz equation 268 
Larmor 
 formula 265 
 frequency 141 
 radius 20, 24, 30, 32, 33–35, 39, 44, 96–

98, 293, 295, 305 
 rotation 21, 34, 43, 44, 46, 54 
Lawson criterion 53 
Lax-Friedrichs method 314 
Lax-Wendroff scheme 315 
LCG random number generator 333 
L'Ecuyer random number generator  

333–334 
Leap-Frog scheme 305 
Legendre dual transformation 26 
Legendre polynomials  

(spherical harmonics) 242 
Lenin prize 364 
Levi-Civita tensor 18, 210, 217, 352 
left-hand cutoff frequency 141, 143, 148 
Lorentz 
 equation of motion 17, 21, 26, 28, 31, 44 
 force 21, 38, 61, 69, 72, 73, 75, 78, 81, 

93, 100, 102, 143, 194, 202, 210, 215–
217, 268, 295, 296, 360 

 four-force 205, 265 
Lorentz-Dirac equation 265 
 Abraham-Lorentz 263 
 general 17, 18, 26, 28, 44 
 relativistic 26–27 
Lundquist number 92, 94 
LWFA accelerator 257–258 
Mach-Alfvén number 94 
magnetic 
 current sheet 107 
 diffusion coefficient 64 
 dipole moment 36, 45–48, 55 
 island 94, 97, 197, 199 
 mirror 12, 43–47, 51, 97, 188 
 reconnection 92–99 
 Reynolds number 62, 90, 296 
 surface 100 
magnetoacoustic complex 132–136 
magnetoacoustic waves 132–136 
 fast (F) 134 
 slow (S) 134 
magnetohydrodynamic turbulence 295–296 
magnetohydrodynamics 57–115 
 as a continuum theory 57 
 ideal 92, 114, 115, 164, 167, 168,  

175, 181 
 minimal variant 57–74 
 resistive 92, 93, 195 
Mandelbrot set 365 

Markov chain (process) 236–237 
Maxwell stress tensor 70, 72, 73, 211, 217 
Maxwellian distribution 220–222, 228, 231, 

245, 247, 249, 360 
Metropolis algorithm 340–341 
microinstabilities 251 
molecular chaos 208 
momentum 
 density 58, 215 
 tensor flux 215 
monopole 48–49 
Monte Carlo method 331–344 
 shooting (distribution function) 334 
 superposition 338 
 von Neumann 337 
multipole 45, 50 
neoclassical diffusion 228 
Neumann problem 312 
Newton method (root finding) 323 
Newton-Euler scheme 302 
Nicolson scheme – see  

Crank-Nicolson scheme 
nonlinear partial differential equations 362 
octupole moment 87 
omega effect 86–88, 91 
Onsager reciprocal relations 229–230 
optical analogy 18–19 
optimization algorithm  

(simulated annealing) 341 
ordinary waves (O) 141–143 
parabolic equation 315 
parameter 
 beta 189–190, 348 
 critical impact 234 
 double layer 108, 109 
 impact 233–235 
 safety (rotational transform) 198 
parametric instabilities 290 
Parker 
 dynamo model 86, 89 
 equation 361 
 limit 361 
 neutral sheet (sector boundary) 107 
partial differential equations 311, 319, 362 
particle-in-cell simulation (PIC) 326–330 
permittivity tensor 153–154 
phase velocity 116–118, 134, 151, 203, 

259, 285, 291 
pinch – see plasma filament 
planar wave 78, 116, 117, 118, 120, 123, 

132, 278, 279 
plasma 
 axially symmetric equilibrium 101 
 collisional 14, 60 
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 collisionless 14, 97, 98, 220, 251, 252, 
256, 291, 364, 367 

 conductivity 363 
 definition 12 
 dusty 15 
 equilibrium 100 
 filament (pinch) 49, 54, 102, 118, 164, 

170, 175, 176, 185 
 filament instabilities 170–177 
 frequency 126, 127–131, 138, 140, 142, 

162, 252, 255, 256, 290, 326 
 high-temperature 14 
 ideal 15, 81, 232 
 in thermodynamic equilibrium 14, 220, 

229, 231 
 low-temperature 14 
 non-equilibrium 14 
 oscillations 125, 127–128, 131, 140, 256, 

288 
 permittivity 153–154 
 quantum 13 
 relativistic 13 
 waves 128 
pocket calculator simulation 368 
Poiseuille law 75–77 
polytropic coefficient 114, 124, 186 
Poynting vector 114, 216, 219 
Prandtl number 296 
quadrupole moment 87 
quantum radiation theory 362 
quasineutrality – see kvazineutrality 
radiation reaction 274–275 
random number generator 332–334 
Rankine 
 cycle 361 
 curved railway method 361 
Rankine-Hugoniot relations 113–115 
right-hand cutoff frequency 141, 143, 148 
Rayleigh-Taylor instability 177–181 
reconnection index 94–98 
reduced mass 232, 343 
relativistic flow 365 
relativistic scheme 308 
residue 255, 304 
 theorem 254 
resonance 
 cyclotron 141, 143, 146, 148 
 general 140, 144 
 lower hybrid 143, 146, 148 
 upper hybrid 143, 148 
 frequency 140, 146 
Reynolds number 296 
Reynolds magnetic number – see magnetic 

Reynolds number 

Richtmyer-Meshkov instability 184 
Richtmyer-Morton scheme 316 
runaway 
 electrons 270–276 
 particles 247 
Runge-Kutta method 306 
Rosenbluth potentials 237–249 
Rutherford formula 232, 235 
Saha equation 203 
sausage instability 175 
scattering theory 365 
scheme (numerical) 
 order  304 
 stabilty 304 
Schumann-Runge molecular bands 368 
Schwarzschild criterion (convection)  

190–192 
schlieren photography 142, 154–155 
separatrix 94, 197 
shock wave 18, 47, 96, 113–115, 155, 163, 

184, 357, 361, 366 
simulated annealing – see optimization 

algorithm 
skin depth 348 
soliton solutions 362, 365 
spectroscopy 368 
spherical harmonics – see Legendre 

polynomials 
Spitzer formula 251 
stability condition 
 CFL 320 
 John von Neumann 318 
 general 304, 318 
statistical distribution sampling 367 
steam engine theory 361, 362 
stellarator 50, 363 
stellar equilibrium 124 
Stix 
 coefficients 145–146 
 coil 363 
Stokes theorem 35, 86 
substantive derivative 57, 62, 64, 68,  

69, 285 
Sweet-Parker model 94–98, 368 
tearing instability (island) 196–197 
tensor 
 permittivity 153–154 
 pressure 72, 211, 214–215 
thermal 
 conductivity 230 
 viscosity 71 
thermal conductivity coefficient 229, 230 
thermoelectric effect 185, 229 
thermo-diffusion effect 229 
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tokamak 44, 49–53, 85, 93, 143, 198–199, 
228, 271, 272, 274–275 

 Compass D 52–53, 275 
 ITER 52–53, 272, 368 
 JET 52–53, 271 
 Tore Supra 52 
tokamak instabilities 198 
torsion simulation 365 
transverse waves 136, 360 
transport equation (moment) 209 
trochoid 23–24 
Turing award 365 
turbulence 
 anisotropic strong 299 
 Elsässer fields 296–297, 299 
 GS model 97, 299 
 IK model 297 
 Kolmogorov 294–295 
 magnetohydrodynamic 295–296 
turbulent cascade 293–294 
two-stream instability – see Buneman 

instability 
vector identities 18 
velocity 
 Alfvén – see Alfvén speed 
 group – see group velocity 
 light 16, 30, 33, 60, 117, 118, 138, 216, 

267, 355 
 phase – see phase velocity 
 sound 121, 123, 126, 130, 134, 136 

viscosity 71, 211, 296 
Vlasov equation 202, 220, 252, 364 
von Neumann 
 architecture 367 
 boundary condition 312 
 method 318, 337–338 
 stability criterion 318 
vortex structure generation 362 
wave equation 68, 78, 79, 118, 193, 280, 

287, 288, 290, 311, 319 
wave packet 78, 117, 118, 278–281, 289 
wave vector 132–133, 142, 149, 151, 156, 

158, 163, 260, 318 
wavefront 116, 134, 135, 146, 147, 278 
waves 
 Alfvén – see Alfvén waves 
 electromagnetic – see electromagnetic 

waves 
 extraordinary (X) 141–143 
 left-hand polarized (L) 140–141 
 longitudinal 121, 125, 131, 136, 252, 256 
 magnetoacoustic – see magnetoacoustic 

waves 
 ordinary (O) 141–143 
 plasma – see plasma waves 
 right-hand polarized (R) 140–141 
Weibel instability 198 
Weyl algorithm 321 
whistlers 150–153 
Zakharov equation 362 
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 Selected Topics in Theoretical Physics I 
The first volume of “Selected Topics” serves as an introductory textbook for the entire 
series. It begins with the fundamental concepts of theoretical mechanics. The reader will 
become familiar with the elegance of describing mechanical and other phenomena using 
the Lagrangian and Hamiltonian equations, as well as Poisson brackets. The second part 
is dedicated to quantum theory. Relatively standard topics concerning the structure and 
interpretation of quantum theory are followed by problems related to the boundary be-
tween the quantum and classical worlds, the disproof of the existence of hidden vari-
ables, the EPR paradox, and Bell's inequalities. The final part of the first volume is 
devoted to the mathematical foundations necessary for studying physical phenomena. 
The reader may refer to this section of the textbook whenever they encounter mathe-
matical tools required for reading the physics chapters. 

THEORETICAL MECHANICS 
 Integral principles of mechanics 
 Conservation laws in nature 
 Hamilton's canonical equations 
 Selected problems in theoretical mechanics 
 Nonlinear dynamical systems 
 Lagrangian equations for field problems 

QUANTUM THEORY 
 Micro-world and macro-world 
 Fundamental principles of quantum theory 
 Harmonic oscillator 
 Simple one-dimensional systems 
 Spherically symmetric potential 
 Time evolution 
 Relativistic quantum theory, spin 
 Fermions and bosons 
 Quantum theory and hidden variables 

MATHEMATICS FOR PHYSICS 
 Einstein summation convention 
 Complex numbers and functions 
 Vectors and tensors 
 Dirac notation and operators in quantum theory 
 From gradient to helicity 
 Multidimensional integrals 
 Some special functions 
 Generalized functions 
 Conic sections, trigonometry, and more 

 



 

 
 
 

 



 Selected Topics in Theoretical Physics II 
The next volume of “Selected Topics” builds upon the introductory textbook you are 
currently holding in your hands. The necessary mathematical foundations for both the 
second and third volumes are included in the first volume of the trilogy. The second 
volume is dedicated to statistical physics, the electromagnetic field, and relativity. To 
understand statistical physics, at least a basic knowledge of theoretical mechanics and 
quantum theory is required. The theory of the electromagnetic field demonstrates the 
elegance of Maxwell's equations and derives individual physical phenomena from them, 
leading up to various types of electromagnetic radiation. The final part of the second 
volume is devoted to relativity, which completely transformed our understanding of 
how the world around us functions. It begins with special relativity and continues with 
the foundations of general relativity, the current theory of gravitational interaction. 

STATISTICAL PHYSICS 
 Selected topics in thermodynamics 
 Fundamental concepts of statistical physics 
 Gibbs canonical ensemble 
 Simple examples 
 Advanced examples 
 Grand canonical ensemble 
 Fermions and bosons 
 Fluctuations and entropy 
 Magnetically active systems 

ELECTROMAGNETIC FIELD 
 Maxwell equations 
 Electrostatics 
 Magnetostatics 
 Conservation laws 
 Electromagnetic waves 
 Electromagnetic potentials 
 Electromagnetic radiation 
 Cavity resonators 

RELATIVITY 
 From special relativity to the equivalence principle 
 Metric, covariant derivative 
 Geodetic equation 
 Time dilation and gravitational redshift 
 Riemann curvature tensor and Einstein's field equations 
 Gravitational waves 
 Schwarzschild solution and motion in Schwarzschild geometry 
 Frame-dragging by a rotating body 
 Introduction to cosmology 
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